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:H FRQVLGHU YDULRXV SURSRVLWLRQDO ORJLFV LQ WKH LPSOLFDWLRQ�DQG�QHJDWLRQ IUDJ�
PHQW� EDVHG RQ WKH UXOH RI LQIHUHQFH FRQGHQVHG GHWDFKPHQW� ZKLFK FRPELQHV
PRGXV SRQHQV DQG VXEVWLWXWLRQ LQWR D VLQJOH LQIHUHQFH UXOH� :H VD\ WKDW VXFK
D ORJLF / DGPLWV GRXEOH QHJDWLRQ HOLPLQDWLRQ LI ZKHQHYHU LW SURYHV D WKHRUHP
%� WKHUH LV D SURRI RI % ZKLFK FRQWDLQV QR GRXEOH QHJDWLRQV QRW RFFXUULQJ LQ
% LWVHOI� ,Q SDUWLFXODU� LI % FRQWDLQV QR GRXEOH QHJDWLRQV� WKHUH LV D GRXEOH�
QHJDWLRQ�IUHH SURRI RI %� :H JLYH JHQHUDO FRQGLWLRQV RQ D ORJLF / XQGHU ZKLFK LW
DGPLWV GRXEOH QHJDWLRQ HOLPLQDWLRQ� :H YHULI\ �ZLWK FRPSXWHU DVVLVWDQFH� WKDW
WKHVH FRQGLWLRQV DUH VDWLVnHG E\ /XNDVLHZLF]
V SURSRVLWLRQDO ORJLF /��/�� DQG
E\ ?LQnQLWH�YDOXHG� ORJLF D[LRPDWL]HG E\ $��$�� 0RUHRYHU� WKHVH V\VWHPV DOVR
DGPLW VWURQJ GRXEOH QHJDWLRQ HOLPLQDWLRQ� 7KLV PHDQV WKDW LI %e LV REWDLQHG
IURP % E\ HUDVLQJ VRPH GRXEOH QHJDWLRQV LQ %� DQG % LV D WKHRUHP RI /� WKHQ
%
e LV DOVR D WKHRUHP RI /� DQG FDQ EH SURYHG ZLWKRXW XVLQJ GRXEOH QHJDWLRQV QRW

RFFXUULQJ LQ %e� :H WKHQ WDNH XS WKH FDVH RI LQWXLWLRQLVWLF ORJLF +� ZKLFK GRHV
QRW VDWLVI\ VWURQJ GRXEOH QHJDWLRQ HOLPLQDWLRQ� DQG VKRZ WKDW LW QHYHUWKHOHVV
GRHV VDWLVI\ GRXEOH QHJDWLRQ HOLPLQDWLRQ� 7KH SURRI IRU + LQYROYHV D WUDQVODWLRQ
WR *HQ]WHQ VHTXHQW FDOFXOXV DQG EDFN�

� ,QWURGXFWLRQ

,Q ORJLF� PHULWHG HPSKDVLV LV SODFHG RQ WKH QDWXUH RI YDULRXV D[LRP V\VWHPV� WKH
QXPEHU RI PHPEHUV� WKH OHQJWK �LQGLYLGXDOO\ DQG FROOHFWLYHO\�� WKH QXPEHU RI
GLVWLQFW OHWWHUV �YDULDEOHV�� WKH WRWDO QXPEHU RI RFFXUUHQFHV RI YDULRXV IXQFWLRQ
V\PEROV� DQG RWKHU PHDVXUHV RI WKH ?VLPSOLFLW\� RI D SURRI� 7R PHQWLRQ EXW
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RQH RI PDQ\ H[DPSOHV� LQ WKH PLG�����V -� /XNDNVLHZLF] GLVFRYHUHG D ���OHWWHU
VLQJOH D[LRP IRU WZR�YDOXHG VHQWHQWLDO �RU SURSRVLWLRQDO� FDOFXOXV� ,Q WKH HDUO\
����V� &� $� 0HUHGLWK IRXQG D ���OHWWHU VLQJOH D[LRP� :KHWKHU D VWLOO VKRUWHU
VLQJOH D[LRP IRU WKLV DUHD RI ORJLF H[LVWV LV FXUUHQWO\ XQNQRZQ� &RQFHUQV IRU WKH
SURSHUWLHV RI D[LRP V\VWHPV DUH PLUURUHG LQ FRQFHUQV IRU SURSHUWLHV RI SURRIV�
OHQJWK� FRPSOH[LW\� VL]H� OHPPD GHSHQGHQFH� DQG �RI SDUWLFXODU UHOHYDQFH WR WKLV
DUWLFOH� WHUP VWUXFWXUH�

$OWKRXJK LW ZDV XQNQRZQ XQWLO UHFHQWO\� +LOEHUW FRQVLGHUHG D WZHQW\�IRXUWK
SUREOHP IRU LQFOXVLRQ LQ WKH IDPRXV OLVW RI WZHQW\�WKUHH LPSRUWDQW SUREOHPV WKDW
KH SUHVHQWHG DW WKH EHJLQQLQJ RI WKH WZHQWLHWK FHQWXU\� 7KLV WZHQW\�IRXUWK SURE�
OHP IRFXVHG RQ WKH LPSRUWDQFH RI nQGLQJ VLPSOHU SURRIV� $SSDUHQWO\ +LOEHUW
GLG QRW LQFOXGH WKH SUREOHP LQ KLV nQDO OLVW EHFDXVH RI WKH GLpFXOW\ RI GHnQLQJ
?VLPSOHU� SUHFLVHO\�

&HWHULV SDULEXV� WKH DYRLGDQFH RI D FODVV RI WHUPV PDNHV D SURRI VLPSOHU� DV
ZKHQ D SURRI LV IUHH RI GRXEO\ QHJDWHG VXEIRUPXOD� 7KLV SDSHU� LQ WKH VSLULW
RI +LOEHUW
V WZHQW\�IRXUWK SUREOHP� WDNHV XS WKLV VSHFLnF IRUP RI VLPSOLFLW\�
DQG DVNV IRU JHQHUDO VXpFLHQW FRQGLWLRQV RQ D V\VWHP RI SURSRVLWLRQDO ORJLF /�
WKDW ZRXOG JXDUDQWHH WKDW GRXEO\ QHJDWHG IRUPXODV ZKLFK GR QRW RFFXU LQ WKH
WKHRUHP� DUH QRW QHHGHG LQ WKH SURRI�

$OWKRXJK SURSRVLWLRQDO FDOFXOXV LV RQH RI WKH ROGHVW DUHDV RI ORJLF� QRW DOO
RI LWV P\VWHULHV KDYH EHHQ XQORFNHG� 7KH H[LVWHQFH RI WUXWK WDEOHV DQG RWKHU
GHFLVLRQ SURFHGXUHV IRU SURSRVLWLRQDO ORJLF QRWZLWKVWDQGLQJ� LW LV E\ QR PHDQV
WULYLDO WR SURYH� IRU H[DPSOH� WKDW D JLYHQ ���V\PERO IRUPXOD LV LQ IDFW D VLQJOH
D[LRP� 7UXWK WDEOHV DQG GHFLVLRQ SURFHGXUHV FDQ EH XVHG WR GHWHUPLQH LI D
JLYHQ IRUPXOD LV D WDXWRORJ\� RU WR FRQVWUXFW D SURRI RI D JLYHQ IRUPXOD IURP
FHUWDLQ D[LRPV DQG UXOHV� EXW JHQHUDOO\ WKH\ DUH QRW KHOSIXO LQ nQGLQJ SURRIV RI

NQRZQ D[LRPV IURP RWKHU IRUPXODV �ZKLFK LV ZKDW RQH PXVW GR WR YHULI\ WKDW
D IRUPXOD LV D VLQJOH D[LRP�� 7KH VHDUFK IRU VXFK SURRIV KDV UHFHQWO\ EHFRPH
D WHVWEHG LQ DXWRPDWHG GHGXFWLRQ� 7KH WKHRUHPV ZH SURYH KHUH DERXW GRXEOH
QHJDWLRQ HOLPLQDWLRQ QRW RQO\ KDYH DQ LQWULQVLF� DHVWKHWLF DSSHDO LQ WKDW WKH\
VKRZ WKH SRVVLELOLW\ RI VLPSOLI\LQJ SURRIV� EXW WKH\ DOVR DUH RI LQWHUHVW EHFDXVH
WKH\ MXVWLI\ D VKRUWFXW LQ DXWRPDWHG SURRI�VHDUFK PHWKRGV� QDPHO\� GLVFDUG
GRXEOH QHJDWLRQV WKDW GR QRW RFFXU LQ WKH JRDO�

:H VKDOO ZRUN ZLWK ORJLFV IRUPXODWHG XVLQJ RQO\ WKH WZR FRQQHFWLYHV� LPSOL�
FDWLRQ DQG QHJDWLRQ� 7KHUH DUH VHYHUDO QRWDWLRQV LQ XVH IRU SURSRVLWLRQDO ORJLF
ZKLFK ZH ZDQW WR PHQWLRQ EHIRUH FRQWLQXLQJ� )LUVW� RQH FDQ XVH LQn[ � IRU LP�
SOLFDWLRQ DQG SUHn[ � IRU QHJDWLRQ� )RU H[DPSOH ZH FRXOG ZULWH [� ��[� \��
0DQ\ SDSHUV RQ SURSRVLWLRQDO ORJLF XVH 3ROLVK QRWDWLRQ� LQ ZKLFK & LV XVHG IRU
LPSOLFDWLRQ �FRQGLWLRQDO� DQG 1 IRU QHJDWLRQ� 7KH VDPH IRUPXOD ZRXOG WKHQ EH
UHQGHUHG DV &[&1[\� )LQDOO\� WKH QRWDWLRQ ZKLFK LV HDVLHVW ZKHQ XVLQJ 2WWHU
LV SUHn[� ZLWK SDUHQWKHVHV� :H XVH L�[� \� IRU LPSOLFDWLRQ DQG Q�[� IRU QHJDWLRQ�
VR WKH H[DPSOH IRUPXOD EHFRPHV L�[� L�Q�[�� \��� ,Q WKLV SDSHU ZH XVH WKH ODWWHU
QRWDWLRQ H[FOXVLYHO\� EHFDXVH LW SHUPLWV XV WR FXW�DQG�SDVWH PDFKLQH�SURGXFHG
SURRIV� HOLPLQDWLQJ HUURUV RI WUDQVFULSWLRQ� :H PDNH XVH RI WKH WKHRUHP�SURYLQJ
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SURJUDP 2WWHU >�@ WR SURGXFH SURRIV LQ YDULRXV SURSRVLWLRQDO ORJLFV� ZKLFK ZH
XVH WR YHULI\ WKDW WKRVH ORJLFV VDWLVI\ WKH K\SRWKHVHV RI RXU JHQHUDO WKHRUHPV RQ
GRXEOH QHJDWLRQ HOLPLQDWLRQ�
/HW / EH /XNDVLHZLF]
V IRUPXODWLRQ RI SURSRVLWLRQDO FDOFXOXV LQ WHUPV RI

LPSOLFDWLRQ DQG QHJDWLRQ� GHQRWHG E\ L DQG Q� DV JLYHQ RQ SDJH ��� RI >��@�
6SHFLnFDOO\� / KDV WKUHH D[LRPV�

/� L�L�[� \�� L�L�\� ]�� L�[� ]���

/� L�L�Q�[�� [�� [�

/� L�[� L�Q�[�� \��

7KH LQIHUHQFH UXOH WR EH XVHG ZLWK WKHVH D[LRPV LV NQRZQ DV FRQGHQVHG GHWDFK�
PHQW� 7KLV LV D UXOH WKDW FRPELQHV VXEVWLWXWLRQ DQG PRGXV SRQHQV� 6SHFLnFDOO\�
JLYHQ D PDMRU SUHPLVV L�S� T� DQG D PLQRU SUHPLVV S� WKH FRQFOXVLRQ RI PRGXV
SRQHQV LV T� 7KH VXEVWLWXWLRQ UXOH SHUPLWV WKH GHGXFWLRQ RI S} IURP S� ZKHUH }
LV DQ\ VXEVWLWXWLRQ� &RQGHQVHG GHWDFKPHQW KDV SUHPLVVHV L�S� T� DQG U� ZKHUH
S DQG U XQLI\^WKDW LV� WKHUH LV D VXEVWLWXWLRQ } ZKLFK PDNHV S}  U}� ,Q WKDW
FDVH� DQG SURYLGHG } LV WKH PRVW JHQHUDO VXFK VXEVWLWXWLRQ� WKH FRQFOXVLRQ RI
FRQGHQVHG GHWDFKPHQW LV T}� 7KLV LQIHUHQFH UXOH UHTXLUHV UHQDPLQJ RI YDULDEOHV
LQ WKH SUHPLVHV EHIRUH WKH XQLnFDWLRQ� WR DYRLG XQLQWHQGHG FODVKHV RI YDULDEOHV��

$ GRXEOH QHJDWLRQ LV D IRUPXOD Q�Q�W��� ZKHUH W LV DQ\ IRUPXOD� $ IRUPXOD
$ FRQWDLQV D GRXEOH QHJDWLRQ LI LW KDV D VXEIRUPXOD WKDW LV D GRXEOH QHJDWLRQ�
$ GHULYDWLRQ FRQWDLQV D GRXEOH QHJDWLRQ LI RQH RI LWV IRUPXODV FRQWDLQV D GRXEOH
QHJDWLRQ� 6XSSRVH WKDW WKH IRUPXOD $ FRQWDLQV QR GRXEOH QHJDWLRQV DQG LV
GHULYDEOH LQ /� 7KHQ GRHV $ KDYH D GHULYDWLRQ LQ / WKDW FRQWDLQV QR GRXEOH
QHJDWLRQ" :H DQVZHU WKLV TXHVWLRQ LQ WKH DpUPDWLYH� QRW RQO\ IRU /XNDVLHZLF]
V
V\VWHP /��/�� EXW IRU RWKHU D[LRPDWL]DWLRQV RI RUGLQDU\ SURSRVLWLRQDO ORJLF� DQG
RWKHU V\VWHPV RI ORJLF HQWLUHO\� VXFK DV ?LQnQLWH�YDOXHG ORJLF��
:H ZRXOG OLNH WR WKDQN .HQQHWK +DUULV� %UDQGHQ )LWHOVRQ� DQG 7HG 8OULFK�

IRU WKHLU DWWHQWLRQ WR HDUO\ GUDIWV RI WKLV SDSHU� ,Q DGGLWLRQ� 8OULFK FRQWULEXWHG
SDUW RI WKH SURRI RI '��'� IURP /��/��

�,Q WKH DEVHQFH RI WKH VXEVWLWXWLRQ UXOH� DQ\ DOSKDEHWLF YDULDQW RI DQ D[LRP LV DOVR DFFHSWHG
DV DQ D[LRP� $Q ?DOSKDEHWLF� YDULDQW RI $ LV D IRUPXOD $} ZKHUH WKH VXEVWLWXWLRQ } LV RQH�
WR�RQH DQG PHUHO\ UHQDPHV WKH YDULDEOHV� $ WHFKQLFDOLW\ DULVHV DV WR ZKHWKHU LW LV SHUPLWWHG�
UHTXLUHG� RU IRUELGGHQ WR UHQDPH WKH YDULDEOHV RI WKH SUHPLVVHV EHIRUH DSSO\LQJ FRQGHQVHG
GHWDFKPHQW� 7KH GHnQLWLRQ RQ S� ��� RI >��@ GRHV QRW PHQWLRQ UHQDPLQJ� DQG UHDG OLWHUDOO\
ZRXOG QRW DOORZ LW� EXW WKH LPSOHPHQWDWLRQ LQ 2WWHU UHTXLUHV LW� DQG >�@ H[SOLFLWO\ SHUPLWV
LW� ,I LW LV QRW SHUPLWWHG� WKHQ E\ UHQDPLQJ YDULDEOHV LQ WKH HQWLUH SURRI RI WKH SUHPLVV� ZH
REWDLQ D SURRI RI WKH UHQDPHG SUHPLVV� XVLQJ DOSKDEHWLF YDULDQWV RI WKH D[LRPV� VR WKH VDPH
IRUPXODV ZLOO EH SURYDEOH LQ HLWKHU FDVH� 6LPLODUO\� UHQDPLQJ RI YDULDEOHV LQ FRQFOXVLRQV LV
DOORZHG� 7HFKQLFDOO\� ZH FRXOG ZDLW XQWLO WKH FRQFOXVLRQV DUH XVHG EHIRUH UHQDPLQJ WKHP� EXW
LQ SUDFWLFH� 2WWHU UHQDPHV YDULDEOHV LQ HDFK FRQFOXVLRQ DV LW LV GHULYHG�
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� &RQGHQVHG GHWDFKPHQW

:H UHPLQG WKH UHDGHU WKDW WKH V\VWHPV RI SULPDU\ LQWHUHVW LQ WKLV SDSHU XVH
FRQGHQVHG GHWDFKPHQW DV WKHLU VROH UXOH RI LQIHUHQFH� )RU H[DPSOH� LI m LV D
FRPSOLFDWHG IRUPXOD� DQG ZH ZLVK WR GHGXFH L�m�m�� LW ZRXOG QRW EH DFFHSWDEOH
WR nUVW GHGXFH L�[�[� DQG WKHQ VXEVWLWXWH [  m� :H ZRXOG EH IRUFHG WR
JLYH D �ORQJHU� GLUHFW GHULYDWLRQ RI L�m� m�� :H VKDOO VKRZ LQ WKLV VHFWLRQ WKDW
RXU WKHRUHP DERXW WKH HOLPLQDELOLW\ RI GRXEOH QHJDWLRQ KROGV IRU /��/� ZLWK
FRQGHQVHG GHWDFKPHQW� LI DQG RQO\ LI LW KROGV IRU /��/� ZLWK PRGXV SRQHQV DQG
VXEVWLWXWLRQ� 6LPLODU EXW QRW LGHQWLFDO UHVXOWV DUH LQ >�� �@� 7KH IROORZLQJ WKUHH
IRUPXODV ZLOO SOD\ DQ LPSRUWDQW UROH�

'� L�[� [�

'� L�L�[�[�� L�Q�[�� Q�[���

'� L�L�[� [�� L�L�\� \�� L�L�[� \�� L�[� \����

/HPPD � 6XSSRVH / LV DQ\ V\VWHP RI SURSRVLWLRQDO ORJLF ZLWK FRQGHQVHG GH�
WDFKPHQW DV WKH VROH LQIHUHQFH UXOH� DQG VXSSRVH WKDW WKHUH DUH GRXEOH�QHJDWLRQ�
IUHH SURRIV RI '��'� LQ /� 7KHQ HYHU\ IRUPXOD RI WKH IRUP L�m�m� LV SURYDEOH
IURP / E\ FRQGHQVHG GHWDFKPHQW� ZLWKRXW XVLQJ GRXEOH QHJDWLRQV H[FHSW WKRVH
RFFXUULQJ DV VXEIRUPXODV RI m�

3URRI � :H SURYH E\ LQGXFWLRQ RQ WKH FRPSOH[LW\ RI WKH SURSRVLWLRQDO IRUPXOD m
WKDW IRU HDFK m� WKH IRUPXOD L�m�m� LV SURYDEOH LQ / E\ FRQGHQVHG GHWDFKPHQW�
7KH EDVH FDVH� ZKHQ m LV D SURSRVLWLRQ OHWWHU� IROORZV E\ UHSODFLQJ [ E\ m LQ WKH
SURRI RI L�[� [�� $Q\ OLQH RI WKH SURRI WKDW LV DQ D[LRP EHFRPHV DQ DOSKDEHWLF
YDULDQW RI WKDW D[LRP� ZKLFK LV VWLOO FRQVLGHUHG DQ D[LRP� $FWXDOO\� LQ YLHZ RI
WKH FRQYHQWLRQ WKDW UHQDPLQJ YDULDEOHV LQ WKH FRQFOXVLRQ LV DOORZHG� LW ZRXOG
EH HQRXJK MXVW WR UHSODFH [ E\ m LQ WKH ODVW OLQH RI WKH SURRI� ,I ZH KDYH
D SURRI RI L�n�n� WKHQ ZH FDQ DSSO\ FRQGHQVHG GHWDFKPHQW DQG '� WR JHW D
SURRI RI L�Q�n�� Q�n��� 7KLV FRXOG LQWURGXFH D GRXEOH QHJDWLRQ LI n LV DOUHDG\
D QHJDWLRQ� EXW LQ WKDW FDVH LW LV D GRXEOH QHJDWLRQ WKDW DOUHDG\ RFFXUV LQ
m  Q�n�� DQG VR LV DOORZHG� 6LPLODUO\� LI ZH KDYH SURRIV RI L�m�m� DQG L�n�n��
ZH FDQ DSSO\ FRQGHQVHG GHWDFKPHQW WR '� DQG JHW D SURRI RI L�L�m�n�� L�m�n���
7KDW FRPSOHWHV WKH SURRI RI WKH OHPPD�

/HPPD � ,I $ LV DQ LQVWDQFH RI &� WKHQ WKH UHVXOW RI DSSO\LQJ &' WR L�$�%�
DQG & LV % �RU DQ DOSKDEHWLF YDULDQW RI %��

3URRI � 5HQDPH YDULDEOHV LQ & LI QHFHVVDU\ VR WKDW & DQG $ KDYH QR YDULDEOHV
LQ FRPPRQ� /HW } EH D PRVW JHQHUDO XQLnHU RI $ DQG &� 7KHQ WKH UHVXOW RI
DSSO\LQJ FRQGHQVHG GHWDFKPHQW WR L�$�%� DQG & LV %}�
/HW ~ EH D PRVW JHQHUDO VXEVWLWXWLRQ VXFK WKDW &~  $� VLQFH $ LV DVVXPHG

WR EH DQ LQVWDQFH RI & VXFK D ~ H[LVWV� 6LQFH WKH YDULDEOHV RI & GR QRW RFFXU
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LQ $ RU %� %~  % DQG $~  $� 7KHQ &~  $  $~ � VR ~  }| IRU VRPH
VXEVWLWXWLRQ |� 7KHQ %  %~  %}|� 7KXV }| LV WKH LGHQWLW\ RQ %� +HQFH }|
LV WKH LGHQWLW\ RQ HDFK YDULDEOH RFFXUULQJ LQ %� +HQFH } DQG | GR QRWKLQJ EXW
�SRVVLEO\� UHQDPH YDULDEOHV� +HQFH %}� ZKLFK LV WKH UHVXOW RI WKLV DSSOLFDWLRQ
RI FRQGHQVHG GHWDFKPHQW� LV % RU DQ DOSKDEHWLF YDULDQW RI %� 7KDW FRPSOHWHV
WKH SURRI RI WKH OHPPD�

/HPPD � 6XSSRVH / LV D ORJLF SURYLQJ '��'� E\ FRQGHQVHG GHWDFKPHQW ZLWKRXW
GRXEOH QHJDWLRQ� 7KHQ HDFK VXEVWLWXWLRQ LQVWDQFH m RI DQ D[LRP RI / LV SURYDEOH
E\ FRQGHQVHG GHWDFKPHQW ZLWKRXW XVLQJ GRXEOH QHJDWLRQV� H[FHSW WKRVH GRXEOH
QHJDWLRQV RFFXUULQJ DV VXEIRUPXODV RI m� LI DQ\�

3URRI � /HW m EH D VXEVWLWXWLRQ LQVWDQFH RI DQ D[LRP $� 5HQDPLQJ WKH YDULDEOHV
LQ WKH D[LRP $ LI QHFHVVDU\� ZH PD\ DVVXPH WKDW WKH YDULDEOHV RFFXUULQJ LQ $

GR QRW RFFXU LQ m� %\ /HPPD �� L�m�m� LV SURYDEOH E\ FRQGHQVHG GHWDFKPHQW�
ZLWKRXW XVLQJ DQ\ GRXEOH QHJDWLRQV H[FHSW SRVVLEO\ WKRVH DOUHDG\ RFFXUULQJ LQ
m� %\ /HPPD �� WKH UHVXOW RI DSSO\LQJ FRQGHQVHG GHWDFKPHQW WR L�m� m� DQG $

LV m RU DQ DOSKDEHWLF YDULDQW m} RI m� ,I LW LV QRW OLWHUDOO\ m� ZH FDQ UHQDPH
YDULDEOHV LQ WKH FRQFOXVLRQ �RU LI RQH SUHIHUV WR DYRLG UHQDPLQJ FRQFOXVLRQV�
WKURXJKRXW WKH HQWLUH SURRI� WR FUHDWH D SURRI RI m� 7KLV FRPSOHWHV WKH SURRI
RI WKH OHPPD�
$ SURRI RI % LQ / IURP DVVXPSWLRQV b LV GHnQHG DV XVXDO� OLQHV RI WKH

SURRI DUH HLWKHU LQIHUUHG IURP SUHYLRXV OLQHV� RU DUH D[LRPV� RU EHORQJ WR b�
+RZHYHU� ZKHQ FRQGHQVHG GHWDFKPHQW LV XVHG DV D UXOH RI LQIHUHQFH� ZH KDYH WR
GLVWLQJXLVK EHWZHHQ �SURSRVLWLRQDO� YDULDEOHV� ZKLFK RFFXU LQ WKH D[LRPV� DQG
VSHFLnF �FRQVWDQW� SURSRVLWLRQ OHWWHUV� ZKLFK RFFXU LQ DVVXPSWLRQV� )RU H[DPSOH�
LI ZH KDYH L�Q�Q�[��� [� DV DQ D[LRP� WKHQ ZH FDQ GHULYH DQ\ VXEVWLWXWLRQ LQVWDQFH
RI WKDW IRUPXOD� EXW LI ZH KDYH L�Q�Q�D��� D� DV DQ DVVXPSWLRQ� ZH FDQQRW XVH LW
WR GHULYH DQ LQVWDQFH ZLWK VRPH RWKHU IRUPXOD VXEVWLWXWHG IRU D�
7KH IROORZLQJ WKHRUHP LV WKH HDV\ KDOI RI WKH UHODWLRQ EHWZHHQ FRQGHQVHG�

GHWDFKPHQW SURRIV DQG PRGXV SRQHQV SURRIV� 7KH VHQVH RI WKH WKHRUHP LV WKDW
VXEVWLWXWLRQV FDQ EH SXVKHG EDFN WR WKH D[LRPV�

7KHRUHP � �3XVKEDFN 7KHRUHP� /HW / EH D V\VWHP RI SURSRVLWLRQDO ORJLF�
DQG VXSSRVH / SURYHV % XVLQJ FRQGHQVHG GHWDFKPHQW� RU XVLQJ PRGXV SRQHQV
DQG VXEVWLWXWLRQ� 7KHQ WKHUH H[LVWV D SURRI RI % XVLQJ PRGXV SRQHQV IURP VXE�
VWLWXWLRQ LQVWDQFHV RI D[LRPV RI /� 6LPLODUO\ LI / SURYHV % IURP DVVXPSWLRQV c
WKHUH H[LVWV D SURRI RI % XVLQJ PRGXV SRQHQV IURP c DQG VXEVWLWXWLRQ LQVWDQFHV
RI D[LRPV RI /�

5HPDUN� ,W ZRXOG QRW PDNH VHQVH WR VSHDN RI VXEVWLWXWLRQ LQVWDQFHV RI c VLQFH
DVVXPSWLRQV FDQQRW FRQWDLQ YDULDEOHV� DV H[SODLQHG DERYH�
3URRI� )LUVW ZH SURYH WKH WKHRUHP LQ FDVH WKH JLYHQ SURRI XVHV PRGXV SRQHQV
DQG VXEVWLWXWLRQ� :H SURFHHG E\ LQGXFWLRQ RQ WKH OHQJWK RI WKH JLYHQ SURRI RI
%� ,I WKH OHQJWK LV ]HUR WKHQ % LV DQ D[LRP RU DVVXPSWLRQ� DQG WKHUH LV QRWKLQJ
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WR SURYH� ,I WKH ODVW LQIHUHQFH LV E\ PRGXV SRQHQV� VD\ % LV LQIHUUHG IURP L�$�%�
DQG $� WKHQ E\ WKH LQGXFWLRQ K\SRWKHVLV WKHUH DUH SURRIV RI WKHVH SUHPLVHV IURP
VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� DQG DGGLQJ WKH ODVW LQIHUHQFH� ZH REWDLQ WKH
GHVLUHG SURRI RI %�
,I WKH ODVW LQIHUHQFH LV E\ VXEVWLWXWLRQ� VD\ %  $} LV LQIHUUHG IURP $� WKHQ

E\ WKH LQGXFWLRQ K\SRWKHVLV WKHUH LV D SURRI { RI $ XVLQJ PRGXV SRQHQV RQO\
IURP VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� $SSO\ WKH VXEVWLWXWLRQ } WR HYHU\ OLQH
RI {� WKH UHVXOW LV WKH GHVLUHG SURRI RI %� ,I WKHUH DUH DVVXPSWLRQV� WKH\ DUH
XQDmHFWHG E\ } VLQFH WKH\ GR QRW FRQWDLQ YDULDEOHV�
1RZ VXSSRVH WKH RULJLQDO SURRI XVHV FRQGHQVHG GHWDFKPHQW� (DFK FRQGHQVHG

GHWDFKPHQW LQIHUHQFH FDQ EH EURNHQ LQWR WZR VXEVWLWXWLRQV DQG D PRGXV SRQHQV�
VR D FRQGHQVHG GHWDFKPHQW SURRI JLYHV ULVH WR D PRGXV SRQHQV DQG VXEVWLWXWLRQ
SURRI� DQG ZH FDQ DSSO\ WKH SUHYLRXV SDUW RI WKH SURRI� 7KDW FRPSOHWHV WKH
SURRI�

/HPPD � 6XSSRVH / LV D ORJLF SURYLQJ IRUPXODV '��'� E\ FRQGHQVHG GHWDFK�
PHQW ZLWKRXW GRXEOH QHJDWLRQ�DQG VXSSRVH WKDW WKH D[LRPV RI / FRQWDLQ QR GRX�
EOH QHJDWLRQV� ,I $ LV SURYDEOH LQ / ZLWK FRQGHQVHG GHWDFKPHQW DQG } LV DQ\
VXEVWLWXWLRQ� WKHQ $} LV SURYDEOH LQ / E\ FRQGHQVHG GHWDFKPHQW�

3URRI � %\ LQGXFWLRQ RQ WKH OHQJWK RI WKH SURRI { RI $ LQ /� ZH SURYH WKDW WKH
VWDWHPHQW RI WKH OHPPD LV WUXH IRU DOO VXEVWLWXWLRQV }� 7KH EDVH FDVH RFFXUV
ZKHQ $ LV DQ D[LRP� VR $} LV D VXEVWLWXWLRQ LQVWDQFH RI DQ D[LRP� %\ /HPPD
�� $} LV SURYDEOH LQ / E\ FRQGHQVHG GHWDFKPHQW� DQG DQ\ GRXEOH QHJDWLRQV
RFFXUULQJ LQ WKH SURRI RFFXU DOUHDG\ LQ $}�
)RU WKH LQGXFWLRQ VWHS� VXSSRVH WKH ODVW LQIHUHQFH RI WKH JLYHQ SURRI { KDV SUH�

PLVVHV L�S� T� DQG U� ZKHUH ~ LV WKH PRVW JHQHUDO XQLnHU RI S DQG U� DQG WKH FRQ�
FOXVLRQ LV T~  $� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH FRQGHQVHG�GHWDFKPHQW
GHULYDWLRQV RI L�S~}� T~}� DQG RI U~}� 6LQFH S~  U~ � DOVR S~}  U~}� WKH LQIHU�
HQFH IURP L�S~}� T~}� DQG U~} WR T~} LV OHJDO E\ FRQGHQVHG GHWDFKPHQW� +HQFH
ZH KDYH D FRQGHQVHG GHWDFKPHQW SURRI RI T~}  $}� 7KLV FRPSOHWHV WKH SURRI
RI WKH OHPPD�

7KHRUHP � �'�FRPSOHWHQHVV� 6XSSRVH / LV D ORJLF ZKLFK SURYHV IRUPXODV
'��'�� ,I / SURYHV $ XVLQJ PRGXV SRQHQV DQG VXEVWLWXWLRQ� WKHQ / SURYHV $

XVLQJ FRQGHQVHG GHWDFKPHQW�

5HPDUN � 1RWH WKDW ZH FDQQRW WUDFN ZKDW KDSSHQV WR GRXEOH QHJDWLRQV LQ WKLV
SURRI� 7KH SURRI GRHV QRW JXDUDQWHH WKDW SDVVLQJ IURP VXEVWLWXWLRQ WR FRQGHQVHG
GHWDFKPHQW ZLOO QRW LQWURGXFH QHZ GRXEOH QHJDWLRQV� 6RPHZKDW WR RXU VXUSULVH�
ZH GR QRW QHHG DQ\ VXFK UHVXOW WR SURYH GRXEOH QHJDWLRQ HOLPLQDWLRQ� DQG TXLWH
WKH UHYHUVH� ZH VKDOO GHULYH VXFK D UHVXOW IURP GRXEOH QHJDWLRQ HOLPLQDWLRQ�
3URRI � %\ 7KHRUHP �� WKHUH LV D SURRI { RI $ IURP VXEVWLWXWLRQ LQVWDQFHV RI
D[LRPV� XVLQJ PRGXV SRQHQV DV WKH RQO\ UXOH RI LQIHUHQFH� %\ /HPPD �� WKHUH DUH
FRQGHQVHG�GHWDFKPHQW SURRIV RI WKHVH VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� 6LQFH

�



PRGXV SRQHQV LV D VSHFLDO FDVH RI FRQGHQVHG GHWDFKPHQW� LI ZH VWULQJ WRJHWKHU
WKH FRQGHQVHG GHWDFKPHQW SURRIV RI WKH LQVWDQFHV RI D[LRPV UHTXLUHG� IROORZHG
E\ WKH SURRI {� ZH REWDLQ D FRQGHQVHG GHWDFKPHQW SURRI RI $� 7KDW FRPSOHWHV
WKH SURRI RI WKH WKHRUHP�

� 7KH PDLQ WKHRUHP

/HW / EH D V\VWHP RI SURSRVLWLRQDO ORJLF� JLYHQ E\ VRPH D[LRPV DQG WKH VROH
LQIHUHQFH UXOH RI FRQGHQVHG GHWDFKPHQW� /HW /
 EH WKH V\VWHP RI ORJLF ZKRVH
D[LRPV DUH WKH FORVXUH RI �WKH D[LRPV RI� / XQGHU DSSOLFDWLRQV RI WKH IROORZLQJ
V\QWDFWLF UXOH� ,I [ LV D SURSRVLWLRQ OHWWHU� DQG VXEWHUP Q�[� DSSHDUV LQ D IRU�
PXOD $� WKHQ FRQVWUXFW D QHZ IRUPXOD E\ UHSODFLQJ HDFK RFFXUUHQFH RI [ LQ $ E\
Q�[� DQG FDQFHOOLQJ DQ\ GRXEOH QHJDWLRQV WKDW UHVXOW� ,Q RWKHU ZRUGV� ZH SLFN D
VHW 6 RI SURSRVLWLRQ OHWWHUV RFFXUULQJ QHJDWHG LQ $� DQG UHSODFH HDFK RFFXUUHQFH
RI D YDULDEOH [ LQ 6 WKURXJKRXW $ E\ Q�[�� FDQFHOOLQJ DQ\ GRXEO\ QHJDWHG SURSR�
VLWLRQV� 7KH nUVW GHVFULSWLRQ RI /
 FDOOV IRU UHSODFLQJ DOO RFFXUUHQFHV RI RQO\ RQH
YDULDEOH� EXW LI ZH UHSHDW WKDW RSHUDWLRQ ZH FDQ LQ HmHFW UHSODFH D VXEVHW�
$Q H[DPSOH ZLOO PDNH WKH GHnQLWLRQ RI /
 FOHDU� ,I WKLV SURFHGXUH LV DSSOLHG

WR WKH D[LRP
L��L�Q�[�� Q�\��� L�\�[��

ZH REWDLQ WKH IROORZLQJ WKUHH QHZ D[LRPV �E\ UHSODFLQJ nUVW ERWK [ DQG \� WKHQ
RQO\ \� WKHQ RQO\ [��

$� L�L�[� \�� L�Q�\�� Q�[���

$� L�L�Q�[�� \�� L�Q�\�� [��

$� L�L�[� Q�\��� L�\�Q�[���

:H VD\ WKDW / DGPLWV GRXEOH QHJDWLRQ HOLPLQDWLRQ LI ZKHQHYHU / SURYHV
D WKHRUHP %� WKHUH H[LVWV D SURRI RI % LQ / VXFK WKDW DQ\ GRXEOH QHJDWLRQV
RFFXUULQJ DV VXEIRUPXODH RI WKH SURRI� DOUHDG\ RFFXU DV VXEIRUPXODH RI %� ,Q
SDUWLFXODU� GRXEOH�QHJDWLRQ�IUHH WKHRUHPV KDYH GRXEOH�QHJDWLRQ�IUHH SURRIV�
:H VD\ WKDW / DGPLWV VWURQJ GRXEOH QHJDWLRQ HOLPLQDWLRQ LI ZKHQHYHU /

SURYHV D WKHRUHP %� DQG %e LV REWDLQHG IURP % E\ HUDVLQJ VRPH RI WKH GRXEOH
QHJDWLRQV LQ %� WKHQ WKHUH LV D SURRI RI %e LQ /� DQG PRUHRYHU� WKHUH LV D
SURRI RI %e LQ / ZKLFK FRQWDLQV RQO\ GRXEO\�QHJDWHG IRUPXODH RFFXUULQJ LQ %e�
7R EH PRUH SUHFLVH DERXW %e� LI VRPH GRXEO\ QHJDWHG VXEIRUPXODV RFFXU PRUH
WKDQ RQFH LQ %� RQH PXVW HUDVH DOO RU QRQH RI WKRVH GRXEOH QHJDWLRQV� 7KDW
LV� %e LV REWDLQHG IURP % E\ UHSODFLQJ DOO RFFXUUHQFHV RI VRPH GRXEO\�QHJDWHG
VXEIRUPXODV Q�Q�T�� LQ % E\ T�

7KHRUHP � 6XSSRVH WKDW LQ / WKHUH DUH GRXEOH�QHJDWLRQ�IUHH SURRIV RI '��'��
DQG GRXEOH�QHJDWLRQ�IUHH SURRIV RI DOO WKH D[LRPV RI /
� 7KHQ / DGPLWV VWURQJ
GRXEOH QHJDWLRQ HOLPLQDWLRQ�

�



5HPDUN� 7KH WKHRUHP LV DOVR WUXH ZLWK ?WULSOH QHJDWLRQ� RU ?TXDGUXSOH QHJD�
WLRQ�� HWF�� LQ SODFH RI GRXEOH QHJDWLRQ� )RU LQVWDQFH� LI % FRQWDLQV D WULSOH
QHJDWLRQ� WKHQ LW KDV D SURRI FRQWDLQLQJ QR GRXEOH QHJDWLRQV QRW DOUHDG\ FRQ�
WDLQHG LQ %� ,Q SDUWLFXODU LW WKHQ FRQWDLQV QR WULSOH QHJDWLRQV QRW DOUHDG\
FRQWDLQHG LQ %� VLQFH HYHU\ WULSOH QHJDWLRQ LV D GRXEOH QHJDWLRQ�
3URRI� 6XSSRVH % LV SURYDEOH LQ /� ,I % FRQWDLQV DQ\ GRXEOH QHJDWLRQV� VHOHFW
DUELWUDULO\ D VXEVHW RI WKH GRXEO\ QHJDWHG VXEIRUPXOD RI %� DQG IRUP %e E\
UHSODFLQJ HDFK RI WKHVH IRUPXODV Q�Q�T�� E\ T� 2I FRXUVH� %e PD\ VWLOO FRQWDLQ
GRXEOH QHJDWLRQV� LI ZH DUH RQO\ SURYLQJ GRXEOH QHJDWLRQ HOLPLQDWLRQ DQG QRW
VWURQJ GRXEOH QHJDWLRQ HOLPLQDWLRQ� ZH WDNH %e WR EH %� %\ 7KHRUHP �� WKHUH
LV D PRGXV SRQHQV SURRI RI % IURP VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� ,I WKLV
SURRI FRQWDLQV DQ\ GRXEOH QHJDWLRQV ZKLFK GR QRW RFFXU LQ %e� ZH VLPSO\ HUDVH
WKHP� 7KLV HUDVXUH WDNHV D PRGXV SRQHQV VWHS LQWR DQRWKHU OHJDO PRGXV SRQHQV
VWHS� 1RWH WKDW RQH FDQQRW ?VLPSOH HUDVH� GRXEOH QHJDWLRQV LQ D FRQGHQVHG�
GHWDFKPHQW SURRI� EXW QRZ ZH KDYH D PRGXV SRQHQV SURRI� DQG GRXEOH QHJDWLRQV
FDQ EH HUDVHG LQ PRGXV SRQHQV SURRIV� $W D[LRPV� LW WUDQVIRUPV D VXEVWLWXWLRQ
LQVWDQFH RI DQ D[LRP RI / LQWR D VXEVWLWXWLRQ LQVWDQFH RI DQ D[LRP RI /
� 7KXV�
ZH KDYH D SURRI RI %e IURP VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV RI /
 ZKLFK GRHV
QRW FRQWDLQ DQ\ GRXEOH QHJDWLRQV H[FHSW WKRVH ZKLFK RFFXU LQ %e� %\ /HPPD
�� WKHUH DUH FRQGHQVHG GHWDFKPHQW SURRIV RI WKHVH VXEVWLWXWLRQ LQVWDQFHV RI /

�IURP D[LRPV RI /
�� %\ K\SRWKHVLV� WKH D[LRPV RI /
 KDYH GRXEOH�QHJDWLRQ�IUHH
SURRIV LQ /� :H QRZ FRQVWUXFW WKH GHVLUHG SURRI DV IROORZV� nUVW ZULWH GRZQ WKH
GRXEOH�QHJDWLRQ IUHH SURRIV RI WKH D[LRPV RI /
� 7KHQ ZULWH GRZQ SURRIV RI WKH
VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV RI /
 ZKLFK DUH UHTXLUHG� 7KLV PXFK SURYLGHV
SURRIV RI DOO WKH VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV RI /
� IURP / UDWKHU WKDQ IURP
/
� 1RZ ZULWH GRZQ WKH SURRI RI %e IURP WKRVH VXEVWLWXWLRQ LQVWDQFHV� 7KDW LV
WKH GHVLUHG SURRI� 7KH RQO\ GRXEOH QHJDWLRQV LW FRQWDLQV DUH WKRVH FRQWDLQHG LQ
%e� 7KDW FRPSOHWHV WKH SURRI RI WKH WKHRUHP�

7KHRUHP � �6WURQJ G�FRPSOHWHQHVV� 6XSSRVH / LV D ORJLF ZKLFK DGPLWV VWURQJ
GRXEOH QHJDWLRQ HOLPLQDWLRQ� ,I / SURYHV $ XVLQJ PRGXV SRQHQV DQG VXEVWLWX�
WLRQ� ZLWKRXW XVLQJ GRXEOH QHJDWLRQV H[FHSW WKRVH WKDW RFFXU DV VXEIRUPXODH RI
$� WKHQ / SURYHV $ XVLQJ FRQGHQVHG GHWDFKPHQW� ZLWKRXW XVLQJ GRXEOH QHJDWLRQV
H[FHSW WKRVH WKDW RFFXU DV VXEIRUPXODH RI $�

3URRI � 6XSSRVH / SURYHV $ XVLQJ PRGXV SRQHQV DQG VXEVWLWXWLRQ� 7KHQ E\ 7KH�
RUHP �� WKHUH LV D FRQGHQVHG GHWDFKPHQW SURRI RI $ �SRVVLEO\ XVLQJ QHZ GRXEOH
QHJDWLRQV�� %\ VWURQJ GRXEOH QHJDWLRQ HOLPLQDWLRQ� WKHUH LV D FRQGHQVHG GHWDFK�
PHQW SURRI RI $ LQ /� XVLQJ RQO\ GRXEOH QHJDWLRQV WKDW RFFXU DV VXEIRUPXODH RI
$�

�



� /XNDVLHZLF]
V V\VWHP /��/�

$V PHQWLRQHG LQ WKH LQWURGXFWLRQ� WKLV V\VWHP KDV WKH D[LRPV

/� L�L�[� \�� L�L�\� ]�� L�[� ]���

/� L�L�Q�[�� [�� [�

/� L�[� L�Q�[�� \��

/HPPD � /��/� SURYH IRUPXODV '��'��

3URRI � )RUPXOD '� LV L�[� [�� +HUH LV D WZR�OLQH SURRI SURGXFHG E\ 2WWHU�

�� >/��/�@ L�L�L�Q�[�� \�� ]�� L�[� ]��
�� >���/�@ L�[�[�

)RUPXOD '� LV SURYHG E\ nUVW SURYLQJ VRPH DX[LOLDU\ IRUPXODV '� DQG '��

'� L�L�[� L�[� \��� L�[� \��

'� L�L�[� \�� L�Q�\�� Q�[���

+HUH LV DQ 2WWHU SURRI RI '� IURP /��/��

�� >/��/�@ L�Q�L�L�Q�[�� [�� [��� \�
�� >/��/�@ L�L�L�L�[� \�� L�]� \��� X�� L�L�]� [�� X��
�� >/����@ L�L�[� \�� L�Q�L�L�Q�]�� ]�� ]��� \��
�� >/��/�@ L�L�L�Q�[�� \�� ]�� L�[� ]��
�� >/��/�@ L�L�[� \�� L�L�Q�[�� [�� \��
�� >���/�@ L�[� [�
�� >�����@ L�[� L�Q�L�L�Q�\�� \�� \��� ]��
�� >�����@ L�L�[� L�\� ]��� L�L�X� \�� L�[� L�X� ]����
�� >�����@ L�L�[� \�� L�L�Q�L�\� ]��� L�\� ]��� L�[� ]���
�� >�����@ L�L�[� L�Q�L�\� ]��� L�\� ]���� L�L�X� \�� L�[� L�X� ]����
�� >�����@ L�L�[� L�Q�\�� \��� L�]� L�[� \���
�� >�����@ L�L�Q�[�� \�� L�]� L�L�\� [�� [���
�� >�����@ L�L�[� L�\� ]��� L�L�Q�]�� \�� L�[� ]���
�� >�����@ L�L�[� L�Q�\�� ]��� L�L�X� L�]� \��� L�[� L�X� \����
�� >���/�@ L�L�Q�[�� Q�\��� L�\� [���
�� >�����@ L�[� L�\�[��
�� >�����@ L�L�[� L�\� ]��� L�\� L�[� ]���
�� >���/�@ L�Q�[�� L�[� \��
�� >�����@ L�L�Q�[�� \�� L�Q�\�� [��
�� >�����@ L�L�[� L�\� ]��� L�L�Q�\�� ]�� L�[� ]���
�� >�����@ L�L�Q�[�� \�� L�L�[� \�� \��
�� >�����@ L�L�[� L�[� \��� L�[� \��

�



+HUH LV DQ 2WWHU SURRI RI '� IURP /��/��

�� >/��/�@ L�L�L�L�[� \�� L�]� \��� X�� L�L�]� [�� X��
�� >/��/�@ L�L�[� \�� L�L�Q�[�� [�� \��
�� >/��/�@ L�L�L�Q�[�� \�� ]�� L�[� ]��
�� >/��/�@ L�Q�L�L�Q�[�� [�� [��� \�
�� >�����@ L�L�[� L�\� ]��� L�L�X� \�� L�[� L�X� ]���
�� >����@ L�L�[� \�� L�L�L�[� ]�� X�� L�L�\� ]�� X���
�� >�����@ L�L�[� \�� L�L�Q�L�\� ]��� L�\� ]��� L�[� ]���
�� >/����@ L�L�[� \�� L�Q�L�L�Q�]�� ]�� ]��� \��
�� >�����@ L�L�[� L�L�\� ]�� X��� L�L�\� Y�� L�[� L�L�Y� ]�� X����
�� >�����@ L�L�[� L�Q�L�\� ]��� L�\� ]���� L�L�X� \�� L�[� L�X� ]����
�� >�����@ L�[� L�Q�L�L�Q�\�� \�� \��� ]��
�� >�����@ L�L�[� L�Q�\�� \��� L�]� L�[� \���
��� >�����@ L�L�Q�[�� \�� L�]� L�L�\� [�� [���
��� >������@ L�L�[� L�\� ]��� L�L�Q�]�� \�� L�[� ]���
��� >/�����@ L�L�L�[� L�L�\� ]�� ]��� X�� L�L�Q�]�� \�� X��
��� >������@ L�L�[� L�Q�\�� ]��� L�L�X� L�]� \��� L�[� L�X� \����
��� >����/�@ L�L�Q�[�� Q�\��� L�\�[��
��� >����/�@ L�L�Q�[�� \�� L�L�\� [�� [��
��� >������@ L�[� L�\�[��
��� >�������@ L�L�[� L�\� ]��� L�\� L�[� ]���
��� >/�����@ L�L�L�[� \�� ]�� L�\� ]��
��� >�������@ L�L�[� \�� L�L�Q�\�� [�� \��
��� >�������@ L�Q�[�� L�[� \��
��� >������@ L�L�Q�[�� \�� L�L�]� [�� L�L�\� ]�� [���
��� >�������@ L�L�Q�[�� \�� L�Q�\�� [��
��� >�������@ L�Q�L�[� Q�\���� \�
���� >�������@ L�L�[� L�\� Q�]���� L�L�]� [�� L�\�Q�]����
���� >�����/�@ L�L�[� \�� L�Q�\�� Q�[���

1RZ ZH DUH UHDG\ WR SURYH '�� 7KLV SURRI ZDV IRXQG E\ 7HG 8OULFK� ZLWKRXW
PDFKLQH DVVLVWDQFH�

�� >'��/�@ L�L�[� [�� L�[�[��
�� >/��'�@ L�L�L�Q�\�� Q�[��� ]�� L�L�[� \�� ]��
�� >�����@ L�L�[� [�� L�Q�[�� Q�[���

)LQDOO\� ZH DUH UHDG\ WR SURYH '�� 7KH IROORZLQJ SURRI ZDV IRXQG XVLQJ D
VSHFLDOO\ FRPSLOHG YHUVLRQ RI 2WWHU� �7KH GLpFXOW\ LV WKDW QRUPDO 2WWHU GHULYHV
D PRUH JHQHUDO FRQFOXVLRQ� ZKLFK VXEVXPHV WKH GHVLUHG FRQFOXVLRQ��

�� >/��/�@ L�Q�L�L�Q�[�� [�� [��� \�
�� >/��/�@ L�L�L�L�[� \�� L�]� \��� X�� L�L�]� [�� X��

��



�� >/����@ L�L�[� \�� L�Q�L�L�Q�]�� ]�� ]��� \��
�� >/��/�@ L�L�L�Q�[�� \�� ]�� L�[� ]��
�� >/��/�@ L�L�[� \�� L�L�Q�[�� [�� \��
�� >���/�@ L�[�[�
�� >���/�@ L�L�[� \�� L�[� \��
�� >�����@ L�L�Q�L�[� \��� L�[� \��� L�[� \��
�� >�����@ L�[� L�Q�L�L�Q�\�� \�� \��� ]��
�� >���/�@ L�L�L�Q�L�L�Q�[�� [�� [��� \�� ]�� L�X� ]��
�� >�����@ L�L�[� L�\� ]��� L�L�X� \�� L�[� L�X� ]����
�� >���/�@ L�L�[� \�� L�L�L�[� ]�� X�� L�L�\� ]�� X���
�� >�����@ L�[� L�L�Q�\�� \�� \��
�� >�����@ L�L�[� L�Q�\�� \��� L�]� L�[� \���
�� >�����@ L�L�Q�[�� \�� L�]� L�L�\� [�� [���
�� >���/�@ L�[� L�\� \��
�� >�����@ L�[� L�L�Q�\�� ]�� L�L�]� \�� \���
�� >�����@ L�[� L�L�L�\� \�� ]�� ]��
�� >�����@ L�L�Q�[�� \�� L�L�\� [�� [��
�� >�����@ L�L�[� L�\� ]��� L�L�Q�]�� \�� L�[� ]���
�� >�����@ L�[� L�L�\� [�� [��
�� >�����@ L�L�[� L�\� ]��� L�]� L�[� ]���
�� >�����@ L�[� L�[�[��
�� >�����@ L�[� L�\�[��
�� >�����@ L�L�[� L�\� \��� L�[� L�\� \���
�� >�����@ L�L�[� L�\� [��� L�[� L�\�[���
�� >�����@ L�L�[� L�Q�\�� ]��� L�L�X� L�]� \��� L�[� L�X� \����
�� >�����@ L�L�[� L�L�\� ]�� X��� L�L�\� Y�� L�[� L�L�Y� ]�� X����
�� >�����@ L�L�[� L�\� ]��� L�\� L�[� ]���
�� >���/�@ L�L�L�[� L�\� ]��� X�� L�L�\� L�[� ]��� X��
�� >�����@ L�L�[� L�\� [��� L�\� L�[�[���
�� >���/�@ L�L�[� [�� L�L�\�[�� L�\�[���
�� >�����@ L�L�[� L�L�\� ]�� X��� L�L�\� \�� L�[� L�L�\� ]�� X����
�� >�����@ L�L�[� [�� L�L�\� \�� L�L�[� \�� L�[� \����

7KDW FRPSOHWHV WKH SURRI RI WKH OHPPD�

7KHRUHP � /XNDVLHZLF]
V V\VWHP /��/� DGPLWV VWURQJ GRXEOH QHJDWLRQ HOLPL�
QDWLRQ�

3URRI� :H EHJLQ E\ FDOFXODWLQJ WKH IRUPXODV /
 IRU WKLV V\VWHP� :H REWDLQ WKH
IROORZLQJ�

/� L�L�[� Q�[��� Q�[��

/� L�Q�[�� L�[� \��

��



%\ 7KHRUHP � LW VXpFHV WR YHULI\ WKDW WKHUH DUH GRXEOH�QHJDWLRQ�IUHH SURRIV RI
/��/�� DQG '��'�� :H KDYH DOUHDG\ YHULnHG '��'� DERYH� VR LW RQO\ UHPDLQV
WR H[KLELW GRXEOH�QHJDWLRQ�IUHH SURRIV RI /� DQG /�� +HUH LV DQ 2WWHU SURRI RI
/��
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��� >/�����@ L�L�L�[� \�� ]�� L�\� ]��
��� >�������@ L�Q�[�� L�[� \��

7KDW FRPSOHWHV WKH SURRI RI WKH WKHRUHP�

&RUROODU\ � /HW 7 EH DQ\ VHW RI D[LRPV IRU �WZR�YDOXHG� SURSRVLWLRQDO ORJLF�
6XSSRVH WKDW WKHUH H[LVW GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�GHWDFKPHQW SURRIV RI
/��/� IURP 7 � 7KHQ WKH SUHFHGLQJ WKHRUHP LV WUXH ZLWK 7 LQ SODFH RI /��/��

3URRI � :H PXVW VKRZ 7 DGPLWV VWURQJ GRXEOH�QHJDWLRQ HOLPLQDWLRQ� /HW $ EH
SURYDEOH IURP 7 � DQG OHW $e EH REWDLQHG IURP $ E\ HUDVLQJ VRPH RI WKH GRXEOH
QHJDWLRQV LQ $ �EXW DOO RFFXUUHQFHV RI DQ\ JLYHQ IRUPXOD� LI WKHUH DUH PXOWLSOH
RFFXUUHQFHV RI WKH VDPH GRXEO\�QHJDWHG VXEIRUPXOD�� :H PXVW VKRZ WKDW 7
SURYHV $e E\ D SURRI ZKRVH GRXEO\�QHJDWHG VXEIRUPXOD RFFXU LQ $e� 6LQFH 7
LV DQ D[LRPDWL]DWLRQ RI WZR�YDOXHG ORJLF� $e LV D WDXWRORJ\� DQG KHQFH SURYDEOH
IURP /��/�� %\ WKH WKHRUHP� WKHUH LV D SURRI RI $e IURP /��/� WKDW FRQWDLQV
QR GRXEOH QHJDWLRQV �H[FHSW WKRVH RFFXUULQJ LQ $e� LI DQ\�� 6XSSO\LQJ WKH JLYHQ
SURRIV RI /��/� IURP 7 � ZH FRQVWUXFW D SURRI RI $e IURP 7 ZKLFK FRQWDLQV QR
GRXEOH QHJDWLRQV H[FHSW WKRVH RFFXUULQJ LQ $e �LI DQ\�� 7KDW FRPSOHWHV WKH
SURRI�

([DPSOH� :H FDQ WDNH 7 WR FRQWDLQ H[DFWO\ RQH IRUPXOD� WKH VLQJOH D[LRP
0 RI 0HUHGLWK� 0 LV GRXEOH�QHJDWLRQ IUHH� DQG GRXEOH�QHJDWLRQ�IUHH SURRIV RI
/��/� IURP0 KDYH EHHQ IRXQG XVLQJ 2WWHU >��@� 7KHUHIRUH� WKH WKHRUHP LV WUXH
IRU WKH VLQJOH D[LRP 0 �

� ,QnQLWH�YDOXHG ORJLF

/XNDVLHZLF]
V LQnQLWH�YDOXHG ORJLF LV D VXEV\VWHP RI FODVVLFDO SURSRVLWLRQDO ORJLF
ZKLFK ZDV VWXGLHG LQ WKH ����V� ,W LV RI LQWHUHVW SDUWO\ EHFDXVH WKHUH LV D QDWXUDO
VHPDQWLFV IRU LW� DFFRUGLQJ WR ZKLFK SURSRVLWLRQV DUH DVVLJQHG WUXWK YDOXHV ZKLFK
DUH UHDO �RU UDWLRQDO� QXPEHUV EHWZHHQ � DQG �� ZLWK � EHLQJ WUXH DQG � EHLQJ
IDOVH� /XNDVLHZLF]
V D[LRPV$��$� DUH FRPSOHWH IRU WKLV VHPDQWLFV� DV ZDV SURYHG
�EXW DSSDUHQWO\ QRW SXEOLVKHG� E\ :DVMEHUJ� DQG SURYHG DJDLQ E\ &KDQJ >�@�
$[LRPV $��$� DUH IRUPXODWHG XVLQJ LPSOLFDWLRQ L�S� T� DQG QHJDWLRQ Q�S� RQO\�
7UXWK YDOXHV DUH JLYHQ E\

NQ�S�N  �b NSN

NL�S� T�N  PLQ��b NSN� NTN� ���

$[LRPV $��$� DUH DV IROORZV�

L�[� L�\� [�� �$��

L�L�[� \�� L�L�\� ]�� L�[� ]��� �$��

�$ FRPSDULVRQ ZLWK /XNDVLHZLF]
V D[LRPV /��/�� 1RWH WKDW D[LRP $� LV WKH VDPH DV /��

DQG $� LV WKH VDPH DV /�� EXW /� LV QRW SURYDEOH IURP $��$��

��



L�L�L�[� \�� \�� L�L�\� [�� [�� �$��

L�L�Q�[�� Q�\��� L�\� [�� �$��

7KH VWDQGDUG UHIHUHQFH IRU LQnQLWH�YDOXHG ORJLF LV >�@�

/HPPD � $��$� SURYH IRUPXODV '��'� ZLWKRXW GRXEOH QHJDWLRQ�

3URRI � +HUH LV DQ 2WWHU SURRI RI '� IURP $��$��
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��� >�����@ L�[� L�\� \��
��� >�������@ L�[� [�

+HUH LV DQ 2WWHU SURRI RI '� IURP $��$�� IRXQG XVLQJ D VSHFLDOO\ FRPSLOHG
YHUVLRQ RI 2WWHU�
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+HUH LV D SURRI RI '�� IRXQG XVLQJ D VSHFLDOO\ FRPSLOHG YHUVLRQ RI 2WWHU�
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7KHRUHP � 7KH V\VWHP RI ?LQnQLWH�YDOXHG ORJLF� $��$� DGPLWV VWURQJ GRXEOH

QHJDWLRQ HOLPLQDWLRQ�

3URRI� :H EHJLQ E\ FDOFXODWLQJ WKH IRUPXODV /
 IRU WKLV V\VWHP� 7KH RQO\ D[LRP
FRQWDLQLQJ QHJDWLRQV LV $�� EXW WKHUH DUH WKUHH SRVVLEOH UHSODFHPHQWV� VR ZH JHW
WKUHH QHZ D[LRPV $��$� DV IROORZV��

$� L�L�[� \�� L�Q�\�� Q�[���

$� L�L�Q�[�� \�� L�Q�\�� [��

$� L�L�[� Q�\��� L�\�Q�[���

%\ 7KHRUHP � LW VXpFHV WR YHULI\ WKDW WKHUH DUH GRXEOH�QHJDWLRQ�IUHH SURRIV
RI $�� $�� $�� DQG '��'�� :H KDYH DOUHDG\ YHULnHG '��'� DERYH� VR LW RQO\
UHPDLQV WR H[KLELW GRXEOH�QHJDWLRQ�IUHH SURRIV RI $��$��

+HUH LV DQ 2WWHU SURRI RI $��

�7KH QDPH $� LV DOUHDG\ LQ XVH IRU DQRWKHU IRUPXOD� RULJLQDOO\ XVHG DV DQ D[LRP DORQJ

ZLWK $��$�� EXW ODWHU VKRZQ WR EH SURYDEOH IURP $��$��
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7KLV FRPSOHWHV WKH SURRI RI WKH WKHRUHP�

� $Q H[DPSOH

2QH RI WKH PRWLYDWLRQV IRU WKLV ZRUN ZDV WKH H[LVWHQFH RI DQ H[DPSOH RI D IRUPXOD
ZKLFK LV GRXEOH�QHJDWLRQ�IUHH� DQG SURYDEOH IURP $��$�� EXW IRU ZKLFK :RV KDG
EHHQ XQDEOH WR nQG D GRXEOH�QHJDWLRQ�IUHH SURRI� 7KH IRUPXOD LQ TXHVWLRQ LV

'1� L�L�[�Q�L�L�Q�\�� Q�]��� Q�]����� Q�L�L�Q�L�[� \��� Q�L�[� ]���� Q�L�[� ]������

:RV FRXOG SURYLGH D SURRI ZLWK �� FRQGHQVHG�GHWDFKPHQW VWHSV RI WKLV WKHRUHP�
�� RI ZKRVH OLQHV LQYROYHG D GRXEOH QHJDWLRQ� %HHVRQ XVHG WKLV SURRI DV LQSXW
WR D FRPSXWHU SURJUDP LPSOHPHQWLQJ WKH DOJRULWKPV LPSOLFLW LQ WKH SURRI RI
RXU PDLQ WKHRUHP� 7KH RXWSXW RI WKLV SURJUDP ZDV D GRXEOH�QHJDWLRQ�IUHH
SURRI E\ PRGXV SRQHQV RI WKH H[DPSOH� IURP VXEVWLWXWLRQ LQVWDQFHV RI $��$��
7KH SURRI ZDV VXUSULVLQJ E\ LWV OHQJWK DQG VL]H� ,W ZDV ��� OLQHV ORQJ� DQG
PDQ\ RI LWV OLQHV ZHUH WKRXVDQGV RI V\PEROV ORQJ� 7KH LQSXW SURRI WDNHV DERXW
��� NLORE\WHV� WKH RXWSXW SURRI DERXW ��� NLORE\WHV� 1RZ ZH NQRZ ZKDW WKH
FRQGHQVHG PHDQV LQ ?FRQGHQVHG GHWDFKPHQW�� 7KH H[SDQVLRQ LQ VL]H LV GXH WR
PDNLQJ WKH VXEVWLWXWLRQV LQWURGXFHG E\ FRQGHQVHG GHWDFKPHQW H[SOLFLW� 7KH
H[SDQVLRQ LQ OHQJWK LV GXH WR GXSOLFDWLRQV RI PXOWLSO\�UHIHUHQFHG OLQHV� ZKLFK

��



PXVW EH GRQH EHIRUH WKH VXEVWLWXWLRQV DUH ?SXVKHG XSZDUGV� LQ WKH SURRI� ,Q
RWKHU ZRUGV� RQH OLQH RI WKH SURRI FDQ EH UHIHUHQFHG VHYHUDO WLPHV� DQG ZKHQ WKH
SURRI LV FRQYHUWHG WR WUHH IRUP� HDFK UHIHUHQFH ZLOO UHTXLUH D VHSDUDWH FRS\ RI
WKH UHIHUHQFHG OLQH� 7KLV ����OLQH SURRI� FRQVLGHUHG DV D WUHH� KDV VXEVWLWXWLRQ
LQVWDQFHV RI WKH D[LRPV DW WKH OHDYHV� $IWHU REWDLQLQJ WKLV SURRI� ZH FRXOG KDYH
FRQWLQXHG ZLWK WKH DOJRULWKP� SURYLGLQJ SURRIV RI WKH VXEVWLWXWLRQ LQVWDQFHV RI
WKH D[LRPV� 7KDW ZRXOG KDYH VXEVWDQWLDOO\ LQFUHDVHG WKH OHQJWK� ,QVWHDG� %LOO
0F&XQH SXW WKH OLQHV RI WKH ����OLQH SURRI LQWR DQ 2WWHU LQSXW nOH DV ?KLQWV��
DQG 2WWHU SURGXFHG D ���OLQH GRXEOH�QHJDWLRQ IUHH FRQGHQVHG�GHWDFKPHQW SURRI
RI '1� IURP $��$� DQG $��$�� 7KLV UXQ JHQHUDWHV VRPH ���� IRUPXODH DQG
WDNHV EHWZHHQ ��� DQG � KRXUV� GHSHQGLQJ RQ ZKDW PDFKLQH LV XVHG� ,I WKH OLQHV
RI WKLV SURRI� WRJHWKHU ZLWK WKH SURRIV RI $��$�� DUH VXSSOLHG DV UHVRQDWRUV LQ D
QHZ LQSXW nOH� 2WWHU FDQ WKHQ nQG D ���VWHS SURRI RI '1� IURP $��$�� ?+LQWV�
DUH H[SODLQHG LQ >��@� 5HVRQDWRUV DUH H[SODLQHG LQ >��@�

� '�FRPSOHWHQHVV RI LQWXLWLRQLVWLF ORJLF

/HW + EH WKH IROORZLQJ IRUPXODWLRQ RI LQWXLWLRQLVWLF SURSRVLWLRQDO FDOFXOXV LQ
WHUPV RI LPSOLFDWLRQ DQG QHJDWLRQ� GHQRWHG E\ L DQG Q�

+� L�[� L�\� [��

+� L�L�[� L�\� ]��� L�L�[� \�� L�[� ]���

+� L�L�[�Q�[��� Q�[��

+� L�[� L�Q�[�� \��

7KH LQIHUHQFH UXOHV RI + DUH PRGXV SRQHQV DQG VXEVWLWXWLRQ� ,W LV DOVR SRVVLEOH
WR FRQVLGHU +��+� ZLWK FRQGHQVHG GHWDFKPHQW� 7KHVH WZR V\VWHPV KDYH WKH
VDPH WKHRUHPV� DV ZLOO EH VKRZQ LQ GHWDLO EHORZ�

/HPPD � '��'� KDYH GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�GHWDFKPHQW SURRIV IURP

+��+��

3URRI � +HUH LV D GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�GHWDFKPHQW SURRI RI '� IURP
+��+� �IRXQG E\ KDQG��

� >+��+�@ L�L�[� \�� L�[� [��
� >��+�@ L�[�[�

'� LV L�L�[�[�� L�Q�[�� Q�[���� +HUH LV D GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�
GHWDFKPHQW SURRI RI '� IURP +��+�� IRXQG XVLQJ D VSHFLDOO\�FRPSLOHG YHUVLRQ
RI 2WWHU� &XULRXVO\� +� LV QRW XVHG�

�� >+��+�@ L�[� L�\� L�]� \���
�� >+��+�@ L�L�L�[� L�\� ]��� L�[� \��� L�L�[� L�\� ]��� L�[� ]���

��



�� >+��+�@ L�L�[� \�� L�[�[��
��� >+��+�@ L�L�[�Q�[��� L�[� \��
��� >+����@ L�[� L�\� L�]� L�X� ]����
��� >�����@ L�L�[� L�L�\� [�� ]��� L�[� ]��
��� >�����@ L�L�[� L�[� \��� L�[� \��
��� >+����@ L�[� L�L�\� ]�� L�\� \���
��� >+�����@ L�L�[� L�\� ]��� L�[� L�\� \���
��� >+�����@ L�[� L�L�\�Q�\��� L�\� ]���
��� >������@ L�L�[� L�[�[��� L�[�[��
��� >�������@ L�L�[�[�� L�[�[��
��� >�������@ L�L�[� L�\�[��� L�[� L�\� [���
��� >�������@ L�L�[� L�\� \��� L�[� L�\� \���
��� >������@ L�L�[� \�� L�\� L�[� \���
���� >�������@ L�Q�[�� L�[� \��
���� >��������@ L�Q�[�� L�[� [��
���� >��������@ L�L�[�[�� L�Q�[�� L�[�[���
���� >��������@ L�L�[�[�� L�Q�[�� Q�[���

+HUH LV D GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�GHWDFKPHQW SURRI RI '� IURP +��
+�� $JDLQ +� LV QRW XVHG�

��� >+��+�@ L�[� L�\� L�]� \���
��� >+��+�@ L�L�L�[� L�\� ]��� L�[� \��� L�L�[� L�\� ]��� L�[� ]���
��� >+��+�@ L�[� L�L�\� L�]� X��� L�L�\� ]�� L�\� X����
��� >+��+�@ L�L�[� \�� L�[�[��
��� >�������@ L�L�[� L�L�\�[�� ]��� L�[� ]��
��� >�������@ L�L�[� L�[� \��� L�[� \��
��� >�����@ L�[� L�L�\� L�L�]� \�� X��� L�\� X���
��� >�������@ L�L�[� \�� L�L�]� [�� L�]� \���
��� >�����@ L�L�L�[� \�� L�]� [��� L�L�[� \�� L�]� \���
��� >�������@ L�L�L�[� \�� ]�� L�\� ]��
��� >�������@ L�L�[� \�� L�L�\� ]�� L�[� ]���
��� >�������@ L�L�L�L�[� \�� L�]� \��� X�� L�L�]� [�� X��
���� >�������@ L�L�[� L�\� ]��� L�L�X� \�� L�[� L�X� ]����
���� >�������@ L�L�[� \�� L�L�L�[� ]�� X�� L�L�\� ]�� X���
���� >���������@ L�L�[� L�L�\� ]�� X��� L�L�\� Y�� L�[� L�L�Y� ]�� X����
���� >�������@ L�L�[� [�� L�[� [��
���� >��������@ L�L�[� L�\� \��� L�[� L�\� \���
���� >��������@ L�L�[� L�\� [��� L�[� L�\�[���
���� >��������@ L�L�[� [�� L�L�\�[�� L�\�[���
���� >���������@ L�L�[� L�L�\� ]�� X��� L�L�\� \�� L�[� L�L�\� ]�� X����
���� >���������@ L�L�[� [�� L�L�\� \�� L�L�[� \�� L�[� \����

7KHRUHP � 7KH VDPH WKHRUHPV DUH SURYDEOH IURP +��+�� ZKHQ ZH WDNH FRQ�

GHQVHG GHWDFKPHQW DV WKH VROH UXOH RI LQIHUHQFH� DV ZKHQ ZH WDNH PRGXV SRQHQV

��



DQG VXEVWLWXWLRQ DV UXOHV RI LQIHUHQFH� 0RUHRYHU� LI E LV SURYDEOH ZLWKRXW GRXEOH

QHJDWLRQV E\ PRGXV SRQHQV IURP VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� WKHQ WKHUH LV

D GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG GHWDFKPHQW SURRI RI E�

5HPDUN� 7KH SUHVHQW SURRI JLYHV QR DVVXUDQFH WKDW D JHQHUDO + SURRI� XVLQJ
VXEVWLWXWLRQ DUELWUDULO\ DQG QRW MXVW LQ D[LRPV� FDQ EH FRQYHUWHG WR D FRQGHQVHG�
GHWDFKPHQW SURRI ZLWKRXW LQWURGXFLQJ DGGLWLRQDO GRXEOH QHJDWLRQV� 7KDW LQ
JHQHUDO LW FDQ EH ZLOO IROORZ IURP 7KHRUHP � EHORZ�
3URRI � 7KH nUVW FODLP LV DQ LPPHGLDWH FRQVHTXHQFH RI 7KHRUHP � DQG /HPPD
�� 7R SURYH WKH VHFRQG FODLP� VXSSRVH E KDV D GRXEOH�QHJDWLRQ�IUHH PRGXV
SRQHQV SURRI IURP VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� %\ /HPPD �� ZH FDQ VXSSO\
GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�GHWDFKPHQW SURRIV RI WKH VXEVWLWXWLRQ LQVWDQFHV
RI D[LRPV ZKLFK DUH XVHG LQ WKH SURRI� $GMRLQLQJ WKHVH SURRIV� ZH REWDLQ D
GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG GHWDFKPHQW SURRI RI E DV UHTXLUHG�

� + DQG VHTXHQW FDOFXOXV

/HW *� EH WKH LQWXLWLRQLVWLF *HQW]HQ FDOFXOXV DV JLYHQ LQ .OHHQH >�@� /HW * EH
*� �PLQXV FXW�� UHVWULFWHG WR LPSOLFDWLRQ DQG QHJDWLRQ� L�H�� IRUPXODV FRQWDLQLQJ
RWKHU FRQQHFWLYHV DUH QRW DOORZHG� 7KXV WKH UXOHV RI LQIHUHQFH RI * DUH WKH IRXU
UXOHV LQYROYLQJ LPSOLFDWLRQ DQG QHJDWLRQ� SOXV WKH VWUXFWXUDO UXOHV� 7KH UXOHV RI
*� DUH OLVWHG RQ SS� ������� RI >�@� 7KH\ ZLOO DOVR EH JLYHQ LQ WKH FRXUVH RI WKH
SURRI RI /HPPD �� EHORZ� :H VKDOO XVH WKH QRWDWLRQ b� c IRU D VHTXHQW� :H
UHPLQG WKH UHDGHU WKDW ZKDW GLVWLQJXLVKHV LQWXLWLRQLVWLF IURP FODVVLFDO VHTXHQW
FDOFXOXV LV WKDW WKH FRQVHTXHQW c LQ D VHTXHQW b � c LQ WKH LQWXLWLRQLVWLF
FDOFXOXV LV UHVWULFWHG WR FRQWDLQ DW PRVW RQH IRUPXOD��

:H JLYH D WUDQVODWLRQ RI + LQWR *�1DPHO\� LI $ LV D IRUPXOD RI +� WKHQ $� LV
D IRUPXOD RI *� REWDLQHG E\ WKHVH UXOHV�

L�D� E��  D� � E�

Q�D��  �D�

2I FRXUVH� ZKHQ D LV D SURSRVLWLRQ OHWWHU �YDULDEOH� WKHQ D� LV MXVW D� ,I b  
$�� � � � � $Q LV D OLVW RI IRUPXODV RI /� WKHQ b

� LV WKH OLVW $�
�� � � � �$

�
Q
�

:H WUDQVODWH * LQWR + LQ WKH IROORZLQJ PDQQHU� )LUVW ZH DVVLJQ WR HDFK
IRUPXOD $ RI * D FRUUHVSRQGLQJ IRUPXOD $� RI +� JLYHQ E\

�$� %��  L�$�� %��

��$��  Q�$��

�7KH WUDQVODWLRQV JLYHQ KHUH FDQ DOVR EH JLYHQ IRU /XNDVLHZLF]
V ORJLF /��/�� EXW PDQ\

DGGLWLRQDO FRPSOLFDWLRQV DUH LQWURGXFHG E\ WKH QHFHVVLW\ RI WUDQVODWLQJ D VHTXHQW FRQWDLQLQJ

PRUH WKDQ RQH IRUPXOD� DQG LQ YLHZ RI WKH VLPSOHU SURRIV RI GRXEOH QHJDWLRQ HOLPLQDWLRQ JLYHQ

DERYH� ZH WUHDW WKH *HQW]HQ WUDQVODWLRQ RQO\ IRU LQWXLWLRQLVWLF ORJLF� 1RWH WKDW ZH XVHG 2WWHU

RQO\ IRU WKH +�SURRIV RI '� DQG '�� EXW LI ZH WUHDW / WKLV ZD\ LQVWHDG RI +� ZH QHHG 2WWHU

IRU WZHQW\�RQH DGGLWLRQDO OHPPDV�

��



ZKHUH DJDLQ $�  $ IRU SURSRVLWLRQ OHWWHUV $� :H QHHG WR GHnQH b� DOVR� ZKHUH

b LV D OLVW RI IRUPXODV� VLQFH ZH DUH WUHDWLQJ RQO\ WKH LQWXLWLRQLVWLF FDOFXOXV� ZH

QHHG WKLV GHnQLWLRQ RQO\ IRU OLVWV RFFXUULQJ RQ WKH OHIW RI �� ,I b  $�� � � � � $Q

LV D OLVW RI IRUPXODV RFFXUULQJ RQ WKH OHIW RI �� WKHQ b� LV $�

�
� � � � �$�

Q
� �

7KHVH WZR WUDQVODWLRQV DUH LQYHUVH�

/HPPD � /HW $ EH D IRUPXOD RI +� 7KHQ $��

 $�

3URRI� %\ LQGXFWLRQ RQ WKH FRPSOH[LW\ RI $� ,I $ LV D YDULDEOH� WKHQ $�  $

DQG $��

 $� :H KDYH

L�[� \��
�

 �[� � \���

 L�[�
�

� \�
�

�

 L�[� \�

DQG ZH KDYH

Q�[��
�

 ���[����

 Q�[�
�

�

 Q�[�

+HQFHIRUWK ZH VLPSOLI\ RXU QRWDWLRQ E\ XVLQJ ORZHU�FDVH OHWWHUV IRU IRUPXODV
RI +� DQG XSSHU�FDVH OHWWHUV IRU IRUPXODV RI *� 7KHQ ZH FDQ ZULWH D LQVWHDG RI
$�� DQG $ LQVWHDG RI D�� %\ WKH SUHFHGLQJ OHPPD� WKHUH LV QR DPELJXLW\ LQ WKLV
FRQYHQLHQW QRWDWLRQ� 7KXV� IRU H[DPSOH� �$ � %�� LV L�D� E�� *UHHN OHWWHUV DUH
XVHG IRU OLVWV RI IRUPXODV�
7KH IROORZLQJ OHPPD JLYHV VHYHUDO YDULDWLRQV RI WKH GHGXFWLRQ WKHRUHP IRU

+�

/HPPD � �'HGXFWLRQ WKHRUHP IRU +� �L� ,I + SURYHV D IURP DVVXPSWLRQV
p� E� WKHQ L�E� D� LV D WKHRUHP SURYHG LQ + IURP DVVXPSWLRQV p� SURYLGHG WKH
DVVXPSWLRQV FRQWDLQ RQO\ FRQVWDQW SURSRVLWLRQ OHWWHUV�

�LL� ,I D LV SURYDEOH IURP DVVXPSWLRQV p� E E\ FRQGHQVHG GHWDFKPHQW IURP
+��+�� WKHQ L�E� D� LV GHULYDEOH E\ FRQGHQVHG GHWDFKPHQW IURP p�� SURYLGHG WKH
DVVXPSWLRQV FRQWDLQ RQO\ FRQVWDQW SURSRVLWLRQ OHWWHUV�

�LLL� ,I WKHUH LV D SURRI RI D E\ PRGXV SRQHQV IURP p� E DQG VXEVWLWXWLRQ
LQVWDQFHV RI +��+�� WKHQ WKHUH LV D SURRI RI L�D� E� E\ PRGXV SRQHQV IURP p DQG
VXEVWLWXWLRQ LQVWDQFHV RI +��+��

�LY� ,Q SDUW �L�� LI WKH JLYHQ SURRI RI D KDV QR GRXEOH QHJDWLRQV� WKHQ WKH
SURRI RI L�E� D� IURP p KDV QR GRXEOH QHJDWLRQV�

�:H QRWH WKDW D VLPLODU WUDQVODWLRQ KDV EHHQ JLYHQ LQ >�@ LQ FRQQHFWLRQ ZLWK /XNDVLHZLF]
V
PXOWL�YDOXHG ORJLFV �ZKLFK LQFOXGH WKH LQnQLWH�YDOXHG ORJLF GLVFXVVHG LQ DQRWKHU VHFWLRQ RI WKLV
SDSHU�� ,W LV WKH REYLRXV WUDQVODWLRQ RI *HQW]HQ FDOFXOXV LQWR WKH LPSOLFDWLRQ�DQG�QHJDWLRQ
IUDJPHQW RI SURSRVLWLRQDO FDOFXOXV� :H FDQQRW DSSHDO WR DQ\ RI WKH UHVXOWV RI >�@� VLQFH ZH DUH
GHDOLQJ ZLWK GLmHUHQW ORJLFV� DQG EHVLGHV ZH QHHG WR SD\ DWWHQWLRQ WR GRXEOH QHJDWLRQV�

��



�Y� ,Q SDUW �LLL�� LI WKH JLYHQ SURRI RI D KDV QR GRXEOH QHJDWLRQV� WKHQ WKH
SURRI RI L�E� D� IURP p KDV QR GRXEOH QHJDWLRQV�

5HPDUNV� 2QH LQWHUHVWLQJ WKLQJ LV WKDW ZH GR QRW SURYH D FODLP DERXW GRX�
EOH QHJDWLRQV IRU FRQGHQVHG GHWDFKPHQW SURRIV� RQO\ IRU PRGXV SRQHQV SURRIV�
7KDW LV� WKHUH LV QR SDUW �YL� DQDORJRXV WR SDUWV �LY� DQG �Y�� EXW IRU FRQGHQVHG
GHWDFKPHQW SURRIV� 7KH UHDVRQ IRU WKH UHVWULFWLRQ WR FRQVWDQW DVVXPSWLRQV LQ �L�
DQG �LL� LV WKLV� )URP WKH DVVXPSWLRQ L�Q�Q�[��� [�� ZH FDQ GHULYH DQ\ WKHRUHP
RI FODVVLFDO ORJLF� IRU LQVWDQFH L�Q�Q�D��� D�� E\ VXEVWLWXWLRQ RU FRQGHQVHG GHWDFK�
PHQW� %XW ZH FDQQRW GHULYH WKH SURSRVLWLRQ WKDW WKH nUVW RI WKHVH LPSOLHV WKH
VHFRQG� L�L�Q�Q�[��� [�� L�Q�Q�D��� D��� 6R WKH GHGXFWLRQ WKHRUHP LV IDOVH ZLWKRXW
WKH UHVWULFWLRQ� 3URRIV E\ PRGXV SRQHQV IURP VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV
GR QRW VXmHU IURP WKLV GLpFXOW\� ZKLFK LV RQH UHDVRQ WKH\ DUH VR WHFKQLFDOO\
XVHIXO LQ WKLV SDSHU�
3URRI� :H nUVW VKRZ WKDW �LL� IROORZV IURP �LLL�� ,I ZH DUH JLYHQ D FRQGHQVHG�
GHWDFKPHQW SURRI RI D IURP DVVXPSWLRQV p� E XVLQJ +��+�� ZH FDQ nQG� E\ 7KHR�
UHP �� D PRGXV�SRQHQV SURRI RI D IURP p� E DQG VXEVWLWXWLRQ LQVWDQFHV RI +��+��
$SSO\LQJ �LLL� ZH KDYH D PRGXV SRQHQV SURRI RI L�E� D� IURP p DQG VXEVWLWXWLRQ
LQVWDQFHV RI +��+�� %\ 7KHRUHP �� WKLV SURRI FDQ EH FRQYHUWHG WR D FRQGHQVHG�
GHWDFKPHQW SURRI RI L�E� D� IURP p� FRPSOHWLQJ WKH GHULYDWLRQ RI �LL� IURP �LLL��

1H[W ZH VKRZ WKDW �L� IROORZV IURP �LLL�� 6XSSRVH ZH DUH JLYHQ D SURRI RI
D IURP p� E LQ +� %\ 7KHRUHP �� ZH FDQ nQG D PRGXV�SRQHQV�RQO\ SURRI RI D
IURP DVVXPSWLRQV p� E DQG VXEVWLWXWLRQ LQVWDQFHV RI +��+�� %\ �LLL� ZH WKHQ FDQ
nQG D PRGXV�SRQHQV SURRI RI L�E� D� IURP p DQG VXEVWLWXWLRQ LQVWDQFHV RI +��+��
$GGLQJ RQH VXEVWLWXWLRQ VWHS DERYH HDFK VXFK VXEVWLWXWLRQ LQVWDQFH� ZH KDYH D
SURRI LQ + RI L�E� D� IURP p� 7KDW FRPSOHWHV WKH SURRI WKDW �L� IROORZV IURP �LLL��

:H QRZ VKRZ WKDW �Y� LPSOLHV �LY�� 7KLV UHTXLUHV JRLQJ RYHU WKH SUHYLRXV
SDUDJUDSK ZLWK DWWHQWLRQ WR GRXEOH QHJDWLRQV� 6XSSRVH ZH DUH JLYHQ D GRXEOH�
QHJDWLRQ�IUHH SURRI RI D IURP p� E LQ +� %\ 7KHRUHP �� ZH FDQ nQG D PRGXV�
SRQHQV�RQO\ SURRI RI D IURP DVVXPSWLRQV p� E DQG VXEVWLWXWLRQ LQVWDQFHV RI +��
+�� ZKLFK LV DOVR GRXEOH�QHJDWLRQ�IUHH� %\ WKH �Y� ZH WKHQ FDQ nQG D GRXEOH�
QHJDWLRQ�IUHH PRGXV�SRQHQV SURRI RI L�E� D� IURP p DQG VXEVWLWXWLRQ LQVWDQFHV
RI +��+�� $GGLQJ RQH VXEVWLWXWLRQ VWHS DERYH HDFK VXFK VXEVWLWXWLRQ LQVWDQFH�
ZH KDYH D GRXEOH�QHJDWLRQ�IUHH SURRI LQ + RI L�E� D� IURP p� 7KDW FRPSOHWHV WKH
SURRI WKDW �LY� IROORZV IURP �Y��

1RZ ZH SURYH �LLL� DQG �Y� VLPXOWDQHRXVO\ E\ LQGXFWLRQ RQ WKH QXPEHU RI
VWHSV LQ D SXUH PRGXV�SRQHQV SURRI RI D IURP p DQG VXEVWLWXWLRQ LQVWDQFHV RI
+��+��

%DVH FDVH� D LV E RU RI D PHPEHU RI p� RU D VXEVWLWXWLRQ LQVWDQFH RI RQH RI
+��+��

,I D LV D VXEVWLWXWLRQ LQVWDQFH RI DQ D[LRP RI +��+�� WKHQ E\ /HPPD � WKHUH
LV D FRQGHQVHG�GHWDFKPHQW SURRI RI D IURP +��+� ZKLFK FRQWDLQV RQO\ GRXEOH
QHJDWLRQV DOUHDG\ RFFXUULQJ LQ D�

,I D LV E� WKHQ ZH XVH WKH IDFW WKDW L�E� E� LV D WKHRUHP RI +� SURYDEOH ZLWKRXW

��



GRXEOH QHJDWLRQV �H[FHSW WKRVH RFFXUULQJ LQ E� E\ /HPPD �� +HQFH E\ 7KHRUHP
�� LW LV SURYDEOH E\ PRGXV SRQHQV IURP VXEVWLWXWLRQ LQVWDQFHV RI +��+��

,I D LV D PHPEHU RI p� WKHQ FRQVLGHU WKH IRUPXOD L�D� L�E� D��� ZKLFK LV D
VXEVWLWXWLRQ LQVWDQFH RI D[LRP +�� :H FDQ GHGXFH L�E� D� E\ PRGXV SRQHQV
IURP WKLV IRUPXOD DQG D� DGMRLQLQJ WKLV VWHS WR D RQH�VWHS SURRI RI D IURP p ?E\
DVVXPSWLRQ�� ZH KDYH D SURRI RI L�E� D� IURP p�

7XUQLQJ WR WKH LQGXFWLRQ VWHS� VXSSRVH WKH ODVW VWHS LQ WKH JLYHQ SURRI LQIHUV
D IURP L�S� D� DQG S� %\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH SURRIV RI L�E� S� DQG
L�E� L�S� D�� IURP p� %\ D[LRP +� DQG PRGXV SRQHQV �ZKLFK LV D VSHFLDO FDVH RI
FRQGHQVHG GHWDFKPHQW� ZH KDYH L�L�E� S�� L�E� D��� $SSO\LQJ PRGXV SRQHQV RQFH
PRUH� ZH KDYH L�E� D� DV GHVLUHG� 1RWH WKDW QR GRXEOH QHJDWLRQV DUH LQWURGXFHG�
7KDW FRPSOHWHV WKH SURRI RI WKH OHPPD�

:H VKDOO FDOO D VHTXHQW b� c ?GRXEOH�QHJDWLRQ�IUHH� LI LW FRQWDLQV QR GRXEOH
QHJDWLRQ�

:H VKDOO UHIHU WR SURRIV E\ PRGXV SRQHQV IURP VXEVWLWXWLRQ LQVWDQFHV RI
+��+� DV 0�SURRIV IRU VKRUW� 7KXV 0�SURRIV XVH PRGXV SRQHQV RQO\ EXW FDQ
XVH VXEVWLWXWLRQ LQVWDQFHV RI D[LRPV� DV RSSRVHG WR +�SURRIV ZKLFK FDQ XVH
VXEVWLWXWLRQ DQ\ZKHUH DV ZHOO DV PRGXV SRQHQV� :H KDYH DOUHDG\ VKRZQ KRZ
WR FRQYHUW FRQGHQVHG�GHWDFKPHQW SURRIV WR 0�SURRIV �LQ 7KHRUHP ��� DQG YLFH�
YHUVD �VLQFH HYHU\ VXEVWLWXWLRQ LQVWDQFH RI WKH D[LRPV LV GHULYDEOH E\ FRQGHQVHG
GHWDFKPHQW��

/HPPD �� ,I WKH nQDO VHTXHQW b � d RI D *�SURRI LV GRXEOH�QHJDWLRQ�IUHH�
WKHQ WKH HQWLUH *�SURRI LV GRXEOH�QHJDWLRQ IUHH�

3URRI� %\ WKH VXEIRUPXOD SURSHUW\ RI FXW�IUHH SURRIV� HYHU\ IRUPXOD LQ WKH SURRI
LV D VXEIRUPXOD RI WKH nQDO VHTXHQW�

/HPPD �� 7KH WUDQVODWLRQ IURP + WR * LV VRXQG� 7KDW LV� LI + SURYHV D IURP
DVVXPSWLRQV p� WKHQ * SURYHV WKH VHTXHQW c � $ �ZKHUH $ LV WKH WUDQVODWLRQ
D�� DQG cLVp���

3URRI� %\ LQGXFWLRQ RQ WKH OHQJWK RI SURRIV� :KHQ WKH OHQJWK LV ]HUR� ZH PXVW
H[KLELW D SURRI LQ * RI HDFK RI WKH D[LRPV +��+�� 7KLV LV D URXWLQH H[HUFLVH
LQ WKH *HQW]HQ VHTXHQW FDOFXOXV� ZKLFK ZH RPLW� 1RZ IRU WKH LQGXFWLRQ VWHS�
6XSSRVH ZH KDYH SURRIV LQ + IURP DVVXPSWLRQV p RI D DQG L�D� E�� 7KHQ E\ WKH
LQGXFWLRQ K\SRWKHVLV� ZH KDYH SURRIV LQ * RI c � $ DQG c � $ � %� ,W LV
DQRWKHU H[HUFLVH LQ *HQW]HQ UXOHV WR SURGXFH D SURRI RI c� %� 2QH VROYHV WKLV
H[HUFLVH E\ nUVW SURYLQJ

$� ��$� %�� %��

DQG WKHQ XVLQJ WKH FXW UXOH WZLFH� 7KLV FRPSOHWHV WKH SURRI RI WKH OHPPD�

��



/HPPD �� �L� 6XSSRVH * SURYHV WKH VHTXHQW b� $� 7KHQ WKHUH LV DQ 0�SURRI
RI D IURP DVVXPSWLRQV o� ,I * SURYHV b � >@� ZKHUH >@ LV WKH HPSW\ OLVW� WKHQ
WKHUH LV DQ 0�SURRI RI S IURP DVVXPSWLRQV o� ZKHUH S LV DQ\ IRUPXOD RI +�

�LL� ,I DQ\ GRXEOH QHJDWLRQV RFFXU LQ VXEIRUPXODV RI WKH JLYHQ VHTXHQW b� c
�ZKHUH KHUH c FDQ EH HPSW\ RU QRW�� WKHQ D SURRI DV LQ �L� FDQ EH IRXQG WKDW
FRQWDLQV QR GRXEOH QHJDWLRQV H[FHSW WKRVH DULVLQJ IURP WKH +�WUDQVODWLRQV RI
GRXEOH�QHJDWHG VXEIRUPXODV RI b� c�

�LLL� ,I LQ SDUW �L� WKH +�WUDQVODWLRQ RI WKH JLYHQ VHTXHQW b � c GRHV QRW
FRQWDLQ DQ\ GRXEOH QHJDWLRQV� WKHQ WKH 0�SURRI WKDW LV DVVHUWHG WR H[LVW FDQ DOVR
EH IRXQG ZLWKRXW GRXEOH QHJDWLRQV�

3URRI� :H SURFHHG E\ LQGXFWLRQ RQ WKH OHQJWK RI SURRI RI b � $ LQ *� %DVH
FDVH� WKH VHTXHQW KDV WKH IRUP b�$� $� :H PXVW VKRZ WKDW D LV GHULYDEOH LQ
+ IURP SUHPLVVHV o� D� ZKLFK LV FOHDU� 1RZ IRU WKH LQGXFWLRQ VWHS� :H FRQVLGHU
RQH FDVH IRU HDFK UXOH RI *�
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LV E\ UXOH ���

c� $ %�b� d

$� %�c�b� d

%\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ 0�SURRI RI D IURP p� DQG DQ 0�
SURRI RI t IURP E DQG o� :H PXVW JLYH DQ 0�SURRI RI t IURP L�D� E�� p� DQG
o�
$SSO\LQJ PRGXV SRQHQV WR L�D� E� �ZKLFK LV �$� %��� DQG WKH JLYHQ SURRI RI

D IURP p� ZH GHULYH E� &RS\LQJ WKH VWHSV RI WKH SURRI RI t IURP DVVXPSWLRQV E� o
�EXW FKDQJLQJ WKH MXVWLnFDWLRQ RI WKH VWHS�V� E IURP ?DVVXPSWLRQ� WR WKH OLQH
QXPEHU ZKHUH E KDV EHHQ GHULYHG� ZH KDYH GHULYHG t IURP DVVXPSWLRQV �$ �
%���p� o� FRPSOHWLQJ WKH SURRI RI FDVH �� 1R GRXEOH QHJDWLRQV DUH LQWURGXFHG E\
WKLV VWHS�
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LV E\ UXOH ���

$�b� %

b� $� %

%\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ 0�SURRI IURP +��+� RI E IURP o

DQG D� $SSO\LQJ WKH GHGXFWLRQ WKHRUHP IRU +��+� ZLWK 0�SURRIV� ZH KDYH DQ
0�SURRI LQ + RI L�D� E� IURP o� %XW �$ � %��  L�D� E�� FRPSOHWLQJ WKLV FDVH�
1RWH WKDW GRXEOH QHJDWLRQV DUH QRW LQWURGXFHG E\ WKH GHGXFWLRQ WKHRUHP LI WKH\
DUH QRW DOUHDG\ SUHVHQW� E\ SDUW �Y� RI WKH GHGXFWLRQ WKHRUHP� �7KLV LV ZK\ ZH
PXVW XVH 0�SURRIV LQVWHDG RI FRQGHQVHG GHWDFKPHQW��
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LQWURGXFHV QHJDWLRQ RQ WKH ULJKW�

$�b� >@

b� �$

%\ WKH LQGXFWLRQ K\SRWKHVLV� WKHUH LV DQ 0�SURRI RI Q�D� IURP D DQG o� %\
WKH GHGXFWLRQ WKHRUHP IRU +��+� ZLWK 0�SURRIV� WKHUH LV D SURRI RI L�D�Q�D��
IURP o� 6R LW VXpFHV WR VKRZ WKDW Q�D� LV GHULYDEOH IURP L�D� Q�D��� 7KLV IROORZV

��



IURP D VXEVWLWXWLRQ LQVWDQFH RI +�� ZKLFK LV L�L�[� Q�[��� Q�[��� VXEVWLWXWLQJ D

IRU [�
&DVH �� WKH ODVW LQIHUHQFH LQ WKH *�SURRI LQWURGXFHV QHJDWLRQ RQ WKH OHIW�

b� $

�$�b� >@

%\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ 0�SURRI RI D IURP o� :H PXVW
VKRZ WKDW IURP Q�D� DQG o� ZH FDQ GHGXFH E LQ /� ZKHUH E LV DQ\ IRUPXOD RI +�
:H KDYH L�D� L�Q�D�� E� DV D VXEVWLWXWLRQ LQVWDQFH RI D[LRP +�� $SSO\LQJ PRGXV
SRQHQV WZLFH� ZH KDYH WKH GHVLUHG 0�SURRI RI E IURP o� FRPSOHWLQJ FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LV E\ FRQWUDFWLRQ LQ WKH DQWHFHGHQW�

&�&�b� d

&�b� d

%\ WKH LQGXFWLRQ K\SRWKHVLV ZH KDYH DQ 0�SURRI RI t IURP DVVXPSWLRQV F� F�
ZKLFK DOVR TXDOLnHV DV D SURRI IURP DVVXPSWLRQV F� VR WKHUH LV QRWKLQJ PRUH WR
SURYH�
&DVH �� WKH ODVW LQIHUHQFH LV E\ WKLQQLQJ LQ WKH DQWHFHGHQW�

b� d
&�b� d

%\ WKH LQGXFWLRQ K\SRWKHVLV� ZH KDYH DQ 0�SURRI IURP +��+� RI t IURP
DVVXPSWLRQV b�� 7KDW FRXQWV DV DQ 0�SURRI IURP DVVXPSWLRQV &�o DV ZHOO�
7KDW FRPSOHWHV FDVH ��
&DVH �� WKH ODVW LQIHUHQFH LV E\ LQWHUFKDQJH LQ WKH DQWHFHGHQW� 7KLV MXVW

PHDQV WKH RUGHU RI IRUPXODV LQ WKH DVVXPSWLRQ OLVW KDV FKDQJHG� VR WKHUH LV
QRWKLQJ WR SURYH�
7KLV FRPSOHWHV WKH SURRI RI SDUW�L� RI WKH OHPPD� 5HJDUGLQJ SDUWV �LL� DQG

�LLL�� E\ WKH SUHFHGLQJ OHPPD� DQ\ GRXEOH QHJDWLRQV RFFXUULQJ DQ\ZKHUH LQ
WKH *�SURRI PXVW RFFXU LQ WKH nQDO VHTXHQW� 1R QHZ GRXEOH QHJDWLRQV DUH
LQWURGXFHG LQ WKH WUDQVODWLRQ WR +� DQG DOO WKH WKHRUHPV RI + WKDW ZH XVHG KDYH
EHHQ JLYHQ GRXEOH�QHJDWLRQ�IUHH FRQGHQVHG�GHWDFKPHQW SURRIV IURP +��+�� %\
7KHRUHP �� WKH\ KDYH GRXEOH�QHJDWLRQ�IUHH 0�SURRIV WRR� $OWKRXJK ZH PD\ QRW
KDYH SRLQWHG LW RXW LQ HDFK FDVH� WKH DUJXPHQW JLYHQ SURGXFHV DQ 0�SURRI LQ
ZKLFK DQ\ GRXEOH QHJDWLRQV DULVH IURP WKH WUDQVODWLRQV LQWR + RI GRXEO\�QHJDWHG
VXEIRUPXODV RI WKH nQDO VHTXHQW� ,Q SDUWLFXODU� LI WKH nQDO VHTXHQW FRQWDLQV QR
GRXEOH QHJDWLRQV� WKHQ WKH 0�SURRI SURGXFHG DOVR FRQWDLQV QR GRXEOH QHJDWLRQV�

7KHRUHP � 6XSSRVH + SURYHV E IURP DVVXPSWLRQV p DQG QHLWKHU p QRU E FRQ�
WDLQV GRXEOH QHJDWLRQ� 7KHQ WKHUH LV D FRQGHQVHG�GHWDFKPHQW SURRI RI E IURP
+��+� DQG DVVXPSWLRQV p WKDW GRHV QRW FRQWDLQ GRXEOH QHJDWLRQ�

0RUH JHQHUDOO\� LI p DQG E DUH DOORZHG WR FRQWDLQ GRXEOH QHJDWLRQ� WKHQ WKHUH
LV D FRQGHQVHG GHWDFKPHQW SURRI RI E IURP +��+� DQG DVVXPSWLRQV p WKDW FRQ�
WDLQV QR QHZ GRXEOH QHJDWLRQV� 7KDW LV� DOO GRXEO\�QHJDWHG IRUPXODV RFFXUULQJ
LQ WKH SURRI DUH VXEIRUPXODV RI p RU RI E�

��



3URRI� /HW E�  % EH WKH WUDQVODWLRQ RI E LQWR * GHnQHG HDUOLHU� 'RXEOH
QHJDWLRQV LQ % DULVH RQO\ IURP GRXEOH QHJDWLRQV LQ E� 6XSSRVH E LV SURYDEOH LQ +
IURP DVVXPSWLRQV p� %\ 7KHRUHP �� WKHUH LV DQ 0�SURRI RI E IURP p� %\ /HPPD
��� WKH VHTXHQW c � % LV SURYDEOH LQ *� +HQFH� E\ *HQW]HQ
V FXW�HOLPLQDWLRQ
WKHRUHP� WKHUH LV D SURRI LQ * RI c � E� %\ WKH SUHYLRXV OHPPD� WKHUH LV DQ
0�SURRI RI %� IURP DVVXPSWLRQV c��

WKDW FRQWDLQV QR QHZ GRXEOH QHJDWLRQV�
%XW E\ /HPPD �� %�  E DQG c�  p� 7KXV ZH KDYH DQ 0�SURRI RI E IURP p�
%\ WKH '�FRPSOHWHQHVV RI +� 7KHRUHP �� WKHUH LV DOVR D FRQGHQVHG�GHWDFKPHQW
SURRI RI E IURP p� 7KH VHFRQG SDUW RI 7KHRUHP � VD\V WKDW ZH FDQ nQG D GRXEOH�
QHJDWLRQ�IUHH FRQGHQVHG GHWDFKPHQW SURRI RI E IURP p� ,W LV LPSRUWDQW WKDW ZH
DUH ZRUNLQJ ZLWK 0�SURRIV KHUH� VLQFH WKH VHFRQG SDUW RI WKH '�FRPSOHWHQHVV
WKHRUHP� DERXW GRXEOH QHJDWLRQV� RQO\ DSSOLHV WR 0�SURRIV�
7KLV FRPSOHWHV WKH SURRI�

7KHRUHP � 6XSSRVH $ LV SURYDEOH IURP +��+� XVLQJ FRQGHQVHG GHWDFKPHQW
DV WKH RQO\ UXOH RI LQIHUHQFH� 7KHQ $ KDV D SURRI IURP +��+� XVLQJ FRQGHQVHG
GHWDFKPHQW LQ ZKLFK QR GRXEO\ QHJDWHG IRUPXODV RFFXU H[FHSW WKRVH WKDW DOUHDG\
RFFXU DV VXEIRUPXODV RI $�

3URRI � 6XSSRVH $ LV SURYDEOH IURP +��+� XVLQJ FRQGHQVHG GHWDFKPHQW� (DFK
FRQGHQVHG GHWDFKPHQW VWHS FDQ EH FRQYHUWHG WR WKUHH VWHSV XVLQJ VXEVWLWXWLRQ
DQG PRGXV SRQHQV� VR $ LV SURYDEOH LQ +� %\ WKH SUHFHGLQJ WKHRUHP� $ KDV D
FRQGHQVHG GHWDFKPHQW SURRI IURP +��+� LQ ZKLFK QR GRXEO\ QHJDWHG IRUPXODV
RFFXU H[FHSW WKRVH WKDW DOUHDG\ RFFXU LQ $� 7KLV FRPSOHWHV WKH SURRI�
5HPDUN � 1RWH WKDW VLQFH WKH WUDQVODWLRQ EDFN IURP *HQW]HQ FDOFXOXV SURGXFHV
0�SURRIV� ZH GR QRW QHHG WR DSSHDO WR G�FRPSOHWHQHVV IRU DUELWUDU\ +�SURRIV�
7KLV LV JRRG� VLQFH ZH GR QRW NQRZ D SURRI RI G�FRPSOHWHQHVV WKDW DYRLGV WKH
SRVVLEOH LQWURGXFWLRQ RI GRXEOH QHJDWLRQV� H[FHSW ZKHQ UHVWULFWHG WR 0�SURRIV�

&RUROODU\ � /HW 7 EH DQ\ VHW RI D[LRPV IRU LQWXLWLRQLVWLF SURSRVLWLRQDO ORJLF�
6XSSRVH WKDW WKHUH H[LVW FRQGHQVHG�GHWDFKPHQW SURRIV RI +��+� IURP 7 LQ ZKLFK
QR GRXEOH QHJDWLRQV RFFXU �H[FHSW WKRVH WKDW RFFXU LQ 7 � LI DQ\�� 7KHQ WKH
SUHFHGLQJ WKHRUHP LV WUXH ZLWK 7 LQ SODFH RI +��+��

3URRI � /HW E EH SURYDEOH IURP 7 � 7KHQ E LV SURYDEOH IURP +��+�� VLQFH 7 LV D
VHW RI D[LRPV IRU LQWXLWLRQLVWLF ORJLF� %\ WKH WKHRUHP� WKHUH LV D SURRI RI E IURP
+��+� WKDW FRQWDLQV QR GRXEOH QHJDWLRQV �H[FHSW WKRVH RFFXUULQJ LQ E� LI DQ\��
6XSSO\LQJ WKH JLYHQ SURRIV RI +��+� IURP 7 � ZH FRQVWUXFW D SURRI RI E IURP 7

ZKLFK FRQWDLQV QR GRXEOH QHJDWLRQV H[FHSW WKRVH RFFXUULQJ LQ 7 RU LQ E �LI DQ\��
7KDW FRPSOHWHV WKH SURRI�

5HIHUHQFHV

>�@ &KDQJ� &�&�� $OJHEUDLF DQDO\VLV RI PDQ\ YDOXHG ORJLFV� 7UDQV� $PHU� 0DWK�

6RF� ��� ������� �������

��



>�@ +LQGOH\� -� 5�� DQG 0HUHGLWK� '�� 3ULQFLSDO W\SH�VFKHPHV DQG FRQGHQVHG
GHWDFKPHQW -RXUQDO RI 6\PEROLF /RJLF ��� 1R� �� SS� ��^���� �����

>�@ .DOPDQ� -� $�� &RQGHQVHG GHWDFKPHQW DV D UXOH RI LQIHUHQFH� 6WXGLD /RJLFD

/;,,� 1R� �� ���^���� �����

>�@ .OHHQH� 6� &�� ,QWURGXFWLRQ WR 0HWDPDWKHPDWLFV� YDQ 1RVWUDQG� 3ULQFHWRQ�
1� -� �������

>�@ 0F&XQH� :� :��2WWHU ��� 5HIHUHQFH 0DQXDO DQG *XLGH� 7HFKQLFDO 5HSRUW
$1/������ $UJRQQH 1DWLRQDO /DERUDWRU\� $UJRQQH� ,OOLQRLV �������

>�@ 0LQWV� *�� DQG 7DPPHW� 7�� &RQGHQVHG GHWDFKPHQW LV FRPSOHWH IRU UHOH�
YDQFH ORJLF� D FRPSXWHU�DLGHG SURRI� -RXUQDO RI $XWRPDWHG 5HDVRQLQJ ��
���^���� �����

>�@ 3ULMDWHOM� $QGUHMD� %RXQGHG FRQWUDFWLRQ DQG *HQW]HQ�VW\OH IRUPXODWLRQ RI
/XNDVLHZLF] ORJLFV� 6WXGLD /RJLFD �� ������� QR� ���� ���^����

>�@ 5RVH� $ODQ� DQG 5RVVHU� -� %DUNOH\� )UDJPHQWV RI PDQ\�YDOXHG VWDWHPHQW
FDOFXOL� 7UDQV� $PHU� 0DWK� 6RF� �� ������ �^���

>�@ 8OULFK� '�� $ /HJDF\ 5HFDOOHG DQG D 7UDGLWLRQ &RQWLQXHG� -RXUQDO RI $X�
WRPDWHG 5HDVRQLQJ� ������ ����� ��^����

>��@ 9HURm� 5�� 8VLQJ KLQWV WR LQFUHDVH WKH HmHFWLYHQHVV RI DQ DXWRPDWHG UHDVRQ�
LQJ SURJUDP� &DVH VWXGLHV�� -� $XWRPDWHG 5HDVRQLQJ ������ SS� ��������

>��@ :RV� /�� DQG 3LHSHU� *�� $ )DVFLQDWLQJ &RXQWU\ LQ WKH :RUOG RI &RPSXWLQJ�

<RXU *XLGH WR $XWRPDWHG 5HDVRQLQJ� :RUOG 6FLHQWLnF� 6LQJDSRUH �������

>��@ :RV� /�� 7KH UHVRQDQFH VWUDWHJ\� LQ :RV� /�� 7KH &ROOHFWHG :RUNV RI /DUU\

:RV� 9ROXPH ,,� SS� ���������� :RUOG 6FLHQWLnF� 6LQJDSRUH �������

>��@ :RV� /�� &RQTXHULQJ WKH 0HUHGLWK 6LQJOH $[LRP� -� $XWRPDWHG 5HDVRQLQJ

�� ������� SS� ��������

��


