SJSU Students 02/14/2022

HW#1

1. Consider the sample space S consisting of n>1 rolls of an unbiased, six-sided die.
Consider the event Aj< S consisting of n rolls where the jth roll is 1. Show Aj and Ai are
pairwise independent assuming i#j. Consider the event E that the sum of the nrolls is 0
mod 6. Show for each j, Aj and E are pairwise independents. Show that the events
E,A1,...,An are not mutually independent.
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2. Our analysis of the hiring problem shows that it can be useful to be able to pick a

function uniformly at random from some space of functions. For the Hiring Problem, the
space of functions were permutations of 1,...,n. Call a function of n inputs f symmetric if
for any permutation 1 of 1,...,n, f(x1,...,xn)=f(11(x1),...11(xn)). For example, the threshold
function Tnk(x1,...xn) which is equal 1 if Yixizk and 0 otherwise is a symmetric function.
Let F..4 be the space of all symmetric functions from (Zk)n—zZk. Give pseudo-code for
an algorithm to generate an element of #,.£4 uniformly at random.

Solution:

1  inputs = [] // list of tuples <al, AZ, A3 ... An> representing
2 // list of all possible inputs to the function where 0 <= Ri < k
3 // consider this function as the entry point.
4  function pickRandomSymmetricFunction(n, k):
domainSize = choose (n+k-1, n) // choose(n+k-1, n) calculates (n+k-1)Cn. this is the
// total number of combinations of input tuples possible.

// This function generates all possible inputs given n and k.
function generatefllInputs(n, k):

array anyGivenInput[n]

generaterllInputs(n, %X, 0, 0, anyGivenInput)

outputs = [] // list of outputs of chosen symmetric function on each tuple in input.
1 // outputs[i] = f(inputs[i])} where f is the chosen symmetric function
11 for counter = 1 to domainSize: // note both 1 and domainSize are inclusive in the for loop range.
12 outputs [counter] = RANDOM(0, k-1) // this is the random function introduced in class.
14 generateillInputs (n, k) // pseudo-code below. This call populates the inputs list.
16 f =11 // list of tuples <a&l, A2, B3 ... En, OP> of size n+l
17 // where the n+lth value is OP and it represents output of the chosen
1 // symmetric function f on the input tuple <al, A2, ... An>
L // Essentially, f stores all input-output mappings
2 for counter = 1 to domainSize:
21 f[counter] = inputs[counter]
22 .append (outputs [counter]) // appending output integer OF to input tuple <Al, A2, ... BEn>
24 return £

// This function generates all possible inputs given n and k using backtracking.
function generatefllInputs(n, k, index, lower, anyGivenInput):
if index == n:
array temp[n] = copy(anyGivenInput)
inputs.append (temp)
return

for counter = lower to k-1:
3C anyGivenInput [counter] = counter
40 generateAllInputs (index+1l, counter, anyGiwvenInput)

42 return

3. Consider the Hiring Problem from class. Candidate i had a rank(i) which was a number

from 1 to n. Each candidate had a distinct rank. Rather than using a rank suppose the
candidates had a fitness number fit(i) saying how good the candidate was. Suppose fit(i)
is equally likely to be any integer number in the range 1 to If(n)1. We only hire a
candidate if their fithess number is better than the current best candidate. Calculate how
this would affect the analysis of the expected number of candidates we hire for f(n)=n2
and for f(n)=log2n.
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4. Conduct 10 experiments for each positive integer between 2 and 11. le., Ten

The data generated for integers {2,3,...,10} for 10 iterations each is as follows -

(refer to last 2 rows for Mean and SD calculations )

experiments for 2, ten for 3, etc (seed your random number generators differently each
time). You can do this programmatically if you want. Determine the average number of
iterations for each integer and its standard deviation. Plot the integers and the number of
trials with the standard deviations on a clearly labeled graph where you fit the curve that
you would expect based on the coupon collector problem to the data using x2
minimization. How well does the curve fit? Write up your experiments and put the graphs
in your Hw1.pdf

n 2 3 4 5 6 7 8 9 10
5779684

2 17 106 583 4259 46877 | 466934 (4776822 7
5431226

3 9 110 580 4889 47063 | 428980 |5352107 3
5692689

3 17 134 446 6276 48777 | 404519 |4569954 2
5711969

3 25 84 855 4309 39759 [ 387009 (5980844 9
5087413

2 12 92 603 6034 38207 | 478346 (4503388 0

Iterations

5268940

4 26 64 524 4525 42017 | 386805 |4957277 6
5335173

2 8 127 545 4697 37693 | 459119 (5057454 7
5384321

2 14 93 605 5845 44018 | 427716 [4924279 8
5535122

2 25 56 481 4256 51040 | 451136 (4724106 6
5621407

2 14 73 492 5343 38315 | 582278 (5065922 0
4991215.15484794

Mean 25 16.7 93.9 571.4 | 5043.3 |43376.6 1447284.2 3 8.8
6.63408 |25.77441113.485|776.0376|4873.159|57316.69|429205.6|2218209

SD 0.70710678| 706 49 388 64 69 22 15 12




Plot the integers and the number of trials with the standard deviations on a clearly labeled graph
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Now we need to fit the curve -

Mean

6000000
5000000 O
4000000
3000000
2000000

1000000

.
.
......

As per the coupon collector problem the value of distinct coupons is b(Inb) here b is no
of distinct permutation of a value n



We plotted a graph to show a correlation between the Coupon Collector Value and
Mean of iterations for each integer call Y-axis: Coupon collector value and Mean of

iterations call X-axis: n

Value using Coupon Collectors Formula
n n! b(In(b)), b=n Mean
2 2 1.386294361 2.5
3 6 10.75055682 16.7
76.27329193 93.9
4 24
5 120 574.4990091 571.4
6 720 4737.060873 5043.3
43376.6
7 5040 42966.81326
8 40320 427577.589 447284
9 362880 4645527.156 4991215
Plotting these values against n as (x-axis) gives us the following graph
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We can see that The average value of random permutations calls is close to the

Coupon collector value.
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