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ABSTRACT. For k > 2, a graph G = (V, E) is called Zy—magic if
there exists a labeling f : E(G) — Z; such that the induced vertex
set labeling f* : V(G) — Zj, defined by f*(v) = Zf(u,v) where
(u,v) € E(GQ), is a constant map. In this paper, we investigate {k :
G is Zp—magic, k > 2} for maximal planar and maximal outerplanar
graphs G.

1. INTRODUCTION

Let G be a connected graph without multiple edges or loops. For any
abelian group A (written additively), let A* = A — {0}. A function f :
E(G) — A* is called a labeling of G. Any such labeling induces a map
f1:V(G) — A, defined by f*(v) = Xf(u,v) where (u,v) € E(G). If there
exists a labeling f which induces a constant label ¢ on V(G), we say that
f is an A-magic labeling and that G is an A-magic graph with indez c.
The set {k : G is Zp—magic, k > 2} is called the integer—magic spectrum of
a graph G. Although this paper does not directly address Z—magic graphs,
these graphs can be viewed as Z;—magic graphs.

Z-magic graphs were considered by Stanley [17,18], where he pointed
out that the theory of magic labelings could be studied in the general
context of linear homogeneous diophantine equations. Doob [2,3,4] and
others [8,11,13] have studied A-magic graphs and Zp—magic graphs were
investigated in [5,9,10,12].

Within the mathematical literature, various definitions of magic graphs
have been introduced. The original concept of an A-magic graph is due
to J. Sedlacek [14,15], who defined it to be a graph with real-valued edge
labeling such that (i) distinct edges have distinct nonnegative labels, and
(ii) the sum of the labels of the edges incident to a particular vertex is
the same for all vertices. Previously, Kotzig and Rosa [6] had introduced
yet another definition of a magic graph. Over the years, there has been
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great research interest in graph labeling problems. The interested reader is
directed to Wallis’ [19] recent monograph on magic graphs.

2. MAXIMAL PLANAR GRAPHS

Informally, a planar graph is a simple graph which can be drawn in
the plane without the crossing of edges. A planar graph is triangulated
if and only if all its faces have three corners. We say that a graph is a
mazimal planar graph if it has the property that any further addition of
edges results in a nonplanar graph. Clearly, a planar graph of order 3 or
greater is maximal if and only if it is triangulated. Thus, a maximal planar
graph with n vertices, n > 3, has 3n — 6 edges.

Observation: Since Ky + Py (22 K,) is a regular graph, its integer—magic
spectrum is N — {1}.

Theorem 1. The integer-magic spectrum of Ko + Poy, is N — {1,2}, for
all k > 2.

Proof. Clearly, Ko 4+ Py, (k > 2) is not Zo—magic. The labeling in Figure
1 gives a Z,—magic labeling for all n > 3. Note that every vertex is labeled
2k + 3.

Figure 1.

Theorem 2. The integer—magic spectrum of Ko + Ps is N — {1,2}.

Proof. Clearly, Ko+ P5 is not Zs—magic. Figure 2 gives Zx—magic labelings,
for all £ > 3.
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Figure 2.

Theorem 3. The integer—magic spectrum of Ko + Ps is N — {1,2}.

Proof. Clearly, Ko + Ps is not Zy—magic. Figure 3 illustrates Zp—magic
labelings, k > 3, for Ky + Ps.
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3. MAXIMAL OUTERPLANAR GRAPHS

A planar graph is outerplanar if in a plane embedding, its vertices can be
placed on the boundary of a face. This face is usually called the outer face.
The edges on the boundary of an outerplanar graph are called outer edges
and the other edges are called inner edges or chords. If we consider an out-
erplanar graph G with no loops or faces bounded by two edges, it may
be possible to add a new edge to the presentation of G so that these
properties are preserved. When no such adjunction can be made, G is a
maximal outerplanar graph. A maximal outerplanar graph can be viewed
as a triangulation of a convex polygon.

There are various characterizations of maximal outerplanar graphs. Char-
trand and Harary [1] showed that a graph is outerplanar if and only if it
does not contain a K4 or K3 minor. Kumar and Madhavan [7] gave a
characterization of maximal outerplanar graphs, in the context of planar
chordal graphs.

The reader should note the following observations:

Observations: Let G be a maximal outerplanar graph with n vertices,
n > 3. Then, we have the following:

1. G has 2n — 3 edges, of which n — 3 of them are chords.

2. G has n — 2 inner faces. Each inner face is triangular.

3. G has at least two vertices of degree 2.

4. The connectivity of G is k(G) = 2.

The next two results give us some information about the integer—magic
spectrum of maximal outerplanar graphs.

Theorem 4. For every mazimal outerplanar graph G, there exists a Zaj—
magic labeling having index ¢, where ¢ € 2N, 2k { §, and 2k 1 (5 + k).

Proof. We prove this by induction on |V (G)|. Note that if [V(G)| = 3, then
G = (3. Here, we label all edges of G with 5. Thus, G has a Zy;—magic
labeling with index ¢, where ¢ € 2N, 2kt §, and 2k { (5 + k).

Now, assume that all maximal outerplanar graphs of order n — 1 are
Zyr—magic with index ¢, where ¢ € 2N, 2k { §, and 2k { (§+k). Let G be a
maximal outerplanar graph, where |V(G)| = n and v; is a vertex of degree
2. Clearly, G = G — {vs} is a maximal outerplanar graph of order n—1. By
the induction hypothesis, there exists a Zo,—magic labeling g : F (CAY') — Z3
with index ¢, where ¢ € 2N, 2kt §, and 2k { (§ + k). We define a labeling
g: E(G) — Z3, in the following manner:

CASE 1. ﬁ((vs—lavs—&-l)) 7é ga (mOd 2k)

Define (v, vs1)) = 9((0s, vs51)) = & and g((vs1,va11)) =
9((vs—1,vs11)) — 5. All other edges are labeled as in g. Note that g :
E(G) — Z3, does not label any edge with 0 and that every vertex has an
induced labeling of c¢. Thus, G is Zy,—magic.



CASE 2. g((vs—1,vs541)) = §, (mod 2k).
Define g((v,vs-1)) = g((v,ver1)) = & + k and g((v,—1,0011)) =
9((vs—1,v511)) — 5§ — k. All other edges are labeled as in g. Note that
$+k #0, (mod 2k) and g((vs—1,vs41)) — § — k = —k # 0, (mod 2k).
Furthermore, every vertex has an induced labeling of ¢. Thus, G is Zp—
magic. O

Corollary 1. Every mazimal outerplanar graph is Zoi—magic, for all k >
2.

Proof. Let ¢ = 2. If kK > 2, then all of the hypothesis of Theorem 4 are
satisfied and the result immediately follows. O

In [16], the number of non—isomorphic maximal outerplanar graphs with
p (> 3) vertices is described by the following sequence: 1, 1, 1, 3, 4, 12, 27,
82, 228, 733, 2282, 7528,... We now establish the integer—magic spectrum
of the maximal outerplanar graphs of small order.

Theorem 5. The integer—magic spectrum of the mazimal outerplanar graph
of order 4 is 2N — {2}.

Proof. First, note that the maximal outerplanar graph of order 4 is isomor-
phic to K7 + P3. Suppose that K; + P3 is Zx—magic and has a Zy—magic
labeling as in Figure 4. Then, b+ (a+b) + (b+¢) = a+ b+ c. This implies
that 2b = 0. Clearly, Ky + P5 is not Zy—magic. This, along with Corollary
1, implies that the integer-magic spectrum of K7 + Ps is 2N — {2}.

Figure 4.

O

Theorem 6. The integer—magic spectrum of the mazimal outerplanar graph
of order 5 is N — {1,2}.

Proof. Note that the maximal outerplanar graph of order 5 is isomorphic
to K1+ P,. Clearly, K7 + P, is not Zy—magic. Figure 5 shows that K1+ Py
is Zp—magic, for k = 3,4,5,6. The last labeling gives a Zp—magic labeling,
for all kK > 7.
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Figure 5.
O

There are three non—isomorphic maximal outerplanar graphs of order 6.
(See Figure 6.) We now determine the integer—magic spectrum for these
graphs.

K1 +P3 Tia) Hia)

Figure 6.

Theorem 7. The integer—magic spectrum of K1 + Ps is N —{1,2,3}.

Proof. Clearly, K1 + Ps is not Zs—magic. A straight—forward indirect proof
can be used to show that K; + P5 is not Zs—magic. Figure 7 illustrates a
Zok+1—magic labeling, for k > 2.

Figure 7. A Z51—magic labeling, k > 2.
This, along with Corollary 1, proves the theorem.



The integer-magic spectra for the two remaining cases are described by
the following theorems.

Theorem 8. The integer—magic spectrum of T(6) is N — {1, 3}.

Proof. In [13], Low and Lee showed that every eulerian graph is Z,—magic,
for all £ > 1. Using an indirect proof, it is straight—forward to show that
T(6) is not Zsz—magic. For brevity, this detail has been omitted. Figure 8
shows a Zsi+1—magic labeling, k > 2, for T'(6) :

Z{2k+1)-magic labeling, k=2,3,...

Figure 8.

Thus, the integer—magic spectrum of 7'(6) is N — {1, 3}. O
Theorem 9. The integer—magic spectrum of N(6) is N — {1,2}.

Proof. Clearly, N(6) is not Zy—magic. Figure 9 illustrates Zy—magic label-
ings, k > 3, for N(6) :

Z3-magic labeling of NG} Z4-magic labeling of M(G) Z{k)-magic labeling of Mg}, k=3,6,

Figure 9.

Thus, the integer-magic spectrum of N(6) is N — {1, 2}. O

4. AN OPEN PROBLEM

Open Problem 1. Forn > 7, determine the integer—magic spectra for the
non—isomorphic, mazimal outerplanar graphs of order n.



REFERENCES

[1] G. Chartrand and F. Harary, Planar permutation graphs, Ann. Inst. Henri Poincare
B, 3 (1967), 433-438.

[2] M. Doob, On the construction of magic graphs, Proc. Fifth S.E. Conference on
Combinatorics, Graph Theory and Computing (1974), 361-374.

[3] M. Doob, Generalizations of magic graphs, Journal of Combinatorial Theory, Series
B, 17 (1974), 205-217.

[4] M. Doob, Characterizations of reqular magic graphs, Journal of Combinatorial The-
ory, Series B, 25 (1978), 94-104.

[5] M.C. Kong, S—M Lee, and H. Sun, On magic strength of graphs, Ars Combinatoria,
45 (1997), 193-200.

[6] A. Kotzig and A. Rosa, Magic valuations of finite graphs, Canad. Math. Bull., 13
(1970), 451-461.

[7] P.S. Kumar and C.E.V. Madhavan, A new class of separators and planarity of
chordal graphs, Lecture Notes in Computer Science, 405 (1989), 30-41.

[8] S—M Lee, F. Saba, E. Salehi, and H. Sun, On the V4—group magic graphs, Congressus
Numerantium, 156 (2002), 59-67.

[9] S—M Lee, F. Saba, and G. C. Sun, Magic strength of the k—th power of paths,
Congressus Numerantium, 92 (1993), 177-184.

[10] S-M Lee and E. Salehi, Integer—magic spectra of amalgamations of stars and cycles,
Ars Combinatoria, 67 (2003), 199-212.

[11] S-M Lee, Hugo Sun, and Ixin Wen, On group-magic graphs, Journal of Combina-~
torial Mathematics and Combinatorial Computing, 38 (2001), 197-207.

[12] S-M Lee, L. Valdes, and Yong—Song Ho, On integer—magic spectra of trees, dou-
ble trees and abbreviated double trees, Journal of Combinatorial Mathematics and
Combinatorial Computing, 46 (2003), 85-96.

[13] R.M. Low and S-M Lee, On group-magic eulerian graphs, to appear in JCMCC.

[14] J. Sedlacek, On magic graphs, Math. Slov, 26 (1976), 329-335.

[15] J. Sedlacek, Some properties of magic graphs, in Graphs, Hypergraph, and Bloc
Syst. 1976, Proc. Symp. Comb. Anal., Zielona Gora (1976), 247-253.

[16] N.J.A. Sloane, editor (2004), The On-line Encyclopedia of Integer Sequences, pub-
lished electronically at http://www.research.att.com/~njas/sequences/.

[17] R.P. Stanley, Linear homogeneous diophantine equations and magic labelings of
graphs, Duke Math. J., 40 (1973), 607-632.

[18] R.P. Stanley, Magic labeling of graphs, symmetric magic squares, systems of pa-
rameters and Cohen—Macaulay rings, Duke Math. J., 40 (1976), 511-531.

[19] W.D. Wallis, Magic Graphs, Birkhauser Boston, (2001).

DEPARTMENT OF COMPUTER SCI., SAN JOSE STATE UNIVERSITY, SAN JOsg, CA
95192, USA
E-mail address: lee@cs.sjsu.edu

NAN—CHIAU HIGH SCHOOL, SINGAPORE

DEPARTMENT OF MATHEMATICS, SAN JOSE STATE UNIVERSITY, SAN JOsE, CA 95192,
USA
E-mail address: low@math.sjsu.edu



