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ABSTRACT

A graph G with p vertices and q edges is said to be vertex-graceful if
there exists a labeling f: V(G)—{1,2,..., p} such that the induced labeling
f': E(G)—>Z, defined by f'((u,v)) = f(u)+f(v) (mod q) is a bijection. The
theory of vertex-graceful graphs can be viewed as the dual theory of the
theory of edge-graceful graphs which was introduced by Lo [14]. The class
of vertex-graceful graphs properly contain super edge-magic graphs which
were introduced by Enomoto, Ringel et al [3]. In this paper we study
(p,p+1)-graphs which are vertex-graceful and strong vertex-graceful

Keywords: graph labeling, graceful, edge-graceful, vertex-graceful,
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1.Introduction. All graphs in this paper are finite connected simple graphs
with no loops or multiple edges. In this paper we introduce and study a new
graph labeling problem.

A graph G with p vertices and q edge is graceful if there is an injective
mapping f: V—{0,1,...,q} such that f*: E(G)—{1,2,...,q} defined by f*(e)=
If(u)-f(v)l where e=(u,v), is surjective.

Graceful graph labelings were first introduced by Alex Rosa [15] in 1967
as means of attacking the problem of cyclically decomposing the complete
graph into other graphs. A well-known conjecture made by Ringel and Kotzig
stating that all trees are graceful remains unsolved. Since Rosa's original article,
an enormous body of literature has grown around the subject (see [8,24]).

Another dual concept of graceful labeling on graph theory is edge-graceful
labeling, which was introduced by S.P. Lo [14] in 1985. G is said to be edge-
graceful if the edges are labeled by 1,2,3...q so that the vertex sums are distinct,
mod p.

We want to introduce a new labeling problem which can be viewed as the
dual of Lo’s edge-graceful labeling.

Definition 1.1. A graph G is said to be vertex-graceful if there exists a
labeling f: V(G) —{1,2,..., p} such that the induced labeling
f": E(G)—Z, defined by f*((u,v)) = f(u) + f(v) (mod q) is a bijection.
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We denote f*(—mod) the mapping f* (—-mod) : E(G) — N defined by
f* (=mod) ((u,v)) = f(u) + f(v)

Example 1.The following graph C; U K, of order 5 is vertex-graceful.
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C,uK; vertex-graceful

Figure 1.
The complete graph K, is vertex-graceful if and only if n < 3.

We denote the set of natural numbers by N. A subset S of N is called
consecutive if S consists of consecutive integers. A mapping f: X — N from
any set X to N is said to be consecutive if f (X) is consecutive.

Definition 1.2. A vertex-graceful labeling f is said to be strong if f* (—mod) is
consecutive. If G admits a strong vertex-graceful labeling we say it is strong
vertex-graceful.

Example 2. The graph G of order 4 and size 5 is graceful and its vertex-graceful
labeling is strong vertex-graceful (Figure 2).

Gis graceful  Gis strong vertex-graceful
Figure 2.

Example 3. The friendship graph with 7 vertices and 9 edges is not graceful.
However, it is vertex-graceful. We list here two vertex-graceful labelings f,g
such that g is strong but fis not (Figure 3).
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The investigation of vertex-graceful graphs is initiated in [10].The class of
vertex-graceful graphs properly contain super edge-magic graphs which were
introduced by Enomoto, Ringel et al [3]. A (p,q)-graph G= (V, E) with p vertices
and q edges is called fotal edge magic if there is a bijective function f : VU E~
>{1,2,...,p+q} such that for any (u,v) in E we have a constant s with f(u) +
f((u,v)) + f(v)=s. The study of total edge-magic graphs is original initiated by
Kotzig and Rosa [8, 9]. They called the total edge magic graph as magic graph.
Recently, Enomoto et al [3] called a total edge-magic graph as super edge-
magic if f(V(G))= (1, 2,..., p}.

Chen [2] showed that a graph G is super edge-magic if and only if there
exists a vertex labeling f such that the two sets f(V(G)) and {f(u)+f(v): (u,v) €
E(G)} are both consecutive. Independently, Figueroa-Centeno et al [5,6] showed
that if f:V(G)—{1,2,...,p} is a bijection of a (p,q)-graph G with S= {f(u)+f(v):
uve E} is consecutive and s=min(S), then f can be extended to a super edge-
magic labeling of G by defined f(uv)=p+g+s-f(u)-f(v) for all edge uv of E(G).

We observe that strong vertex-graceful graphs are super edge-magic.
Graphs that are super edge-magic were studied in [11,13. They also related with
the graphs investigated in [1]. In this paper we study (p,p+1)-graphs which are
vertex-graceful and strong vertex-graceful

2. Vertex-graceful (p,p+1)-graphs of small orders and their
amalgamations.

Theorem 2.1. Among five (5,6)-graphs as shown in Figure 4 only three of them
are vertex-graceful.
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Figure 4

Proof. The graphs G,,G,,G; have the property that all vertex-graceful labelings
are strong (see Figure 5).
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G, G, G,
Figure 5.

Theorem 2.2. Among eighteen (6,7)-graphs as shown in Figure 6 only four of
them are non vertex-graceful.
Proof. The following four (6,7)-graphs are not vertex-graceful. (Figure 6)
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graceful but not strong vertex-graceful, all the
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The following fourteen (6,7)-graphs are vertex-graceful. (Figure 7). We

note that except Hyg is vertex-,

others are strong vertex-graceful
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Let G and H be two graphs with ue G and ve H. The amalgamation of
(G,u) with (H,v) is the graph obtained by forming the disjoint union of G and H
and then identifying u and v. We will use Amal(G,H;(u,v)) to denote the
amalgamation of (G,u) and (H,v). Let ST(m) be a star with V(ST(m)) = {uy,
Xi,.-»X m } and ug is the center of the star. In [10] Lee showed a construction of
strong vertex-graceful graphs by amalgamation.

Theorem 2.3. If G is a strong vertex graceful (p,p+1)-graph with labeling f and
if max f'(E(G)) = h and f(v) = h-p +1 then the amalgamation Amal(G, ST(k);
(v, ug)) is strong vertex-graceful for all k > 1.

Theorem 2.4. If H;(k) = Amal(H,, ST(k);(cy, up)) then it is vertex-graceful
for all even k but not vertex-graceful for k =3,5,7.
Proof. Assume k =2t. The order of H,(k) is 2t+5. Assume V(H(2t)) = {x,,...
» X 21, C1,1,€1,C2, €3,C4}-
Define f: V(H,(k))—{1,2,...,21+5} as follows:
fx)=1i "fori=12,..%
f(x) =i+2  fori=t+1,t+2,...2t
f(cl,l) =+, f(C;) = 2t43, f(cy) = 2t+5 ,f(C;) = 2t+4, f(Cq) = t+2.

Vertex-graceful but not song vertex-@ aceful
Figure 8.
Theorem 2.4. If Hy(k) = Amal(H,, ST(k);(c, 1, up)) then it is strong vertex-
graceful forall k> 1.

Proof. Apply Theorem 2.3. to the left hand figure of Figure 9 we obtain the
result directly.
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Strong vertes-graceful Strong vertex-graceful
Figure 9.
Theorem 2.5. If H; ;(k) = Amal(H;, ST(k);(c; , up)) then it is vertex-graceful for

all odd integer k > 1.
Proof.

Vertex-graceful but not strong vestex-g nceful

Figure 10.

Theorem 2.6. If Hj 5(k) = Amal(Hs, ST(k);(c, , up)) then it is strong vertex-
graceful for all integer k > 1.

Proof. Apply Theorem 2.3. to the left hand figure of Figure 11 we obtain the
result directly.

Strong vertes-graceful

Strong vertex-graceful

Figure 11.
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Theorem 2.7. If H; 3(k) = Amal(H,, ST(k);(c3 , up)) then it is strong vertex-
graceful for all integer k > 1.
Proof. Apply Theorem 2.3. to the left hand figure of Figure 12 we obtain the
result directly.
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Strong vertex-graceful Strong vertex-graceful
Figure 12.

Theorem 2.8. If H; 3(k) = Amal(Hs, ST(k);(uz , up)) then it is strong vertex-
graceful for all integerk > 1.

Proof. Left figure shows that H; 5(1) is strong vertex-graceful. Hj 5(k) is strong
vertex-graceful follows by Theorem 2.3.
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Similarly we have

Theorem 2.9. The graph Amal(Hs, ST(k);(cy 1, Ug)) is strong vertex-graceful for
all k>1.
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Theorem 2.10. The graph Amal(Hy, ST(k);(c1, ug)) is vertex-graceful for k =1
and strong vertex-graceful for all k > 2.
Proof.
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Figure 16.
Theorem 2.11. The graph Amal(H,, ST(k);(cs, up)) is strong vertex-graceful
forallk> 1.
Proof.

Figure 17.
Theorem 2.12. The graph Amal(Hy, ST(k);(c3, ug)) is strong vertex-graceful
forallk> 1.
Proof.
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3. Vertex-graceful double cycles.

The following graphs C(4,4) and C(3,5) are the Amal(C,4,C4,(u,u)) and
Amal(C;,Cs,(u,v)) respectively (Figure 8). We will denote Amal(C,, C,) by
C(m,n) and called it double cycle.
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Theorem 3.1. C(3,n) is not vertex-graceful for n = 4,6,7,8 but strong vertex-
graceful for n =5 and 9.
Proof. Figure 9 shows that C(3,5) and C(3,9) are strong vertex-graceful.
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C(3.5) Is sirong vertex-graceful C(3.9) Is strong vertex-graceful

Figure 20.

Theorem 3.2. C(4,n) is not vertex-graceful for n = 5,6,7,9 but strong vertex-
graceful for n =4 and 8.
Proof. Figure 21 shows that C(4,4) is strong vertex-graceful.
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Figure 21.

4.4 1 strong verte s-praceful
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Figure 22 shows that C(4,8) is strong vertex-graceful.

7 AR o

© ’ L m 9 iy
/\é\ & 7
\‘“-{":—-/ \\tj/ ‘\1 o

C(4.8) is strong vertex-graceful C(4.8) iz strong vertex-graceful
Figure 22.
Theorem 3.3. C(5,n) is not vertex-graceful for n = 5,6,8,9 but strong vertex-
graceful forn=17.

Proof.
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Figure 23.
4.Vertex-graceful dumpbell graphs.

In this section we want to consider dumpbell graph D(a,b) where
a+b=p. The dumpbell graph D(a,b) is formed by join two disconnected cycles C,
and C, by an edge.(Figure 24)

DAY

Figure 24.

Theorem. 4. 1. The dumpbell graph D(3,4) is not vertex-graceful and D(3,5) is
vertex-graceful but not strong vertex-graceful. However, D(3,6) is strong vertex-
graceful.

Proof. We give one vertex-graceful labeling of D(3,5) and a strong vertex-
graceful labeling of D(3,6) in Figure 25.
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Figure 25.

Theorem 4.3. The dumpbell graph D(4,n) is strong vertex-graceful for n = 4,5
but vertex-graceful for n =6.

Proof.
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D{4.5) is strong vertex-graceful

Figure 26.

5. Vertex-graceful cycles with one chord.
We consider the (p,p+1) graphs : cycles with a chord in this section.

Assume the vertices of cycle are{v,,v;,...,v,} and the chord connect vertex Vi
with v, we denote this graph by C,(r).
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In this section, we investigate (p,p+1)- graphs which are of the form
Amal(Cy(3), ST(m); (v2, ug)).

Theorem 5.1. The graph Amal(C4(3), ST(m); (v3, up)) is strong vertex-graceful
forallm>1
Proof.

Theorem 5.2. The graph Amal(Cs(3), ST(m); (vy, ug)) and Amal(Cs(3), ST(m);
(v3, up)) are strong vertex-graceful for all m > 1
Proof.

Amal(Cy(3). ST(m): (v, uy)) Is strong
vertex-gaceful
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Figure 29.

6. Some Conjectures.
We propose here six conjectures for further research.

Conjecture 1. H(k) is not vertex graceful for all odd k > 9.
Conjecture 2. H(k) is not vertex graceful for all k > 6.

Conjecture 3. H; ;(k) = Amal(H;, ST(K):(c, , up)) is not vertex-graceful for all
even integer k > 1.

Conjecture 4. Hy(k) is not vertex graceful for all k > 6.
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Figure 31.
Conjecture 5. D(3,n) is strong vertex-graceful for all n > 6.

Conjecture 6. The dumpbell graph D(4,n) is strong vertex-graceful for all n >
4,
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