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ABSTRACT
A (p,q)-graph G is  said to be edge gracefu l  i f  thcedges can bc labeled by

f  ,2 . . . . ,  c l r . - t t l ra t  thc ver tex sulns are d is t inct ,  nrod p.  I t  is  shown that  i f  a  t rcc T is

cclgc-graccful thcn its ordcr must be odd. [-cc conjccturcd that all trees of odd

ur l l " r .  nr .  edgc-graccfu l . . l .  Mi tchcm and A.  Simoson [12]  in t roduccd the

collccpt ot'supcr cdgc-graccltrl graphs lvhich is a strongcr collccpt than cdgc-

u,rncci,., l  fbr so.rc classcs of graphs. A graph G..(V,E).f .rdcr p and sizc q is

said to bc super edge-gracc[u l  (SEG) i f  therc cx is ts  a b i ject ion

f :  E-  10,  + I  . -  I  .+2,-2. .  .  . , (q- l  )12,  - (q- t )12 |  i f  q  is  odd

f :  E - l  + 1 , - 1 , + 2 , - 2 . . . . . t y 1 2 . - q l 2 \  i f  q  i s  c v c n

such rhat  thc induccd vcr tcx labcl ing fx  dc l incd by fx(u) :  I { f ( t r ,v) :  (u,v)  € E}

has tltc propcrty:
f * .  V + { 0 . + 1 , - 1 , .  . .  r ( p - l ) / 2 , - ( p - l  ) / 2 }  i l - p  i s  o d d

l * : V - l + 1 , - 1 , . . . . r p 1 2 , - p l 2 l  i f  p  i s  c v c n

rs a b i jcct ion.- l 'hc cgnjccturc is  s t i l l  unsct t lcd.  ln  thrs paper wc l i rs t  characlcr lzc

spidcr .s  Qf  cvcn ordcrs which arc r lo t  SEG. We t l rcn cxhib i t  sonrc spidcrs of  cvcu

orclcrs which arc SE.G o1'diamctcr at nlost fbur. By thc conccpts of irrcducible

part of cvclt trcc T, wc showed infinitc uurnber of spidcrs of cvetl orders arc

!nC;. ni.ally, wc p.ovicle strrnc c.njcct'rcs lbr lurtlrcr rcscarclt '

Key words: Edge-graceful, super cclge-graceful, trccs, spider'

tree rccluction, irreducible'

l .  ln t roduct ion.

A l l g r a p h s i n t h i s p a p e r a r e s i n r p l c g r a p l r s . A g r . a p h G i s s a i d t o b e e d g e -
g race fu l i f t he  edgesa re labc ledby  1 .2 ,3 . . . . , qso tha t theve r texsumsared i s tu rc t '

rnocl p.

[:rgure I shows a graph with zl vertices and 5 cdgcs which is cdgc-graccful'
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Figure 2.

' l -hc 
conccpt  of  edge-gracetur  graph was int roduccd by S.p.  Lo I l r ]  in

I  985.  A ncccssary condir ion ofcdgc-gracefu lncss is  (Lo I  l  l  ] )

9 ( q + l ) = t q D  ( r n o d  p )  ( l )

' Ihe 
following tantalizing conjecturc is proposcd in [7].

coniecture l . l . :  The Lo 's  condi t ion ( l )  is  suf f ic icnt  for  a connected graph to bc
cdgc-graccful.

A sub-conjecturc o1'thc abovc (Lee [6]) has also rot yct bcc'provcd:
Coniecture 1.2.: All odd-order trces arc cdge-graceful.

ln  i l ,9 ,12.14,151 scveral  c lasses of  t rees of  odd orders arc provcd to bc
cdgc-graccful. ln [9] it is shown thar all trecs of odd order of diamctcr at most
fbur arc edge-graceful.

J .  Mi tchcm and A.  Si , roson I l2 l  in t roduced thc concept  o l 'super cdge-
gracctul graphs which is a stronger concept than edge-graccful for somc classes
of'graphs.

Def in i t ion l . l .  A graph c :  (v ,E)  of  ordcr  p a*d s izc q is  sa id to be super
edge-graceful if there exists a bijection



f :  E - {0 ,  +1 , -1 ,+2 , -2 , .  . . , ( q - l ) t 2 ,1q - t ) t 2 }  i f  q  i s  odd
i  E - {  + t , - t , +2 , -2 , . . . , q t2 , -q t2 l  i f  q  i s  o , cn

such that  the induccd ver tex labcl ing 1*  def ined by f* (u)  = { I f1u,v) :  (u,v)  r  E}
has tlre propcrty:

f x .  v + { 0 , + 1 . _ 1 , . . . , + ( p _ t ) t 2 , _ ( p _ t ) / 2 }  i f  p  i s  o d d
1* :V - { - r l , - 1 . . . . , +p12 , -p l2 l  i f  p  i s  cven

is a b i jcct ion.

I-ct (i, H bc two graphs, and lct G havc p vcrticcs. The colona of G with lJ
is  thc graph obta incd by tak ing onc copy ofG and p copies ofH and then- jo in ing thc i th
vcr tcx of  G to each vc l . tcr  in  thc i th  copy of  H,  for  cach i  f iom /  to  p.  Wc wi l l  use
G O H to dcnotc thc corona of (l with H .

De f i n i t i on  l , 2 .  A  t l ce  T  -  PnOK l ,  wh i ch  i s  t hc  co lona  o fa  pa th  w i t h  K l  i s  ca l l ed  t he
comb. Wc u ' i l l  dcnote i t  by Conrb(n) .

In [ .1 ] ,  wc showcd that  Comb(2) ,  Conrb(3)  arc not  SEG and Comb(4) .  Conrb(5) ,
Comb(6)  arc SEG.

Example l .  Thc fo l lowing t ree of  ordcr  12,  T:  Comb(6) ,  is  SEG.
l \ i  t  l \ . .  t  l \  I  l \ . :  l I  t ,  1 1 , ,  ,

p = ' l l . q ' l l

Figure 3.

Mi tchem and A.  Si rnoson [2]  showcd that

Theo rem l . l . l l 'G  i s  a  supc r - cdgc -g racc lu l  g raph  a r rd  g=  - l  ( n rod  p ) .  i i q  i s  cvcn
or Q= Q (mod p) ,  i f 'q  is  odd ,  thcn G is  a lso cdgc-graccfu l .

Thus.
Corollarv 1.2. lf G is super cdgc-gracctirl trec of odd ordcr thcn it is cdge-
gracefu I .

A conjccture- statcs that allodd trees are supcr-cdge-graccful which is
stronger than thc cdge-gracelul trccs conjccture is proposcd in [9].

Coniecture l 3. All trccs of odd ordcrs arc super-edgc-grace ful.

In [3,a] , we cousidcr infinitc many trccs of evcll orders which arc SEG.
ln this papcr wc studicd super-cdgc graceful labeling for cven trces which arc
spiders.



A trce is called a spider if i t has a cellter vertex c of degree k >l and all the
othcrvcr tex is  e i thcra leaf  orrv i th  degrce 2.  Thus,  a spider  is  an amalgamat ion
of  k  paths wi th var ious lengths.  l f  i t  has x1 's  path of  length d1.  X2'S path of
l cng th  a l .  . . . ,  we  sha l l dcno te  t he  sp ide r  by  SP(a1 " ' ,  a r * ' ,  . . . .  a ,u ' " ' )  whe re  a1  <

a r<  . . . 4  a , , ,  a l t d  x r  *  x :  *  . . . +  X rn  =  k .  ( see  F igu rc  4 ) .

sPo I

Figure 4.

Tlrc concept ofSEG graphs is cxtcnded to Q(a)P(b)-SEG graphs by (lhopra

and Lce. For general theory ofQ(a)P(b)-supcr cdgc-graceful graphs, thc rcadcr
can rcfcr to [21.

2.  Some Even order  spider  t rees which are not  suner-edge gracefu l .

' I ' heo rem 2 . t .  SP(  l 2k ' r ,  2 ' ;  i s  no t  SEG,  f o r  a l l  k  >  0  and  t  >  l .
Proot .  For  cvcn-ordcr  t rccs (p is  even.  q -p- l  is  odd) ,  cdgcs are labcl lcd by 0,
+ 1 , - 1 . + 2 , - 2 , . . . , ( q - l ) 1 2 . - ( q - l ) l 2 a n d t h c v e r t i c c s m u s t h a v c i n d u c c d l a b e l s  1 1 ,
-1 . .  . .  +p i2 .  - p12 .  l n  SP( l r k " . 2 ' 1 ,  t hc re  i s  no  r vav  t o  p lacc  t hc  cdgc  l abc l l cd  0 .
(a)  l l - t l rc  0 cdgc labcl  is  p laccd on onc of thc cdge leavcs,  thcn that  lcafvcr tcx
wi l l  have ver tex surn 0.  which is  not  a l lorved.
(b)  l f thc 0 cdgc is  p laccd on one of thc non- lcafcdges,  thcu thcrc arc two
vcr t iccs wi l lhavc thc samc inc luccd vcr tex sum. which is  a lsc l  not  a l lowed.

Corollarv 2.2. All cvcn clrder spiders of diantctcr at ntost two are not SEG

Exanrnle 2.  SP( I  r '2r )  is  not  SEC.

- \ t
t l  l  .r

t l l  .

l l r . t

Figure 5.
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Remark. One rnay think that if wc add evcn nulnbcr of leavcs incident rvith
the same ver tcx in  an evel t  order  t ree SP( l2k-1,2 ' ) .  for  a l l  t  >  0,  /  > I  and wc
obta in a l lcw t ree T ' .  then T* is  not  SEG. Howcver.  th is  is  not  t rue.  Considcr
thc nor . r  SEG spidcr  of  cramplc 2.  we appcnd fwo lcavcs at  Xl ,  we scc that  thc
rcsul t ing t rec is  SEG (Figure 6) .
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3. Some Even order SEG sniders of smal l  diameters.

Wc first shorv that somc cvcn order SEG spidcrs of diamcter at most lbur

Thco rem 3 .1 . - f hc  sp rdc r  SP(  l : r . 1 .3 )  i s  SEG fo r  a l l  k  >  0 .
e.oof .Tf r* tptdcr  SP( 12k,2,31 has 2k+6 vcr t iccs.  ThLrs rvc dcfrnc-  a labr- l ing
f :  E (SP(12k ,2 ,3 ;1 -  {0 , r1 . . . . ,  t ( k+2 )  )  as  f o l l ows :
f ( ( x r , c ) ) : 2 ,  f ( ( x : . c ) )  -  - 2 ,  f ( ( x r , c ) )  -  3 ,  f ( ( x r , c ) )  -  - 1 , .  . ,  f ( ( x21 ,1 , c ) )  -

k+  l , f ( ( x : r , c ) )  -  - ( k  I  I  ) .  f ( ( c ,u r  r ) )  -  I ,  f ( ( u1 , ; ,  u1  2 ) )  -  k+2 .  f ( ( c ,u : . r ) )  -  0 ,
f ( ( u1  1 ,  u22 ) )  :  - 1 ,  f ( ( u : : .  L r : r ) )  -  - ( k12 ) .  I t  i s  c l ea r  t ha t  f  i s  SEG.
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Figure 7.
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Remark.  By Theorem 2.1,  we see that  SP( I ,2 ,2)  is  not  SEG. However,  we
obscrve the spider  SP(1,3,3)  is  SEG. Figure 8 exhib i ts  a SEG label ing of
sP (  l , 3 ,3 ) .

Theorem 3.2.  Thc spidcr  SP( l2k*r ,32)  is  SEG for  a l l  k  > 0.
Proof .  Thc spidcr  SP( l tu ' ' ,3 t )  has 2k+8 vcr t iccs.  Thus we def ine a labcl ing
f :  E (SP(  12k t r , 3211 -  {0 ,=1 , . . . ,  t ( k+3 )  }  as  f o l l ows :

f ( (xr ,c) )  -  2 ,  f ( (x : .c) )  :  -2 .  f ( (x j ,c) )  :  3 , . . . , f ( (x21,  r ,c) )  -  k+2,
f ( ( c ,u r . r ) )  -  0 .  f ( ( u1 .1 ,  u r . : ) )  :  k+3 ,  f ( ( u r  r .  u r . r ) )  :  l ,
f ( ( c ,u : . r ) ) :  -  ( k+3 ) ,  f ( ( u2 .1 ,  u2 .2 ) ) :  - 1 ,  f ( ( u2 .2 ,  u : . r ) )  -  - ( k+2 ) .

Wc carr  scc l l ra l  f  is  SEG.

Flxample 4.  F igurc 8 shows that  thc spidcrs SP( l2k ' ' ,3 t ;  or"  SEG for  k :0,  1,2.
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Theorem 3.3.  
' fhc 

spidcr  SP( 1rk,22,3)  is  SEG for  a l l  k  > 0.
Proof. First we show that for k-0, SP(2',3) is SEG.(Figurc 8(a)). For an cvcn
numbcr  2k ,  wc  l . r ave  the  edge  l abe l i ng  se t  Q :  { -3 -k ,  - 2 - k ,  . . . . ,  - 1 ,0 ,  1 , . . . . , 2+k ,
3+k l  and  the  ve r tex  l abe l i ng  se t  P :  { -4 - k ,  - 3 - k ,  . . . . . ,  - 1 ,  1 , . . . . , 3+k ,4+k } .

Thus we define a labeling f:E(SP( 12k,22,3)) ) Q as follows:

- {  r j
- l

t ,  
I

: '
{



f ( x 1 . 1 , u s ) :  l , f ( x 1 . 2 . x r . r ) = 2 + k , f ( u s , x 2 . ; ) : 3 + k , f ( x : . r , x 2 . 2 ) : - 2 - k , f ( u , , , u 1 ) : 0 ,
f (u1.u2) :  -1,  f (u1,u1) :  - (k+3)  and we label  the remain ing k pai r  edges inc ident  at
r rode  un  i n  SP( l  t * , 2 ' , 3 )  by  2 ,  - 2 ,3 .  - 3 , . . . ,  I  +k ,  - (  I  +k ) .  l t  i s  c l ea r  t ha t  f  i s  a
br.;cction function and the labeling is SEG (see Figure 9(b) for k:3).

\ .  \  \ ,
\ .  - 3  4  ' 4 .

u.  u .  u  u  ] . , .  3  ,
(.)  . l  - i  ,  

-2 : ;- f  4 -r
I  _ _ - 1 - _ 4 - - - 3  Y  ^  

. :  u .  u ,  u
I  ^  2  .  . , u  o  .  - l  - - ( . i . . i t ^

.  . l  I  
|  - t  ' /  - o

1  ^  - . i r . i
l v r 6 ^ . ,  1 X . , ,  I . i X .  l  

"- l  "  :  A .  
S . ( , r  i

-(.1 .i )
r X '  '  

sP( 1" .  1. . : i  I

t l , ) l

Figurc 9.

Lly the sinri lar argumcxt as the proof of Thcorent 3.3, wc havc
Theorem 3.4.  The spider  SP( l ' - ,2 ' ,3)  is  SEG fo l  a l l  k  > 0.
Proof .  F i rs t  wc show that  for  k=0,  SP(2 ' ,1)  is  SEG.(Figure 9(a)) .
For  an evcn numbcr 2k,  rvc have thc edge labcl ing set  Q= {-4-k,  -3-k,  . . . . ,  -1 ,0,
1 , . . . . , 3+k ,4+k f  and  thc  vc r t cx  l abc l i ng  se t  P -  { -5 -k ,  - 4 - k ,  . . . . . ,  - 1 ,  1 , . . . . , 4 r ' k ,
5+k) .  Thus we dcf lnc a tabcl ing f :E(SP(12k,22,3))  )  Q as fb l lows:
f ( x1 .1 ,u1y )  -  - 1+k ,  f ( x1 .2 ,  x1 .1 )  -  - 4 - k ,  f ( ue ,  x2 .1 ) :  - 1 ,  f ( x2 .1 ,  x : . : )  -  2 ,  ( un ,  x3  1 ) :  I ,
t (x . j .1 ,  x3,2)  :  4  + k,  f1u0,ur)  "  0 ,  f (u1.u2)  -  -3-k,  f (u2.u3)  :  -2 and wc labcl  thc
rema in ing  k  pa i r  cdgcs  i nc idcn t  a t  node  u , ,  i n  SP(  l : k ,2 r , - l ; by  3 ,  - 3 . . . . , 2  r - k ,
-(2+k). It is clear that f is a bijcction function and thc labcling is SEG
(sec Figurc l0(b) for k:2).

Example 5. Figurc l0 shows that-SP( I rk,2r,3) is SEG for k-0 ancl 2.

X , .  -  v'  ' )  

- t
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i \  - i  - 1
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- t  J

1 . 1
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Figure 10.

Theo rem 3 .5 .  The  sp ide r  SP(12k " ,2 .3 ' ;  i s  SEG fo r  a l l k  >  0 .
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Proof .  F i rs t  we show that  for  k=0,  Sp(  1,2,3 ' )  is  SEG.(Figure l0(a)) .
For  an cven number 2k,  wc have the edge label ing set  Q= {-4-k,  -3-k,  . . . . ,  -1 ,0,
1 , . . . . . 3+k ,4+k )  and  the  ve r tex  l abe l i ng  se t  p :  { - 5 - k ,  - 4 - k ,  . . . . . ,  - 1 ,  1 , . . . . , 4+k ,
5 + k  ) .

Thus rve def ine a label ing f :E(Sp( I  2k-r ,2,32y;  )  e  as fo l lo lvs:
f (x  1.1.u0)  :  -2.  f (x1.2,  x  r . r  )  = 3.  f (uq,uo)  :  -3.  f (u5.u1)  :  l .  f (ur , .us)  = 4+k,
l ( uo .u r ) : 0 ,  ( u1 .u2 ) :  - 1 ,  f ( u2 ,u3 )  =  - (4+k )  f ( u1y ,  x1y .1 )  -  2  and  wc  l abe l  t hc
remain ing k pai r  edges inc ident  at  node u, ,  in  Sp(  I tk* ' ,2 .321 by 4,  -4, . . . . ,  3+k,
- (3+k) .  I t  is  c lear  that  f  is  a b i jcct ion and thc labcl ing is  SEG (scc Figurc I  l (b)
for k=2).

X ^ ) t . .

l x r ' l ' , . t

:  :  r t  !
U t I U U

u u t )
. r  "  . - t  - l  ' 5  ' l  

- 4  . ' ,  
" ' ,  . - l  - l  - 7 - ( 1 ' : J - 6

I

,  Y  
- 2  u ,

I

" u
' l

; :  s t , i  |  . : . . r  I

t { ) l

Figure l  l .

Theorcm 3.6.  The spidcr  SP( 1rk,24,3)  is  SEG for  a l l  k  > 0.
Thc spidcr  SP( 12k,24,3)  is  SEG for  a l l  k  > 0.
Proof. For an cvcn numbcr 2k. we have thc edge labcling sct Q: {-5-k, -4-
k .  .  . . .  - 1 , 0 ,  1 , . . . . , 4 + k ,  - 5 + k )  a n d  t h e  v e r t c x  l a b e l i n g  s e r  p -  { - 6 - k ,  - 5 - k ,  . . . . . ,  - 1 ,
1 , . . . . . 5 + k , 6 + k ) .

T l rus wc dcf lne a labcl ing f :E(Sp( I  rk ,21. l  
) )  )  e  as fo l lows:

f1x1 .1 .u11 )  -  - l +k ,  f ( x r : .  x r . r )  -  l ,  f ( x2 .1 ,u11 )  -  - 3 - k .  l ( x1 .1 .  x1 .1 )  -  - 5+k ,  f ( x r . r . uo ) :2 .
t l x1 .2 ,  x1 .1 )  -  - 5 - k ,  f ( x1 .1 ,u11 )  -4+k ,  ( x1 . : ,  x ; . t ) -  - 1 ,  t ( u , y .u1 ) -  0 ,  f ( u1 .u2 )  -  - 2 .
fiu:.! i) : -4-k and wc label the rcmaining k pair cdgcs incident at node u,, rrr
SP( I  2k,24,3)  by 3,  -3, . . . ,  3+k,  - (3+k) .  I t  rs  c lear  that  f  is  a b i ject ion and the
labcl ing is  SEG (see Figurc l2  (a)  fork-0,  and Figure l2  (b)  fork:2) .
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Figure 12.

Wc now show that sorre cven ordcr SEG spidcrs clf dianrcter six.

Theorem 3.7.  Thc spider  SP( I  rk '  ' ,2 ,41 i r  SEG fbr  a l l  k  > 0.
Proof .  F i rs t  we s l row that  fbr  k-0,  SP(1,2,4)  is  SEG. (F igurc l3(a)) .
For  odd number 2k+ 1,  * .  havc thc cdge labcl ing sct  Q- { -3-k.  -2-k,  . . . . .  -  l ,  0 ,
1 , . . . . , 2 + k , 3 + k f  a n d  t h c  v c r t c x  l a b c l i n g  s e t  P :  {  - 4 - k .  - 3 - k .  . . . . . ,  - 1 ,  1 . . . . . , 3 + k .
4+k  l .

Thus wc def inc a labcl ing f :E(SP( l " t ' ,2 ,4))  )  Q as fo l lows:
f ( x e . 1 . u 1 y ) : - ( 3 + k ) , ( x 1 . 2 , x 1 . 1 ) : 2 , ( u p , x r . r ) - - l , f ( u 1 1 , u 1 ) : 0 , ( u 1 , u 2 ) : 3 + k ,
f (u1,  u1)  -  l ,  f (u , ,u1)  :  -2 and we label  thc rcmain ing k pai r  cdges inc idcnt  at
n o d c u , , i n S P ( I r k - r , 2 , a ) b y l , - 3 , . . . , 2 + k , - ( 2 + k ) .  l r i s c l c a r t h a t f i s a b i j c c t i o n a n d
thc label ing is  SEG (see Figure l3(b)  fbr  k-2) .

Example 6.  F igure l  3  i l lust rates thc SUG labcl ing scheme lbr  SP( lzk '  ' ,2 .4;

where k- 0 and 2.

i  '  I  - l

t l l  , t r  
,  l l - .  i t - ,  r t r

,  \  . '  i
. | ! r

r :  r l

1 b )

Figure 13.

By thc sirnilar argument as Theorem 3.7, *'e can show that
Theorem 3.8.  Thc spider  SP( l rk '  ' ,2 t ,4)  is  SEG for  a l l  k  > 0.

{ i l l

I I



Proof .  F i rs t  we show that  for  k :0,  SP( I  ,2 ' ,4)  is  SEG. (F igure I  3(a)) .
For  odd number 2k+1,  we have thc cdge label ing set  e-  { -4-k,  -3-k,  . . . . ,  -1 ,0,
1 , . . . . , 3 + k . 4 + k I  a n d  t h c  v c r t e x  l a b e l i n g  s e t  P :  {  - 5 - k ,  - 4 - k ,  . . . . . ,  - 1 ,  I . . . . . , 4 + k ,
5 + k  ) .

Thus wc dcf ine a labcl ing f :E(SP( l2k ' ' ,2 t .41;  )  Q as fo l lorvs:
f ( u6 ,  x1 .1 )  =  3+k ,  f ( x r . : ,  x1 .1 )  =  -4 -k ,  f ( u11 ,  x2 ,1 ) :  - 1 ,  i ( x2 .2 ,  x2 .1 )  -  4+k ,  f ( uo ,  u r ) : 2 ,
f (u1.  u2) :0,  f (u2,  u1)  -  -3-k,  f (u1. t ra)  -  -2.  f (x11.1,un) :  I  and wc labcl  thc
remain ing k pai r  cdges inc idcnt  at  nodc u, ,  in  SP( lu" ,22,41by 3, -3, .  . . ,2+k,
- (2+k) .  I t  is  c lear  that  f  is  a b i jcct ion and the labcl ing is  SEG (scc Figurc l3(b)
fbr k=2).

Exampfe 7.  F igure l4  i l lust ratcs thc labcl ing schcmc for  SP( 1,2! ,4)  and
sP(  15 ,2 r ,4 )

, . i  1

'
I

l l l  l i r  , . 1 -  ' 1 .  l l .

I
l

" :  I

t l , t

Figure 14.

Theorem 1.9.  Thc spidcr  SP( 12k" ,2t ,41 is  SECi,  for  a l l  k  > 0.
Proof: For odd numbcr 2k+ l, we could labcl the spidcr trcc T : SP( I rkt 1,2r,4)

as fo l lows:  wc l tavc the cdge labcl ing sct  Q(T)  -  { -5-k,  - ,1-k,  . . . . .  -  l ,  0 ,  I , . . . . ,
4+k ,5+k )  and  thc  ve r tex  l abe l i ng  sc t  P (T ) :  {  - 6 - k ,  - 5 - k ,  . . . . . ,  - 1 ,  1 , . . . . ,  - 5 - k ,
-6-k). Thus we dcfine a labcling f:E(T) ) Q(T) as follorvs:
f (x1,u11):  -5-k,  f (us,  u1) :3+k,  f (ur ,u: )  -  0 ,  f (u2,u j )  = -4-k,  (u3,ua) :  -2,

f ( uo ,  x r . r )  -  5+k .  f ( x r . r ,  x1 .2 ) . -  - 3 - k .  f ( u1 ,  x : . r ) : 2 ,  f ( x2 . ' ,  x : . : ) :  - 1 ,

f (uo,  xr . r ) :  l ,  f (x j .1 ,x3.3) :4+t  and we labcl  the remain ing s pai r  edges inc idcnt
at node u,, in T by the following way: for two edges c;, e.; incident at ue, wc Iabcl

t 2



ei, ej such that f(e;): - f(ei). It is clear that f is a bijection function and therefore
the label ing is  SEG. (see Figure l5  for  k=0) .

,  i  )  S P ( 1 , 2 , , 4 )

:,
. ,  

' l r  j t  ] r i  t J t
j  . _ , . .  l , :  , . . , .  . t
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I -

: , i  , ,

'f 
-:-''

. I
l

- r  i

1  i , 1

Figure 15.

Theorem 3.10.  Thc spider  SP( l2k ' r ,3 t ,4;  is  SEG, fbr  a l l  k  > 0.
P roo f .  Wc  havc  thc  edgc  l abe l i ng  sc t  Q (T ) :  { - - 5 - k ,  . . . . ,  - 1 ,  0 ,  1 , . . . . ,  5+k }  and
the  vc r t cx  l abc l i ng  se t  P ( ' l ' ) :  {  - 6 - k ,  . . . . . .  - 1 ,  1 , . . . . , 6+k } .  Thus  wc  de f i nc
f :Q(T)  )  P(T)  as fo l lows:
f ( x1 ,  us )  -  - 5 - k ,  f ( u11 ,  u1 ) :3 ,  f ( u1 ,  u r ) : 0 , f ( u2 ,  u3 )  :  - 4 - k ,  f ( u3 ,  ua )  -  - 2 ,
t ( u1 ; ,  x1 .1 )  -  5+k ,  f ( x r . r .  x r , : )  -  l ,  f ( x , . . , ,  xy .2 )  =4+k
f(un, x2.1) : - l, f(x2.1, x2.) - 2, f(x2.2, x2..1) : -3 and then wc label thc remaining k
pair cdgcs incidcnt at nodc u,, in T by thc following way: for two cdgcs e1, e,
incidcnt at u0, wc label c,, c'; such that f(e;) : - f(e,) from thc rernaining 2k
numbers. It is clear that f is a bijection and thcreforc the labcling rs SEG.

Fi,xamole 8 Figurc l 6 i l lustrate s thc labcling schcme for Sp( l to*r 
,3 

r,4 
; where

k:0, and 2.
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4.  Appl icat ions.

Onc can obtain many SECi graphs by tirc lbllowing consh-uction. [-ct
(Gr,u)  and ( ( l : ,v)  be two graphs wi th f lxcd vcr t iccs u, r '  rcspect ive ly .  The
amalgamat ion of  (Ci1,u)  and (G1,v)  is  thc graph rvhich is  thc d is lo int  union of  G1
and Gz wi th u and v ident i t lcd.  Wc wi l l  dcnotc thc rcsul t ing graph as Anral (G1,
G1,{u,v}) .  l t  is  obvious that  u is  a cut-vcr tcx of  thc arnalgamat ion.

For  i t  t rec T wc dcletc a l l  scts  of  cven numbcr of  leaves inc ident  wi th thc
samc vcrrtcx and gcncratc a ncw trce T*. Continuc with thc dcletion proccss unti l
no such scts of evcn nunrbcr of lcavcs can be found. The iinal trcc is said to be
i r rcducib le par t  of  T and wi l l  dcnotcd by i r r (T) .

Def in i t ion 4.1.  A t rcc T is  i r reducib lc  i f  i r r ( ' l ' )  -  T.

Wc sce that fbr a trec-l 'of odd order if irr( f) is supcr cdgc-graccful thcn 
' l '

is supcr edgc-graccf ul.

' Iheorem 
4. l . l f  a  t rcc T has cven order  such that  i r r (T) :  SP(2.3)  then T is

SE(;.
P r o o f . S u p p o s c V ( l ' )  - V ( i r r ( T ) ) = { . " ' , . . . . , c r y } . T l r e n w e s e e t h a t P ( T ) - 2 y + 6 .

l 'hus we def inc a labcl ing f :  E(SP( l '^ ,2,3)) -  {0, t1. .  . . ,  +(y+2) }  as fo l lows:
l i ( c ,u r . r ) )  -  l ,  f ( ( u1 .1 ,  u1 .2 ) ) :  y+2 ,  f ( ( c .u : . ' ) ) : 0 ,
f ( (u2.1,  u2,2))  = -  l ,  f ( (u2.2.  u: . r ) )  = - (y+2)  and
f  :E ( . I )  -  E ( i r r (T ) )  1 ; -_  { t 2 , . . . ,  t ( y+ l )  } .

It is clcar that f is a bijcction function and thc labeling is SEG.

Examnle 8.  F igurc l7  i l lust ratcs a t rec of  order  l6  wi t l r  a  SEG labcl ing.
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By t l rc  s in. r i lar  argumcnt  as Thcorctn 4.1.  we havc the fo l lowing

Theorem 4.2.  l f  a  t rce T has even ordcr  such that  i r r (T)  -  SP( I ,3r)  t l rcn l ' is
SEG.

Theorem 4.3.  l f  a  t ree T has cvcn ordcr  such that  i r r (T) :  SP(2r .1)  then T is
SEG.

Theorem 4.4.  l f  a  t rcc T has cvcn ordcr  such that  i r r (T)  -  SP(2 ' ,3)  t l icn T is
SEG.

Theorem 4.5.  I f  a  t ree T has even ordcr  such that  i r r (T)  :  SP( l .2 . l r )  then T is
SEG.

Theorem 4.6.  I f  a  t rce T has cvcn ordcl  such that  i r r iT;  -  S11:0.- t1 thcn T is
SEG.

Theorem 4.7.  l f  a  t rcc T has evcn order  such that  i r r (T) :  SP(1,2,4)  then T is
SEC.

' I 'heorem 4.8.  I f  a  t rce ' f  has even order  such that  i r r (T) :  SP(1,2r ,4)  then T is
SEG.
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Theorern 4.9. lf a tree T has even order such that irr(T) = SP( 1,2r,4) then T is
SEG.

Theorem 4. l0 .  I f  a  t ree T has cven ordcr  such that  i r r (T)  :  SP( l  2k*r ,32.4)  for  a l l
k > 0 t h c n T i s S E G .

5.Direction for further research.

Wc propose thc tbllowing problen.r aud conjccturcs fcrr turthcr re search.

Problem. Characterizc spidcrs of cvcn ordcrs of diamctcr k which arc not SEG,
w h c r c A > 2 .

Coniecture 5.1.  For  2 < k <4 ,a l l  cvcn ordcr  spidcrs of  d iameter  f r  are SEG.

Anothcr conjecfurc l isted belor.l '  is for cvcn ordcr tree Comb(n).

Coniecture 5.2.  For  any n > 7,  Comb(n)  is  SEG

Coniecture 5.3. Evcry trcc of eveu ordcr is an induccti subtrce of'a SIrG trcc of
cvcn clrdcr.
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