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Abstract. Let G be a (p,q)-graph and k~O. A graph G is said to be k-edge­
graceful if the edges can be labeled by k,k+I, ... ,k+q-I so that the vertex sums 
are distinct, modulo p. We denote the set of all k such that G is k-edge 
graceful by egS(G). The set is called the edge-graceful spectrum ofG. In this 
paper, we are concerned with the problem of exhibiting sets of natural 
numbers which are the edge-graceful spectra of the cylinder CnxPm for certain 
values of n and m. 

1. Introduction. 

Given an integer kEN = {l ,2,3, ... }, a graph G = (V, E) with p vertices 
and q edges is said to be k- edge-graceful if there is a bijection 

f: E-{k,k+I,k+2,...,k+q-I} 

such that the induced mapping r+:V-Zp, given by 

r+(u) =l:{f(u,v): (u,v) in E} (mod p) 
is a bijection. 

Theorem 1.1 (Lo's condition [18]). If a (p,q)-graph G is k-edge-graceful, then it 
satisfies the condition 
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q(q+2k-l). 1ll£::ll (modp).2 

Graphs can be l-edge-graceful but may not be k-edge-graceful for 
some k>1, and vice versa. 

Examp Ie 1. Figure 1 shows that ~ is k-edge graceful for all k?: 1. 
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Figure 1. 

Example 2. We see in Figure 2 two trees of order 4 which are 2-edge 
graceful but not l-edge-gracefuL 
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Figure 2. 

The set of all integers leO such that G is k-edge-graceful is denoted by 
egS(G) and is called the edge-graceful spectrum ofG. 

Supposing that G is d-regular graph with m vertices, and H is k-regular 
graph with n vertices such that GCD(d,n)=GCD(k,m) =1, and assuming that G 
and H are both odd-order and I-edge-graceful graphs, Schaffer and the first 
author [22] showed that GxH is l-edge-graceful. In particular, they showed that 
the Cartesian product of two cycles of odd order is I-edge-graceful. 

A cylinder graph Cn x Pm is the Cartesian product of the cycle Cn and the 
path Pm. In this paper we are concerned with the problem of exhibiting sets of 
natural numbers which are the edge-graceful spectra of cylinder graphs Cn x Pm. 

l-edge-graceful graphs are investigated in [1,3,4,5,6,7,8,9,10,11,12,13, 
14,18,19,20,21,22,23,24]. Some k-edge graceful graphs are considered in 
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[16,17]. A good account on other graph labeling problems can be found in the 
dynamic survey of Gallian [2]. 

2. k-Edge-graceful cylinder graphs 

The cylinder graph Cnx Pm is a (p, q) graph with p = nm vertices and q=2nm 
- n edges. Suppose that Cn x Pm is k-edge gracefuL Then Lo's condition reads 
(2nm n)(2nm - n + 2k-l) • nm(nm-l) 2 (mod nm), and is equivalent to: 

Condition 2.1: n2-2nk+n - nm(nm-l) 2 (mod nm). 
(i) Suppose that n is even and m is odd. Then condition 2.1 becomes: 

Condition 2.2: nm I(n2-2nk+n-(nJ2)m(nm) + (n/2)m), hence nm I(n(n-2k+ I) 
+m(nJ2» and hence m In-2k+l +ml2. This implies m is even, a contradiction. 

(ii) Suppose that n and m are both odd. Then nm-l is an even integer and 
condition 2.1 becomes nml( n2 

- 2nk+n), ml(n-2k+ 1). Since n+ 1-2k is even, 
this means that n-2k+ 1 =(2t)m for some integer t, n=2tm+ 2k-l for some t. 

Conversely, let n=2tm+ 2k-1 for some t. Then n-2k+ 1 =2tm, n-2k+ 1- O(mod 
m), hence n(n-2k+ I) III 0 ( mod nm). Now nm«nm-I)/2) - 0 (mod nm). 
Therefore, n(n-2k+l). nm«nm-I)/2)(mod nm), and condition 2.1 is 
satisfied. 

(iii) Suppose that n and m are both even. So nm -1 is odd. Then condition 2.1 

becomes condition 2.2, from which we deduce nm I(n2 -2nk + n + n(m/2), 

i.e. m I (n-2k+ 1 +m/2). 

Since (ml2) Im, we must have (ml2) I(n-2k+l); moreover, as 21m, we must 
also have 21(n-2k+ 1 +m/2), i.e., 21( I+ml2), i.e., m/2 is odd. This boils down 
to saying that there exists an odd integer s such that n-2k+ 1 s(ml2) with 
ml2 odd, i.e., there exists t such that n = (2t-I)(m/2)+2k-l with m/2 odd. 

Conversely, suppose n = (2t-1 )(ml2)+2k-1 for some 1. Then n-2k+ 1 +m/2 = 
2tm '= 0 (mod m), so n2 

- 2kn + n + nml2 0'= n m 2/2 (mod nm). Therefore, 
condition 2.1 is satisfied. 

(iv) Suppose that n is odd and m is even. Then condition 2.1 becomes n2-2nk+n 
'= -(m/2)n (mod nm), hence ml(n-2k+ 1 +m/2). 

Here n+ 1-2k is even. if it happens that ml2 is odd, we have that n+l­
2k+ml2 is odd. This is not possible since the even integer m cannot divide 
an odd number. Therefore 41m. For ml(n+I-2k+m/2), we deduce that (m/2) 
(n+I-2k) and 21«n+I-2k)/(ml2)+I), whereupon (n+I-2k)/(m/2) is odd, so 
there exists an integer t such that n+ 1-2k;=(ml2)(2t-l), i.e. 

n (m/2)(2t-l) + 2k-l with 41m. 
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Conversely, suppose that 41m and n=(m/2)(2t-l)+2k-l for some t; then 
condition 2.1 holds true, the proof being the same as in part (iii). 

From all three remarks, we deduce the following results. Let us start 
with describing the integer n for which condition 2.1 holds true. 
Theorem 2.1. Condition 2.1 is verifled if and only if there exists an integer n 
such that for some integer t, we have 

n = 2tm+2k -1 with m odd and n odd 
n (2t-l )(m/2)+2k-l with m == 2 (mod 4) and n even; or with m == 0 

(mod 4) and n odd. 

We can now describe the integers m for which condition 2.1 holds true. 
Theorem 2.2. Condition 2.1 is verified if and only if either there exists an odd 
integer m such that m I«n+ 1)/2 k) for odd n, or there exists an even integer m 

such that (ml2) I(n+ 1 - 2k) for odd n when 41m, or for even n when 4 .f m. 

We can also describe the integer k for which condition 2.1 holds true. 
Theorem 2.3. Condition 2.1 is verified if and only if there exists an integer k 
such that for some integer 1, we have 

k (n+ 1 )/2 tm, for m odd and n odd, 


k =«n+1) - (2t-l)(ml2»/2, for m even with 4 .fm, and n even, 

k = (n+ 1 )/2 (2t-l )(ml4) , for m even with 41m, and n odd 


Remark that in Theorem 2.3 we could have written 

k = (n+ 1 )/2 -tm, for m odd and n odd, 

k = (n+ 1 - (2t-l )(ml2»/2, for m even, 

since the parity ofml2 dictates the parity of n. 


From the preceding four remarks, we deduce the following results. 

Theorem 2.4. (A) The cylinder graph c..xPm is not k-edge-graceful if at least 
one of the following conditions is satisfied: 

(a) n even and m odd; 

(b) nand m both odd and (2m) .f(n+I-2k); 

(c) nand m both even and either 41 m or (m/2) .f(n+1-2k); 

(d) n odd and m even and either 4 .fm or (ml2) .f<n+l-2k). 
(B) If the cylinder graph c..xP m is k-edge-graceful, then at least one of the 
following conditions is satisfied: 

(i) m is odd with n = 2tm + 2k -1 for some t; 
(ii) m is even with n = (2t-l)(m/2) + 2k -1 for some 1. 

Particular cases of the preceding theorem are the next two theorems. 

Theorem 2.S. For all odd n the edge-graceful spectrum of the cylinder graph 
CnxPm is empty for m == 2 (mod 4). 
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Theorem 2.6. The edge-graceful spectrum of the cylinder graph CnxP m is empty 
for n even and m == 0,1, or 3 (mod 4). 

Theorem 2.1, 2.2 and 2.3 are powerful results because they provide 
necessary and sufficient conditions for Lo's condition to be satisfied. 
Unfortunately, Lo's condition is not (so far) an equivalent necessary condition 
for a (p, q)~graph to be k-edge-graceful. 

3. Some k-edge-graceful cylinder graphs 

In the following table we list for a given pair (n,m) the values of k for 
CnxPm to satisfy Lo's condition, namely Condition 2.1. 

~ 3 4 5 6 7 8 9 10 11 12 

2 - N - N - N - N - N 

3 3t+2 - 3t+3 - 3t+1 - 31+2 - 3t+3 -

4 2t+1 - 2t+2 - 2t+1 - 2t+2 - 2t+1 -

5 5t+2 - 51+3 - 5t+4 - 5t+5 - 5t+1 -
6 - 3t+1 - 3t+2 - 3t+3 - 3t+1 - 3t+2 

7 7t+2 - 7t+3 - 7t+4 - 7t+5 - 7t+6 -

8 4t+4 - 4t+1 - 4t+2 - 4t+3 - 4t+4 -
9 9t+2 - 9t+3 - 91+4 9t+5 - 91+6 -
10 - 5t+5 - 5t+1 - 51+2 -

--~~ 

5t+3 - 51+4 

The table above may be summarized and extended in the following chart, for 
n odd or even, and m congruent to either 2,3,0, or 1, mod 4. Note that this table 
applies when m 2, if we take "mod rol2" in this case to indicate that k may be 
any positive integer in N. When m is odd, the representation ofk follows 
directly from Theorem 2.3. 

When m is even and divisible by 4, letting m 4s for some integer s, Theorem 
2.3 implies that 

k (1I2)(n+l}- (2t-l)ro/4 = (n+l)/2 - t(ml2) + s II (n+l)/2 + s (mod m/2) 
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When m is even and not divisible by 4, it is of the form m = 4s + 2, for some 
integer s, and n must be even. Then 

k = 1I2«n+l) - (2t-1 )m/2) nl2 - t{m/2) + (2 + m)/4 = nl2 - t(rn/2) + s + I 
• nl2 + s + 1 (mod m/2) 

~ nodd neven 

m =4s+2 - k a 012 + S +1 (mod m/2) 

m =4s+ 3 k a (8+1)12 (mod m) -
m=4s ka (8+1)/2 +s (mod ml2) -

m =4s+ 1 k a (8+1)/2 (mod m) -

The formulation using s in this chart allows us, given m and n, to arrive 
quickly at the smallest positive value ofk to check in searching for a k-edge­
graceful labeling ofc.,xPm• 

It is interesting to note that from Theorem 2.3, we see that for any even n:::: 
4, Condition 2.1 is satisfied when m =2 (that is mj =1). In 1990, the frrst author 
and Eric Seah [10] showed that CZtx P2is 1-edge-graceful. 

We show here C21 x P2is in fact k-edge-graceful for any k. 

Tbeorem 3.1. The edge-graceful spectrum of Cn X P2is N for all even n:::: 4. 

Proof. The cylinder graph Cn X Pzhas p =2n vertices and q =3n edges. 
Assume n =21. As seen in Figure 3 (for simplicity, we have n=8, i.e. t=4), 

we cut the cylinder graph by the two edges aoa..-I and bobn-h and stretch it into a 
strip. 

"' 
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Figure 3. 

We further divide the strip into t sectors, each ofwhich consists of the 6 bold 
edges (see Figure 4). 

200 

We want to label the edges with {k,k+ 1 ,k+ 2, ....,k+6t-l }. The i-th sector has 
the edges (a2i-3,a2i-2),(a2i-2,a2i-1 ),(a2i_2,b2i_2),(a2i_hb2i_I),(b2i_3,b2i_2), and (b2i-2,b2i-1), 

which we label as in Figure 4. 

k-2(j-d )-2k+21-2 

k-t'2t+2(i+ll-2k+2t+2i-l 

b21-2 b21-1 

k-edge graceful labeling for the I-th sector 
Figure 4. 

It is not difficult to see that the induced vertex labels can be classified into 4 

sets A,B,C,D: 

A = {f+ (aM): i =1, 2, ... ,t} {3k+6t+2i-3: i = 1,2, ... ,t} (mod 4t), 

B {f+ (a2i-1 ): i =1,2, ... ,t} = { 3k+4t+2i: i =1,2, ... ,t-l} (mod 4t) U {t+(a..-l) 

=3k}, 

C {f+ (b2i-z): i =1,2, ... ,t} = {3k+ 12t+2i-3: i =1,2, ... ,t} (mod 4t), 

0= {f+ (b2i-1 ): i =1,2, ... ,t} = {3k+IOt+2i: i =1,2, ... ,t-l} (mod 4t) U (t+(bn-l) 

=3k+n}. 
The union of these four sets is {3k+2t+2i-3} U {3k+2i-2} U {3k+2i-3} U 
{3k+2t+2i-2} for iI, 2, ... , t (mod 4t). 

Now modulo 4t, we have 
CU B= {3k-I,3k,3k+ I,... , 3k+2t-3,3k+2t-2} 
AU 0= {3k+2t-l, 3k+2t, 3k+2t+l, ... , 3k+4t-3,3k+4t-2} 

Since 3k-l • 3k+4t-1 (mod 4t), we conclude AU 0 UCU B is the set 

{0,1, ... ,4t-l} (mod 4t). 
Thus f is a k-edge-gracefullabeling.D 

Remark. Suppose the cylinder Cnx P2 with 2n vertices and 3n edges is I-edge­
graceful. Then modulo 3n, the union of the sets 

( t+ (ai) : I ~ i ~ n} U { t+ (bi) : I ~ i ~ n} 
is the set {O, I ,2, ... ,3n-I }. If each edge label is increased by k for any flxed k :::: 

0, then each value of t+ (a;) (respectively t+ (bi») is increased by 3k. Therefore 
modulo 3n, the previous set {0,1,2,... ,3n-l} becomes {3k,3k+I, ... ,3k+3n-I}, 
remains {0,I,2, ... ,3n-l}. Therefore Cnx P2 is k-edge-graceful. 
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We illustrate the above result for C4 x Pz. 

Example 3. Figure 5 shows that C4 x P2 is l-edge-graceful. Ifwe add a fixed 

integer k > 0, to each edge label, we have that C4 x Pzis k-edge-graceful. 


il} 


b l b2 - b} 

ao 

~ 

1S1 l1ec tor :!ndseclor 

l-edlle-;ll'ilcefullabellllll 

l-ed_lle-;IJ"acefllllabelill~ of cylllldea' !!D'aph C..xP2 

Figure 5. 

Example 4. Figure 6 shows that Cg x Pz is l-edge-graceful. If each edge label is 
increased by k, we have that Cg x Pzis k-edge-graceful. 

8 ~ 1 

Figure 6. 

4. Cylinder graphs CD x P!!U m =3,. 

By Theorem 2.3 and Theorem 2.4 (B), if CnxPm is k-edge-graceful with 
m odd, then n is odd and k '= (n+I)/2 (mod m). The whole section is devoted to 
the proof of the following theorem. 
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Theorem 4.1. The cylinder graph CnxP3 is k-edge-graceful if and only ifn is 
odd and k '= (s+I)/2 (mod 3), where s E {I, 3, 5} verifies s == n (mod 6). 
Proof. The graph CnxP3 has 3n vertices and 5n edges. For the part (=», since n 
is odd, we have n 6t+s for some s E {I, 3, 5}. Hence k == (n+I)/2 == (s+I)/2 
(mod 3). 

Let us prove now the part «=). We want to exhibit a k-edge-graceful 
labeling when n 6t+l (respectively, n 6t+3, n=6t+5) with k == 1 (mod 3) 
(respectively, k 2 (mod 3), k 3 (mod 3)). 

First case: Consider n = 6t+ 1 and k = I. Example 4 exhibits a I-edge-graceful 
labeling of C1x P3, 

Example 4. Figure 7 shows that C1 x P3 is I-edge- graceful. 


7 


18 

8 

80 Bt ~ ~ ~ ~ 

C1 C2 c3 c4 C$ C6 

Figure 7. 

The exhibited I-edge-gracefullabeling of C7XP3 is a particular case of the 
labeling of Figure 8 showing a l-edge-gracefullabeling ofCnxP3 where n=6t+l. 
Note that the labels will not be written modulo 5n in order to make sure that we 
indeed see a bijection between the edges and the labels. However, it will not hurt 
to write the values of the vertex sum nul modulo 3n. This policy will be 
adopted in the rest of the paper. 

ao al 
.~, ~ 

~n+2.1_~__(2n+5 .1-==----\ 

\:1·1 

Figure 8. 
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Therefore modulo 3n, we have 


A = { f+ (a2i-2): i = 1, 2, ... ,3t+1} {5n+6i-4: i = 1,2,... ,3t+ I}, 


B = {f+ (a2i-I): i =1, 2, ... , 3t} { 5n+6i-l: i =1,2, ... ,3t} , 


C {f+ (b2i-2): i =1,2, ... , 3t+1} = {lln+ 3t+6i-2: i =1,2, ... , 3t+1}, 


D = { f+ (b2i-1 ): i =1,2, ... , 3t} {lln+ 3t+6i+1: i = 1,2, ... ,3t}, 


E = { f+ (CM): i =1,2, ... , 3t+1} {4n+6i-2: i = 1,2, ... , 3t+ I}, 


F = {f+ (C2i-I): i =1,2, ... , 3t} {4n+6i+1: i =1,2, ... ,3t} . 

Hence modulo 3n, we have 


AU B= {2n+2, 2n+5, ... , 2n-l}. 


We used the fact that 5n+6(3t+l)-4 5n+18t+2=5n+3(6t+1)=8n-l 

IE 2n-l(mod 3n). 


Similarly, modulo 3n, we have 

CU D= {2n+3t+4, 2n+3t+7, ... , 2n+3t+l}, 

EU F= {n+4, n+7, ... , n+1}. 


We conclude that AU B UCU D UEU F is modulo 3n the set {0,1,2, ... ,3n-l}, 
and this proves that indeed CmXP3 is l-edge-graceful. 

Note that all the elements ofAU B are congruent to 2n+2 III 1, modulo 3, all 
the elements of CUD are congruent to 0, modulo 3, and all the elements of E U 
F are congruent to 2, modulo 3. 

Now we can produce a 4-edge-gracefullabeling from this l-edge-graceful 
labeling by simply adding 3 to the value on each edge. The edge labels will then 
run 4,5,6, ... , 3n+3. Each vertex aj has vertex sum 3+3+3=9 more than it had in 
the l-edge-gracefullabeling. Because the ai vertex sums under the I-edge­
graceful labeling consist ofall the elements of {1, 2, 3, ... , 3n} which are 
congruent to 1, modulo 3, the values ofAU B are not changed by adding 9 to 
each integer ofA UB, when we work modulo 3n. Since the elements of CUD 
are all congruent to 0, modulo 3, the values ofC U D are not changed modulo 
3n by adding 4(3)=12 to each element ofC U D. The process also adds 9 to each 
vertex sum in E and F, and the same conclusion holds true for E UF. This proves 
that Cn X P3 is 4-edge-graceful. 

It is clear now that a 7-edge-gracefullabeling can be obtained by adding 3 to 
each edge label in the 4-edge-gracefullabeling. This allows to conclude that for 
all k • 1 (mod 3) we have exhibited a k-edge-gracefullabeling ofa c., x P3 

when n=6t+ 1. 

Second case: 

Theorem 4.2. egS(C3 x P3) 2 + 3N. 
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Proof. Figure 9 shows that C3 x P3 is 2-edge-graceful for s=O; in a manner 
identical to that in the proofofTheorem 4.1, C3 x P3 is 2+3s-edge-graceful for 

any positive integer s. 
4+3s 

C X P3 is 2+3s-edge graceful3 
Figure 9. 

Figure 10 shows similar 2-edge-gracefullabelings of Cn X P3 for n=6t+ 3. 

n-l+2' { _._,. , 2i , 5n+6i , n·l-'::fi-l! 

2o....3r+i+2 ( 11n+3t \ 20-1-1 I 11n+3t ,'::n-.l,t-Il-1 l-':: 

0+2i ( 4n+6i' 2i+l I 4n+6i \ n-'::' i-I, 

(~i~3t + 2) (1~i~3t + 1) 

Figure 10. 

Therefore modulo 3n, we have 

A = { t+ (a2i _2) : 1 ::; i ::; 3t + 2} = {5n + 6i 1: 1 ::; i ::; 3t + 2}, 


B {t+ (a2i _I) : 1 ::; i ::; 3t + 1} = {5n + 6i + 2 : 1 ::; i ::; 3t + I}, 


C = { t+ (b2i _2) : 1 ::; i ::; 3t + 2} = {lIn + 3t + 6i + 3 : 1 ::; i ::; 3t + 2}, 


D {t+ (bZi .1) : 1 ::; i ::; 3t + I} = {lIn + 3t + 6i + 6: 1 ::; i ::; 3t + I}, 
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• {3, 7, 11, ... , 4n - I} ift odd, or ill {I, S, 9, ... , 4n 3} ift even, 
G U H {17n 8i + IS: 1 ::; i::; 2t + 2} U {17n - 8i + 11: I ::; i::; 2t+1} 

ill {2,6, 10, 14, ... ,4n-2}, 
whereupon A U B U CUD U E UF U G U H • {O, 1, 2, .. " 4n - I}. As in the 
case ofC3 x P4 we obtain the 2s+1-edge-gracefullabeling ofC4t+3 X P4 by adding 
2s to each edge in the I-edge-gracefullabeling given above. 

Example 8. The cylinder graph C7x P 4 is 2s+ l-edge-graceful. Figure 16 shows 
the l-edge-gracefullabeling according to Theorem S.l. To obtain a 2s+1-edge 
graceful labeling, we add 2s to each edge, as before. 

C7 X P 4 is l-edge-graceful 
Figure 16. 

The labeling scheme for Cn x P4, with n=4t+ I, is nearly identical to that for 
n=4t+ 3, and this will fmish the Cn x P 4 cases. 

Theorem S.2. The cylinder graph Cn x P 4 is 2-edge-graceful if and only if n 
=4t+1. Forn=4t+l, the edge-graceful spectrum ofCn x P4is 2+2N. 

Proof: to obtain a 2-edge-gracefullabeling of Cn x P 4, for n=4t+ 1, we use the 
labeling scheme shown in Figure 17, 

(or 3a+3 
ifl-I) 

1- 2: -I 

1. 

Figure 17. 

Because now n • I (mod 4), the vertex sums will reduce to: 
A U B = {17n - 8i + 12 : 1 ::; i::; 2t + I} U {I7n 8i + 8 : 1 ::; i ::; 2t} 

.{I,S,9, ... ,4n-3}, 
CUD = {Sn + 8i + 2t 1: I::; i ::; 2t + I} U{Sn + 8i + 2t + 3 : 1 ::; i::; 2t} 

• {2, 6, 10, ... , 4n - 2} ift odd, or - {O, 4, 8, .. " 4n - 4}, ift even, 
E U F "" {9n + 2t + 8i + I: I ::; i::; 2t + I} U {9n + 2t + 8i + S: 1::; i ::; 2t} 

.{0,4,8, ... ,4n 4}iftodd,or _{2,6,10, ... ,4n-2}ifteven, 
GUH {17n 8i+18:1::;i::;2t+I}U{l7n 8i+14:1::;i::;2t} 

Ii {3, 7, 11, ... , 4n - 1 }, 

whereupon AU B U CUD U E UF U G U H e{O, 1,2, ... , 4n -I}. (Note that 
the edge labels in A,B,G, and H are now odd, and those in C,D,E, and Fare 
even, the reverse of the situation for the labeling given in Theorem S.1 for the 
n=4t+3 case.) As in the case ofC4t+3 X P4 we obtain the 2s+2-edge-graceful 
labeling ofC + X P by adding 2s to each edge in the 2_edge-gracefullabeling 

4t 1 4 
given above. As before, when s=1 (or any odd value), this adds 8 to each vertex 
label in C,D,E, and F, leaving their values the same, modulo 4. It adds 6 to each 
vertex label in A,B,G, and H, switching the values in AU B with those in G U 

H. 
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Example 9, Figure 18 shows the 2-edge-gracefullabelings given by Theorem 
5.2 for Cs x P4 and C9 x P4• 

Cs x P4 and 4 x P4 are 2-edge-graceful 

Figure 18. 


6. Conjecture. 
We propose the following conjecture. 

Conjecture. The cylinder graph C4 X Pm is k-edge-graceful for some k if and 
only if m-2 (mod 4). 
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