

















If t-2°s O are label on the leave vertices x;and {v1, v2, ¢} are labeled with 0,
then we see that e(0) =t +8 and e(1) =0. Thus | e(0)-e(1)l = t+8 >4 and K(2*, 6)
is not balanced.

Figure 9 shows that the windmill graph K(2 % 6) is balanced if k = 1,2,3.

X, X, x, X2 X
® o QF e
©¢ 3 OF

N
0)Vs 0)Vs
\ f 0 V|0
9.) Vs ,\Q) Vs
' Y0
0)v, (1) v,

Figure 9.

Table of Figure 10 shows the windmill graph K(2*, 6) is balanced for k =
5.6,7.8,9,10,11,14,15,16,17,18,19. 0

n ¢ | vilvelve | Vg vs {X1,%2,.... X0}

S 11 |10 |0 0] 011 0, 1,1,1,1

6 |0 |0 1 1 171 0,0,0,0,1,1

7 11 10 i 1 1|1 0,0,1,1,1,1,1

8 |0 |0 1 1 1)1 0,0,0,0,0,1,1,1

9 |1 {0 1 i 111 0,0,0,1,1,1,1,1,1

10/0 |0 1 1 111 0,0,0,0,0,0,1,1,1,1

1170 |0 1 1 1 |1 0,0,0,0,0,0,1,1,1,1,1

1410 |1 1 1 111 0,0,0,0,0,0,0,0,0,1,1,1,1,1

15/0 |1 1 1 111 0,0,0,0,0,0,0,0,0,1,1,1,1,1,1

1610 |1 1 1 111 0,0,0,0,0,0,0,6,0,0,1,1,1,1,1,1

1710 |1 1 1 1|1 0,0,0,0,0,0,0.0,0,0,1,1,1,1,1,1,1

1810 |0 1 1 111 0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1

1910 |1 1 1 11 0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1
Figure 10.

Theorem 3.5. The windmill graph K(2¥, 3%) is balanced if and only if k =
12,34.
Proof. Consider the following cases:
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Case 1. k is odd, say k=2t+1, where t > 0.
Then p(K(2 ¥ 3%)) = 2t+6. Thus we have v(0)= t+3 =v(1).
Assume ¢ has label 0.

If t+2°s O are label on the leave vertices x;, then we see that e(0) =t+2 and e(1)

=2. Thus le(0)-e(Dl=1tl, and K(2¥ 3% is not balanced if t # 0,1, i.e. k#1,3.

If t+1°s O are label on the leave vertices x;, then we see that e(0) =t+2 and
e(1) =1. Thus | e(0)-e(1) = It +11, and K(2*, 3% is not balanced if t # 0, i.e. k= 1.

If t’s O are label on the leave vertices x;, then we see that e(0) =t+3 and e(1)
=1. Thus|e(0)-e(1)l = It+2}, and K(2*, 3% is not balanced.

If t-1°s O are label on the leave vertices x;, then we see that e(0) =t+3 and
e(1) =0. Thus |e(0)-e(1)l = t+3, and K(2*, 3% is not balanced.

Case 2. k is even, say k=2t, where t > 1.
Then p(K(2*, 3%)) = 2t+5. Thus v(0)= t+2 and = v(1)= t+3.
Subcase 1. Assume ¢ has label 0.

If t+1’s O are label on the leave vertices x;, then we see that e(0) =t+1 and
e(1) = 2. Thus | e(0)-e(1)l = It-11and K(2¥, 3%) is not balanced if t # 1,2, i.e.
k#2,4.

If t’s O are label on the leave vertices x;, then we see that e(0) =t+1 and e(1)
=1. Thus [e(0)-e(1) =t and K2, 3% is not balanced if t # 1, i.e. k#2.

If t-1°s 0 are label on the leave vertices x;, then we see that e(0) =t+2 and
e(1)=1. Thus|e(0)-e(1)l = t+1 and K2, 3%) is not balanced.

If t-2°s O are label on the leave vertices x;, then we see that e(0) =t +2 and
(1) =0. Thus ! e(0)-e(1)l = t+2 and K(2¥, 3% is not balanced.

Subcase 2. Assume ¢ has label 1.

If t+2’s O are label on the leave vertices x;, then we see that e(0) =0 and e(1) =
t+4. Thus | e(0)-e(1)l = t+4 and K(2¥, 3%) is not balanced.

If t+1°s O are label on the leave vertices x;, then we see that e(0) =0 and e(]) =
t+3. Thus | e(0)-e( Dl = t+3 and K(2¥, 3% is not balanced.

If t’s O are label on the leave vertices x;, then either two 0’s are in the same
triangle or each triangle contains only one 0.

For the former case, we have e(0) = [ and e(1) =i+3.

For the later case, we have ¢(0) = 0 and e(l) =t+2.
Both cases imply | e(0)-e(1)l = t +2 and K(2 k 32) is not balanced.

If t-17s O are label on the leave vertices x;, then we see that e(0) =1 and e(1)
= t+2. Thus le(0)-e(1)l = t+1 and K(2*, 3%) is not balanced.

If t-2’s O are label on the leave vertices x;, then we see that e(0) =1 and e(1)
=t+2. Thus | e(0)-e(1)l =t and K(2¥ 3% is not balanced if t # I, i.e. k#2.

Figure 11 shows that the windmill graph K(2¥, 3%) is balanced if k = 1,2,3,4.

21



\A V, Vi v,
a=l.a=1 =1 a2oa=0.a71  a=3oa=0.al 873,370, 8,71

Figure 11.

Using the similar argument as the above proof we can show that
Theorem 3.6. The windmill graph K(2*, 3% is balanced if and only if k= 2,4.

Example 5. Figure 12 shows that the windmill graphs K(22, 3% and K(2*, 3%
are balanced.
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Figure 12.

Theorem 3.7. For n > 3, the windmill graph K(n*, n+1) is balanced if and only
if (1) k=1foralln and
(2) k=2 if n=3 and 4.
Proof. The windmill graph K(n k, n+1) is balanced if k= 1, for we label all the
vertices in K(n) component by 0 and all the vertices of K(n+1) except the root
by 1, we see that le(0)-e(1) =0.
The windmill graph K(n?, n+1} is balanced if n =3 and 4 (see Figure 13).
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a=3,8=0,8=1 a=4,a=0a~1
Figure 13.

We leave the proof that K(n 2 n+1) is not balanced if n> 5 for the reader.

Theorem 3.8. The windmill graph K(3*, 5) is balanced if and only if k< 5.
Proof. Figure 14 shows that K(3*, 5) is balanced if k< 5.
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Figure 14.
We leave the proof that K(3 % 5)is not balanced if n > 6 for the reader.
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Theorem 3.9. The windmill graph K(3, 6) is balanced if and only if k
=1,2,3,4,5,6 and 7.

Proof. Figure 15 shows that the windmill graph K(3 * 6) is balanced if k =
1,2,3,4,56and 7.

Figure 15,

We leave the proof that K(3 k 6)is not balanced if n> 8 for the reader.
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4. Balanced Windmill graphs with three different types of
components.

In this section we consider windmill graphs with three different types of
components.

Theorem 4.1. The windmill graph K(2*, 3,4) is balanced if and only
1,2,3,4,5,6,7.8.

Proof. Figure 16 shows that the windmill graph K(2*, 3,4) is balanced if k =
1,2,3

Figure 16.

Table of Figure 17 shows that the windmill graph K(2*, 3,4) is balanced for k =
1,2,3.4,5,6,7.8.

nolc | vilvalvs|vslvs {X1,X2,...,%Xn}

1 {101 111 110 0

2 101 111 110 0,0

3 1011 011 111 1,00

4 101 011 1)1 1,0,0,0

5 1011 1 {1 1 i1 1,0,0,0,0

6 1011 1|1 1 {1 i, 1,0,0,0,0

7 1011 1|1 111 1,1,0,0,0,0,0

8 |01 1|1 1)1 1,1,0,0,0,0,0,0
Figure 17.

We want to show that if k > 9, the windmill graph K(2 k 3.4) is not balanced.
Consider the following cases:
Case 1. k is odd, say k=2t+1, where t > 0.
Then p(K(2*, 3,4)) = 2t+7. Thus we have v(0)= t+3 , v(1) =t+4.
Subcase 1. Assume ¢ has label 0.

If t+2’s O are label on the leave vertices x;, then we see that e(0) =t+2 and e(1)
=4, Thus le(O)-e(1}=11-2!, and K2 k 3.4)is not balanced ift # 1,23, i.e.
k#3,5.7.
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If t+17s O are label on the leave vertices x;, then
(1) if one of {v,,v;} is labeled by 0, we see that e(0) =t+2 and e(1) =3.
(2) if one of {vs,v4,vs} is labeled by O, we see that e(0) =t+2 and e(1) =2.
Thus | e(0)-e(1)! = It -1], and and K(2 k 3,4) is not balanced if t £ 0,1,2, i.e.
k#1,3,5.
If s O are label on the leave vertices x;, then
(1) if {v,,v,} are labeled by 0, we see that e(0) =t+3 and e(1) =3. Thus |
e(0)-e(1)l = 1tt, and K(2*, 3,4)is not balanced if t # 0,1, i.e. k#1,3.
(2) if one of {v;,v, his labeled by 0 and one of {v;3,v4,vs} 18 labeled by 0,
we see that e(0) =t+2 and e(1) =1. Thus | e(0)-e(1)l = It+1], and K(2*,
3,4) is not balanced if t # 0, i.e. k#1.
(3) if two of {vi,v4,v5} are labeled by 0, we see that e(0) =t+3 and e(1) =1.
Thus te(0)-e(1) = It+21, and K(2¥, 3,4) is not balanced .
If t-1's O are label on the leave vertices x;, then
1) if two of {v,,v; }are labeled by O and one of {vs,v,,vs} is labeled by O,
we see that e(0) =t+3 and e(1) =1. Thus | e(0)-e(1)l = It+2I, and K(2¥,
3,4) is not balanced.
1.y if one of {v,,v; }is labeled by 0 and two of {vi,v4,vs} are labeled by O,
we see that e(0) =t+3 and e(1) =0. Thus | e(0)-e(1)l = It+3], and K(2¥,
3,4) is not balanced.
{35 if all of {vs,v4,vs} are labeled by 0, we see that e(0) =t+5 and e(1) =1.
Thus | e(0)-e(1)I = It+4l, and K(2*, 3,4) is not balanced.

Subcase 2. Assume c has label 1.
If ++3’s O are label on the leave vertices x;, then we see that e(1) =t+7 and e(0)
=0. Thusle(©)-e(1)l=1t+7!, and K(2¥, 3,4) is not balanced.
If t+2’s O are label on the leave vertices X, , then
(1) if one of {vy,v; } is labeled by 0 and all of {v;,v4,vs} are labeled by 1,
we see that e(0) =t+6 and e(1) =1. Thus | e(0)-e(1)l = lt+5], and K(2*,
3,4) is not balanced.
(2) ifall of {v|,v, } are labeled by | and one of {vj,v4,vs} is labeled by 0,
we see that e(1) =t+5 and e(0) =0. Thus | e(0)-e(1) = It+5l, and K2,
3,4) is not balanced.
If t+1’s 0 are label on the leave vertices x;, then
(1) if all of {v,,v»} are labeled by 0, we see that e(1) =t+6 and e(0) =1.
Thus te(0)-e( )l = It+5], and K(2¥, 3,4) is not balanced.
(2) if one of {v|,v, }is labeled by 0 and one of {v;,v4,vs} is labeled by O,
we see that e(0) =t+4 and e(1) =0. Thus | e(0)-e(1)l = lt+41, and K(2 k
3,4) is not balanced.
(3) iftwo of {v3,v4,vs} are labeled by 0, we see that e(1) =t+4 and e(0) =1.
Thus | e(0)-e(1) = it +31, and and K(2 K 3.4} is not balanced.
If t’s O are label on the leave vertices x;, then
{1) if {v,,v»} are labeled by 1, we see that e(0) =3 and e(1) =t+4. Thus
le(0)-e(D)l = It+11, and K(2*, 3.4) is not balanced if t # 0, i.e. k1.
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(2) if one of {v,,v; }is labeled by 0 and one of {vs,v4,vs} is labeled by 1,
we see that e(1) =t+3 and e(0) =1. Thus | e(0)-e(1)l = It+21, and K(2 k
3,4) is not balanced.

(3) if two of {v3,v4,vs} are labeled by 1, and {v,,v;} are labeled by 0 we

see that e(1) =t+4 and e(0) =1. Thus | e(0)-e(1)l = It+3], and K(2¥, 3,4)
is not balanced .

If t-17s 0 are label on the leave vertices x;, then

(1) if all of {vs,v4,vs5} are labeled by 0, and one of {v,,v, }is labeled by
0 ,we see that e(1) =t+3 and e(0) =3. Thus [ e(0)-e(1)! = itl, and K(2*
3,4)is notbalanced if t=0,1,1.e. k#1,3.

(2) if all of {v,,v, }are labeled by 0 and one of {v;,v4,vs) is labeled by 1,
we see that e(1) =t+3 and e(0) =2. Thus | e(0)-e(1)I = It+11, and K(2¥,
3,4) is not balanced.

3

Case 2. k is even, say k=2t, where t > 1.
Then p(K(2*, 3%) = 2t+5. Thus v(0)= t+2 and = v(1)= t+3,
Subcase 1. Assume ¢ has label 0.

If t+1’s O are label on the leave vertices x;, then we see that e(0) =t+1 and
e(1)=2. Thus |e(0)-e(1) = lt-11 and K(2 K 32) is notbalancedift# 1,2, 1.¢.
k#2,4.

If t’s O are label on the leave vertices x;, then we see that e(0) =t+1 and e(1)
=1. Thus | e(0)-e(1)| =t and K(2 % 3%)is notbalanced if t # 1, i.e. k#2.

If t-1's O are label on the leave vertices x;, then we see that e(0) =t+2 and
e(1) =1. Thus | e(0)-e(1)l = t+1 and K(2*, 3% is not balanced.

If t-2°s O are label on the leave vertices x;, then we see that e(0) =t +2 and
e(1)=0. Thus |e(0)-e(1)l=t+2and K(2¥ 3% is not balanced.

Subcase 2. Assume ¢ has label 1.

If t+2°s O are label on the leave vertices x;, then we see that e(0) =0 and e(1) =
t+4. Thus | e(0)-e(1)l = t+4 and K(2¥, 3% is not balanced.

If t+1°s O are label on the leave vertices x;, then we see that ¢(0) =0 and e(1) =
t+3. Thus | e(0)-e(1)l = t+3 and K(2¥, 3%) is not balanced.

If ’s O are label on the leave vertices x;, then either two 0's are in the same
triangle or each triangle contains only one 0.

For the former case, we have e(0) =1 and e(1) =t+3.

For the later case, we have e(0) = 0 and e(l) =t+2.
Both cases imply | e(0)-e{1)l =t +2 and K(2 k 32) is not balanced.

If t-1's O are label on the leave vertices x;, then we see that ¢(0) =1 and e(1)
=t+2. Thus | e(0)-e(1)l = t+1 and K(2¥, 3% is not balanced.

If t-2’s 0 are label on the leave vertices x;, then we see that e(0) =1 and e(1)
=t+2. Thus | e(0)-e(1)I =t and K(2*, 3% is not balanced if t # 1, i.e. k#2.0

Theorem 4.2. The windmill graph K(2 k 32,4) is balanced if and only if k < 7.

Proof. Table of Figure 18 shows the windmill graph K(2%, 3° 4) is balanced if
k<.
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n C Vi1 V2 V3 I Ve | Vs | Vg ¥y { X1:X2,.. .,Xn}

1 1011 111 111 |00 0

2 1011 111 111 1010 0,0

3 1011 111 111|110 0,0,0

4 1041 111 111 (110 0,0,0,0

5 {041 111 I NRIEEE 0, 0,0,0,0

6 |01 111 1j1 41 11 0, 0,0,0,0,0

7 101 111 i1 j1 11 0, 0,0,0,0,0,1
Figure 18.

Theorem 4.3. The windmill graph K(2*, 3,5) is balanced if and only if k <12.
Proof. Table of Figure 19 shows the windmill graph K(2¥, 3,5) is balanced if k
< 12.
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Figure 19.

Theorem 4.4. The windmill graph K(2*, 4,5) is balanced if and only if k < 15.
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