










Theorem 3.4. The windmill graph K(2 k, 6) is balanced if and only if k = 
1,2,3.5,6,7,8.9,10,11,14,15,16,17,18,19. 
Proof. Consider the following cases: 
Case 1. k is odd, say k=2t+1, where t> 1. 
Then p(K(2 \ 6» = 2t+7. Thus we have v(O)= t+3 and v(l)= t+4. 
Subcase 1. Assume c has label O. 
If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and e(l) 

=10. Thus Ie(O)-e(l)1 I t-81 , and K(2 k, 6) is not balanced if t * 7,8,9, Le. 
k*15, 17,19. 

If t+ I's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and 
e(1) =6. Thus Ie(O)-e(1)1 = It -41, and K(2 k, 6) is not balanced if t * 3,4,5, Le. 
k*7,9,11. 

If 1's 0 are label on the leave vertices Xi , then we see that e(O) =t+3 and e(l) 
=3. Thus Ie(O)-e(l)1 = Itl, and K(2 k, 6) is not balanced if t * 0,1, Le. k* 1,3. 

If t-l ' s 0 are label on the leave vertices Xi, then we see that e(O) =t+5 and 
e(l) = I. Thus 1e(O)-e(1)1 = t +4> 1, and K(2 k, 6) is not balanced. 
Subcase 2. Assume c has label I. 

If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =0 and e(l) 
=t+9. Thus Ie(O)-e( 1)1 = I t+91 , and K(2 k. 6) is not balanced. 
If t+I's 0 are label on the leave vertices Xi, then we see that e(O) =1 and e(l) 

=t+6. Thus 1e(O)-e(l)1 = It +51, and K(2 k, 6) is not balanced. 
If 1's 0 are label on the leave vertices Xi, then we see that e(O) = 3 and e(l) = 

t+4. Thus I e(O)-e(l)1 IH 11, and K(2 k, 6) is not balanced if t * 0, Le. k* 1. 
If t-I ' s 0 are label on the leave vertices Xi, then we see that e(O) =6 and e( I) 

=t+3. Thus Ie(O)-e( 1)1 = I t -31 and K(2 k, 6) is not balanced if t * 2,3,4, Le. k* 
5,7,9. 

Case 2. k is even, say k=2t, where t.? 1. 
Then p(K(2 k, 6» = 2t+6. Thus v(O)= t+3= v(l). Without loss of generality, 
assume c has label O. 

If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and 
e(J) = 10. Thus I e(O)-e(1)1 =1 t-81 and K(2 k, 6) is not balanced if t * 7,8,9, Le. 
k*14,I6,I8. 

If t+ l' s 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and 
e(1) =6. Thus Ie(O)-e(l)1 = It-41 and K(2 k, 6) is not balanced if t * 3,4,5, Le. 
k*6,8,1O. 

If t's 0 are label on the leave vertices Xi and c is labeled with 0, then we see 
that e(O) =t+3 and e(l) =3. Thus' e(O)-e(J)1 t and K(2 k, 6) is not balanced if t 
* I, i.e. k*2. 

If t-I ' sO are label on the leave vertices Xi and c is labeled with 0, then we 
see that e(O) =t+5 and e(l) =1. Thus Ie(O)-e(l)1 t+4 and K(2 k, 6) is not 
balanced. 
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If t-2' s °are label on the leave vertices Xi and (v 1 , v2 , c) are labeled with 0, 
then we see that e(O) =t +8 and e(l) =0. Thus Ie(O)-e(l)1 = t+8 ~ 4 and K(2 k, 6) 
is not balanced. 

Figure 9 shows that the windmill graph K(2 k, 6) is balanced if k = 1,2,3. 

Xl X2 X3 

~ 
(0) c 

Table of Figure 10 shows the windmill graph K(2 k, 6) is balanced for k = 
5,6,7,8,9,10,11,14,15,16,17,18,19.0 

n c VI V2 V3 V4 Vj (Xf,X2, ... ,Xn ) 

5 I ° ° ° ° 1 0,1,1,1,1 
6 ° ° 1 1 1 1 0,0,0,0,1,1 
7 1 ° 1 1 1 1 0, 0,1,1,1,1,1 
8 ° ° 1 1 1 1 0, 0,0,0,0,1,1,1 
9 1 ° 1 1 1 1 0,0,0,1,1,1,1,1,1 
10 ° ° 1 1 1 1 0,0,0,0,0,0,1,1,1,1 
11 ° ° 1 1 1 1 0,0,0,0,0,0,1, 1,1,1,1 

I 14 ° 1 1 1 1 1 0,0,0,0,0,0,0,0,0, 1,1,1,1,1 
15 ° 1 1 1 1 1 0,0,0,0,0,0,0,0,0,1,1,1,1,1,1 

! 16 ° 1 1 1 1 1 0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1 
17 ° 1 1 1 1 1 0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1 
18 ° ° 1 1 1 1 0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1 
19 ° 1 1 1 1 1 0,0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1, I 

Figure 10. 

Theorem 3.5. The windmill graph K(2 k, 32
) is balanced if and only if k
 

1,2,3,4.
 
Proof. Consider the following cases:
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Case 1. k is odd, say k=2t+ I, where t ~ O.
 
Then p(K(2 k, 32» 2H6. Thus we have v(O)= H3 =v(l).
 

Assume c has label O.
 

If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and e( I) 
=2. Thus Ie(O)-e(l)1 = I tl , and K(2 k, 32

) is not balanced if t;t: 0, I, i.e. bl,3. 
If t+ I 's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and 

e(l) ::: I. Thus I e(O)-e( 1)1 = It + II, and K(2 k, 32
) is not balanced if t ;t: 0, i.e. k;t: I. 

If 1's 0 are label on the leave vertices Xi, then we see that e(O) =t+3 and e( I) 
= I. Thus Ie(O)-e( 1)1 = It+21, and K(2 k, 32

) is not balanced. 
If t-I's 0 are label on the leave vertices Xi , then we see that e(O) =H3 and 

e(l) =0. Thus Ie(O)-e(l)1 = t +3, and K(2 k, 32
) is not balanced. 

Case 2. k is even, say k=2t, where t ~ I. 
Then p(K(2 \ 32» = 2H5. Thus v(O)= H2 and = v(l t+3. 
Subcase 1. Assume c has label O. 

If t+ I's 0 are label on the leave vertices Xi, then we see that e(O) =t+ I and 
e( I) = 2. Thus I e(O)-e( 1)1 = It-II and K(2 k, 32

) is not balanced if t;t: 1,2, i.e. 
k;t:2,4. 

If 1's 0 are label on the leave vertices Xi, then we see that e(O) =H I and eO) 
= I. Thus Ie(O)-e(l)1 = t and K(2 \ 32

) is not balanced if t;t: I, i.e. k;t:2. 
If t-I 's 0 are label on the leave vertices Xi, then we see that e(O) =H2 and 

e(l) =1. Thus 1 e(O)-e(l)1 = HI and K(2\ 32
) is not balanced. 

If t-2's 0 are label on the leave vertices Xi. then we see that e(O) =t +2 and 
e( I) =0. Thus I e(O)-e( 1)1 = H2 and K(2 k, 32

) is not balanced. 
Subcase 2. Assume c has label I. 

If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =0 and e(l) = 
t+4. Thus Ie(O)-e( 1)1 = t+4 and K(2 \ 32

) is not balanced. 
If t+ l's 0 are label on the leave vertices Xi , then we see that e(O) =0 and e( I) 

t+3. Thus Ie(O)-e( 1)1 = H3 and K(2 k, 32
) is not balanced. 

If 1's 0 are label on the leave vertices Xi. then either two O's are in the same 
triangle or each triangle contains only one O. 

For the former case, we have e(O) = I and e(l) =t+3. 
For the later case, we have e(O) = 0 and e(l) =t+2. 

Both cases imply Ie(O)-e( 1)1 = t +2 and K(2 k, 32
) is not balanced. 

If t-I 's 0 are label on the leave vertices Xi, then we see that e(O) = I and e(l) 
= H2. Thus Ie(O)-e( 1)1 = t+ I and K(2 k, 32

) is not balanced. 
If t-2' s 0 are label on the leave vertices Xi, then we see that e(O) = I and e(l) 

= t+2. Thus Ie(O)-e(l)1 t and K(2 \ 32
) is not balanced if t ;t: I, i.e. k;t:2. 

Figure II shows that the windmill graph K(2 \ 32
) is balanced if k = 1,2,3,4. 
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VI v, VI V2 V] V2 

v, v. v, v. v, V. V3 v. 
110=2,11 1=0,112=1. 1'10=3.3]=0.32=1, aO=3, 3 1=0. !I{=l.~o=L ~]=l. 32=1.
 

Figure 11.
 

Using the similar argument as the above proof we can show that 
Theorem 3.6. The windmill graph K(2 k, 33

) is balanced if and only if k= 2,4, 

Example 5. Figure 12 shows that the windmill graphs K(2 2,33
) and K(2 4, 33

) 

are balanced, 

Figure 12. 

Theorem 3.7. For n ~ 3, the windmill graph K(n k, n+l) is balanced if and only 
if (I) k= I for all nand 

(2) k=2 if n=3 and 4. 
Proof. The windmill graph K(n k, n+ I) is balanced if k= 1, for we label all the 
vertices in K(n) component by 0 and all the vertices of K(n+ 1) except the root 
by 1, we see that le(O)-e( 1)1 =0. 

The windmill graph K(n 2, n+1) is balanced if n =3 and 4 (see Figure 13). 

80= 3, a,= 0, az= 1 
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80= 4, 8.t= O. 8:1= 1 

Figure 13. 

We leave the proof that K(n 2, n+ I) is not balanced if n 2: 5 for the reader. 

Figure 14. 
We leave the proof that K(3 k, 5) is not balanced if n 2: 6 for the reader. 

23
 



Theorem 3.9. The windmill graph K(3 k, 6) is balanced if and only if k
 
=1,2,3,4,5,6 and 7.
 
Proof. Figure 15 shows that the windmill graph K(3 k, 6) is balanced if k =
 
1,2,3,4,5,6 and 7.
 

Figure 15. 

We leave the proof that K(3 k, 6) is not balanced if n;::: 8 for the reader. 
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4. Balanced Windmill graphs with three different types of 
components. 

In this section we consider windmill graphs with three different types of 
components. 

Theorem 4.1. The windmill graph K(2 k, 3,4) is balanced if and only
 
1,2,3,4,5,6,7,8.
 
Proof. Figure 16 shows that the windmill graph K(2 k, 3,4) is balanced if k =
 
1,2,3
 

Table of Figure 17 shows that the windmill graph K(2 k, 3,4) is balanced for k = 
1,2,3,4,5,6,7,8. 

o 
0,0 

1,0,0 
1,0,0,0 

1,0,0,0,0 
1, 1,0,0,0,0 

1,1,0,0,0,0,0 
1,1,0,0,0,0,0,0 

Figure 17. 

We want to show that if k ~ 9, the windmill graph K(2 k, 3,4) is not balanced. 
Consider the following cases: 
Case 1. k is odd, say k=2t+ I, where t ~ O. 
Then p(K(2 k, 3,4)) = 2t+7. Thus we have v(O)= t+3, v(l) =t+4. 
Subcase 1. Assume c has label O. 
If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and e(l) 

=4. Thus I e(O)-e(l)1 = I t-21 , and K(2 k, 3,4) is not balanced if t cF 1,2,3, i.e. 
kcF3,5,7. 
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If t+ l's 0 are label on the leave vertices Xi, then 
(I)	 if one of {vl>vzI is labeled by 0, we see that e(O) =t+2 and e(l) =3. 
(2) if one of (V3,V4,VS) is labeled by 0, we see that e(O) =t+2 and e(l) =2. 

Thus Ie(O)-e(l)1 = It -11, and and K(2 k, 3,4) is not balanced if t ::t= 0,1,2, i.e. 
k::t=1,3,S. 

If t's 0 are label on the leave vertices Xi, then 
(I)	 if (vl,vzl are labeled by 0, we see that e(O) =t+3 and e(l) =3. Thus I 

e(O)-e( 1)1 = Itl, and K(2 k, 3,4) is not balanced if t ::t= 0,1, i.e. k::t= 1,3. 
(2)	 if one of {VI>VZ lis labeled by 0 and one of {V3,V4'VS) is labeled by 0, 

we see that e(O) =t+2 and e(l) =1. Thus Ie(O)-e(l)1 = It+ II, and K(2 k, 

3,4) is not balanced if t::t= 0, i.e. k::t=l. 
(3)	 if two of {V3,V4,VsI are labeled by 0, we see that e(O) =t+3 and eel) =1. 

Thus Ie(O)-e(l)1 = 1t+21, and K(2 k, 3,4) is not balanced. 
If t-1 ' s 0 are label on the leave vertices Xi , then 
'II	 if two of {v I,Vz Iare labeled by 0 and one of {V3,v4,VsI is labeled by 0, 

we see that e(O) =t+3 and e(l) = 1. Thus Ie(O)-e(I)1 = It+21, and K(2 \ 
3,4) is not balanced. 
if one of {v I> Vz Iis labeled by °and two of {V3,v4,V5 I are labeled by 0, 
we see that e(O) =t+3 and e(l) =0. Thus Ie(O)-e(l)1 It+31, and K(2 k, 

3,4) is not balanced. 
J	 if all of {v),v4,vsI are labeled by 0, we see that e(O) =t+S and e(l) =1. 

Thus Ie(O)-e(l)1 = 1t+41, and K(2 k, 3,4) is not balanced. 

Subcase 2. Assume c has label 1. 
If t+3' s 0 are label on the leave vertices Xi, then we see that e(l) =t+7 and e(O) 

=0. Thus Ie(O)-e(l)1 I t+71, and K(2 k, 3,4) is not balanced. 
If t+2's °are label on the leave vertices Xi, then 

(l)	 if one of {v I> V2 I is labeled by 0 and all of {V3,v4,vs} are labeled by 1, 
we see that e(O) =t+6 and e(l) =1. Thus I e(O)-e(l)1 It+SI, and K(2 k, 

3,4) is not balanced. 
(2)	 if all of {v"vz I are labeled by I and one of {V3,V4,VsI is labeled by 0, 

we see that e(l) =t+S and e(O) =0. Thus Ie(O)-e(I)1 = It+SI, and K(2 k, 

3,4) is not balanced. 
If t+ l's 0 are label on the leave vertices Xi , then 

(1)	 if all of {VI,V2 I are labeled by 0, we see that e( I) =t+6 and e(O) =1. 
Thus Ie(O)-e(l)1 = It+SI, and K(2 k, 3,4) is not balanced. 

(2)	 if one of {v I>VZ Iis labeled byO and one of {V3,v4, Vs I is labeled by 0, 
we see that e(O) =t+4 and e(l) =0. Thus 1e(O)-e(I)1 = It+41, and K(2 k, 

3,4) is not balanced. 
(3)	 if two of (V3,V4,VS I are labeled by 0, we see that e(l) =t+4 and e(O) =1. 

Thus I e(O)-e(l)1 = It +31, and and K(2 k, 3,4) is not balanced.
 
If t's °are label on the leave vertices Xi , then
 

(l)	 if {v I>V2) are labeled by 1, we see that e(O) =3 and e(l) =t+4. Thus 
1e(O)-e(l)1 = It+ll, and K(2 k, 3,4) is not balanced if t::t= 0, Le. k::t=l. 
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(2)	 if one of {V),V2 lis labeledbyO and one of {V3,V4,VsI is labeled by I, 
we see that e(l) =t+3 and e(O) =1. Thus Ie(O)-e(1)1 = It+21, and K(2 k, 

3,4) is not balanced. 

(3)	 if two of {V3,v4, Vs I are labeled by I, and {v I,V2 I are labeled by 0 we 
see that e( I) =t+4 and e(O) = I. Thus Ie(O)-e( 1)1 = It+31, and K(2 \ 3,4) 
is not balanced. 

If t-I 's 0 are label on the leave vertices Xi, then 
(1)	 if all of {V3,V4,VsI are labeled by 0, and one of {VhV2 lis labeled by 

o,we see that e(l) =t+3 and e(O) =3. Thus Ie(O)-e(l)1 = IU, and K(2 k, 

3,4) is not balanced if t:;t 0,1, i.e. k:;t 1,3. 
(2)	 if all of {Vl,V2 }are labeled by 0 and one of {V3,V4,VS I is labeled by I, 

we see that e(l) =t+3 and e(O) =2. Thus Ie(O)-e(1)1 = It+ II, and K(2 \ 
3,4) is not balanced. 

Case 2. k is even, say k=2t, where t ~ I. 
Then p(K(2 k, 32» = 2t+5. Thus v(O)= t+2 and = v(1)= t+3. 
Subcase 1. Assume c has label O. 

If t+ I' s 0 are label on the leave vertices Xi, then we see that e(O) =t+ I and 
e(l) = 2. Thus Ie(O)-e(l)1 It-II and K(2 \ 32

) is not balanced if t:;t 1,2, Le. 
k:;t2,4. 

If t's 0 are label on the leave vertices Xi, then we see that e(O) =t+ I and e(1) 
= I. Thus Ie(O)-e( 1)1 = t and K(2 k, 32

) is not balanced if t:;t I, Le. k:;t2. 
If t-I's 0 are label on the leave vertices Xi, then we see that e(O) =t+2 and 

eO) = 1. Thus Ie(O)-e(1)1 t+ I and K(2 k, 32
) is not balanced. 

If t-2's 0 are label on the leave vertices Xi, then we see that e(O) =t +2 and 
eO) =0. Thus Ie(O)-e( 1)1 = t+2 and K(2 k, 32

) is not balanced. 
Subcase 2. Assume c has label I. 

If t+2's 0 are label on the leave vertices Xi, then we see that e(O) =0 and e( I) = 
t+4. Thus Ie(O)-e(1)1 = H4 and K(2 k, 32

) is not balanced. 
If t+ I' s 0 are label on the leave vertices Xi, then we see that e(O) =0 and e( I) = 

t+3. Thus Ie(O)-e(1)1 = H3 and K(2 \ 32
) is not balanced. 

If t's 0 are label on the leave vertices Xi, then either two O's are in the same 
triangle or each triangle contains only one O. 

For the former case, we have e(O) = I and e(l) =H3. 
For the later case, we have e(O) = 0 and e(l) =H2. 

Both cases imply Ie(O)-e(1)1 = t +2 and K(2 k, 32
) is not balanced. 

If t-I 's 0 are label on the leave vertices Xi, then we see that e(O) = I and e(1) 
= t+2. Thus Ie(O)-e(1)1 = HI and K(2 k, 32

) is not balanced. 
If t-2's 0 are label on the leave vertices Xi, then we see that e(O) =1 and e(l) 

= t+2. Thus Ie(O)-e( 1)1 = t and K(2 k, 32
) is not balanced if t:;t I, Le. k:;t2.D 

Theorem 4.2. The windmill graph K(2 k, 32,4) is balanced if and only if k ~ 7. 
Proof. Table of Figure 18 shows the windmill graph K(2 k, 32,4) is balanced if 
k~7. 
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n c V4 {Xt>X2, ... ,Xn )VI
 V2 V3 Vs V6 V7 

I
 I
 I
I
 I
 I
 
2 ° I I I 1 I ° ° 0,0°
 
3 ° I I I I I °I °
 0,0,0 
4 ° I 1 I I I I ° 0,0,0,0° I 1 I
 I
 0,0,0,0,0I
 I
5
 

1
 1
 I
 1
 I
 0, 0,0,0,0,0 6
 I
 
I
 I
 0, 0,0,0,0,0, I
 I
 I
~ I 1 I I
*: ° 

Figure 18. 

Theorem 4.3. The windmill graph K(2 k, 3,5) is balanced if and only if k ~I2. 
Proof. Table of Figure 19 shows the windmill graph K(2 k, 3,5) is balanced if k 
~ 12. 

I
 

I
 

I
 

n c VI V2 V3 V4 Vs V6 (XJ, X2," .,Xn ) 

I I I 1 
2 ° I I I ° °I 

I ° ° I I I °1 1 ° 0,0 
3 0,0,0 

°5 
° I 1 °4 I ° I 0,0,0,0 I 

°6 
1 I I 1 I I 1,0,0,0,0 

°7 
1 I I I I I 0, 0,0,0,0,0 

°8 
I I I I I 1 1,0,0,0,0,0,0 I 

° I 1 I 
I 1 1 1 I I I, 0,0,0,0,0,0,0 

9 ° I 1 I 1, I, 0,0,0,0,0,0,0 
10 °11 

I I 1 I I I I, 1,1, 0,0,0,0,0,0,0 

°12 
I I I I I I I, I, I ,0,0,0,0,0,0,0,0 

° I I I 1,1,1,1,0,0,0,0,0,0,0,0 .
Figure 19. 

I I I 

Theorem 4.4. The windmill graph K(2 k, 4,5) is balanced if and only if k ~I5. 
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Figure 20. 
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