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Abstract Let G be a graph with vertex set V(G) and edge set E(G), and let A 
={O, I}. A labeling f: V(G) -7 A induces a partial edge labeling f* : E(G) -7 A 

defined by f*(xy) = f{x), if and only iff{x) f{y), for each edge xy E E(G). For 
i E A, let vt<i) = card{v E V(G): f{v) i} and er-(i) card{e E E(G): f"(e) = i}. 
A labeling f of a graph G is said to be friendly if I vt<0) vt< I) I =:;; 1. If, let< 0) 
et<l) I =:;; I then G is said to be balanced. The balance index set of the graph G, 
Bl(G), is defined as {let<O) - et<1)1 : the vertex labeling fis friendly}. Results 
parallel to the concept offriendly index sets are presented. 

1. Introduction. 

In 1.2], A. Liu, S.K. Tan and the second author considered a new labeling 
problem of graph theory. Let G be a graph with vertex set V(G) and edge set 
E(G). A vertex labeling ofG is a mapping ffrom V(G) into the set {O, I}. For 
each vertex labeling f of G, we can define a partial edge labeling fIiI of G in the 
following way. For each edge (0, v) E E(G), where 0, v E V(G), we have fIiI(u, 
v)= 1 iff{u)=f{v)= 1,and=Oiff{u) f{v) O. Notethatiff{u)?f{v),the 
edge (u, v) is not labeled by fIiI. Thus fIiI is a partial function from E(G) into the 
set {O, I}, and we shall refer to fIiI as the induced partial edge labeling. 

For i = 0, I, let vt<i) = I{v E V(G) I f{v) i}1 and et<i) I{e E E(G) I fIiI(e) = 
i}l. The mapping fis said to be friendly if Ivt<O)- vt< I) I I 

With these notations, we now introduce the notion ofa balanced graph. 

Definition 1. A graph G is said to be a balanced graph or G is balanced if there 
is a vertex labeling fofG satisfYing Ivt<O) vt<I)1 = I andet<O) -et<l) I= I. 
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We will use v(O), v(l), e(O), e(l) instead of the more complicated vA:O), vA:1), 
eA:O), eA: I), when the context is clear. A graph G is said to be strongly vertex­
balanced if G is balanced and \(O) = \(I). Similarly, a graph G is strongly 
edge-balanced if it is balanced and e(O) = e(l). If G is a strongly vertex­
balanced and strongly edge-balanced graph, then we say that G is a strongly 
balanced graph. 

Definition 2. The balance index set ofa graph G, BI(G), is defined as {leA:O)­
eA: 1)1 : the vertex labeling f is friendly}. 

Example 1. BI(K3•3} = fO}. 

I 

le(l)-e(O)1 = 0 

Figure 1 

Example 2. BI(G} {O,I}. 

'2 

1 r " 10 

Ie(l )-e(0)1 = 0 Ie(l )-e(0)1 = 1 

Figure 2. 

Theorem 1.1. Let G be a graph with p vertices. Then max{BI(G}} k(k -1)/2 

ifP = 2k or 2k - I, depending on whether p is even or odd. 

Proof. By friendliness, v(l} == k ifp = 2k is even, and k or k - 1 ifp = 2k I is 

odd. Thus the maximum value ofe( 1) = k(k - I )/2. The minimum value ofe( I) 

is ofcourse O. The same argument gives the same maximum and minimum 

values for e(O). The result follows. 


Theorem 1.2. Let T be a tree with p vertices. Then max{BI(T)} = (p/2)- I ifp 

is even, and (p I)/2 ifP is odd. 


Proof. By friendliness, v(l) p/2 if p is even, and (p - 1)/2 or (p + I )/2 if P is 
odd. 

For a friendly vertex labeling, consider the subgraph of T containing all the 
edges labeled 1 and their vertices. Each connected component of this subgraph 
is a tree, and so the number of edges (all labeled 1) is I less than the number of 
vertices (all labeled 1). Thus e(1) ~ v(l) the number ofconnected components 
~ v( 1) - 1 = (p/2) 1 if P is even, and (p I)12 ifP is odd. The minimum value 
of e(l) is of course O. The same argument gives the same maximum and 
minimum values for e(O). The result follows. 

Definition 3. A subset X ofZ is said to be Bl-representable if there exists a 
graph G such that BI(G) X. 

We investigate sets of integers that are BI-representable. Some balance 
graphs were considered in [6]. The notion of friendly index sets of graphs 
which is similar to balance index sets were considered in [3,4,5]. 

2. On balance index sets of some trees. 

In this section we first consider balance index sets of the star St(n), which is 
the one-point union of n copies of~. We note that when computing the 
balance index set of a graph, we may fix an arbitrary vertex in the graph and 
label it O. If another vertex labeling gives it the label I, simply replace each 
vertex label by its complement. Then v(O) and v( I) are interchanged, and e(O) 
and e(l) are interchanged. Since we are only concerned with absolute values, 
interchanging v(O) and v(l), e(O) and e(1) would not make any difference. 

Theorem 2.1. The balance index set ofthe star St(n) is 
(l ){k}, ifn = 2k + I is odd, 
(2) {k - I, k}, ifn = 2k is even. 

Proof. (1) Let n 2k + 1. Without loss of generality, let the center be labeled 

O. Then k of the other vertices are labeled 0, while the remaining (k + 1) 

vertices are labeled l. Thus BI(St(2k + 

(2) Let n = 2k. Without loss of generality, let the center be labeled O. Then 

either k of the other vertices are labeled 0 while the remaining k vertices are 

labeled 1, or (k I) of the other vertices are labeled 0 while the remaining (k + 

I) vertices are labeled 1. Thus BI(St(2k» {k - I, k}.J 


Note. Theorem 2.1 shows that the maximum in Theorem 1.2 is attainable. 

Corollary 2.2. For any k> 0, the sets {k} and {k - 1, k} are BI-representable. 

The double star D(m, n) is a tree of diameter three such that there are m 
appended edges on one end of P2 and n appended edges on the other end (Figure 
3). Without loss ofgenerality, we assume m ~ n. 



Figure 3. 
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Theorem 2.3. The balance index set of the double star Oem, n) , where m :5: n, 
is 
(1) {(n - m)/2, (n + mY2} ifm + n is even, and 
(2) {(n- m 1)/2, (n- m + 1)/2, (n + m -1)/2, (n +m + 1)/2} ifm +n is odd. 
Proof. 
(l) 	Let m + n 2k. 

There are 2k + 2 vertices. Without loss ofgenerality, assume that the vertex 
u has label O. 

First label the vertex v by O. Assume j ofthe vertices UJ, ••. , lim are labeled 
by 0, and the other (m - j) vertices are labeled by 1. By friendliness, (k - j - 1) 
ofthe vertices VI, ••• , Vn are labeled by 0, and the other (n - k + j + 1) vertices 
are labeled by 1. Then e(O) == k and eO) == 0, making e(O) - e( 1) == k (n + m)/2. 

Then label the vertex v by 1. Assume j ofthe vertices u\> ... , lim are labeled 
by 0, and the other (m - j) vertices are labeled by 1. By friendliness, (k - j) of 
the vertices VI> ... , Vn are labeled by 0, and the other (n - k + j) vertices are 
labeled by 1. Then e(O) = j and e( 1) = n - k + j, making e(0) - e(1) = k - n = (m 

n)/2, with absolute value (n -	 m)/2. 
Thus BI(D(m, n» = {en - m)/2, (n + m)/2}. 

(2) Let m + n =2k + l. 
There are 2k + 3 vertices. Without loss ofgenerality, assume that the vertex 

u has label O. 
First label the vertex v by O. Assume j ofthe vertices Uh ••• , lim are labeled 

by 0, and the other (m - j) vertices are labeled by I. By friendliness, either (k - j 
- I) or (k - j) ofthe vertices VI> ••• , Vn are labeled by 0, and the other (n - k + j 
+ 1) or (n - k + j) vertices are labeled by I respectively. Then e(O) = k or k + I 
and e(1) = 0, making e(O)- e(1) = k = (n + m - 1)/2, or k + 1 == (n + m + 1)/2 
respectively. 

Then label the vertex v by I. Assume j ofthe vertices Ul> ••• , lim are labeled 
by 0, and the other (m - j) vertices are labeled by I. By friendliness, either (k­
j) or (k - j + I) ofthe vertices VI> ••• , Vn are labeled by 0, and the other (n - k + 
j) or (n - k + j - 1) vertices are labeled by I respectively. Then e(O) == j and e( 1) 
= n k +j or n-k + j- I, makinge(O)- e(l) == k- n = (m - n-I)/2. with 
absolute value (n - m + 1 )/2, or k - n + 1= (m n + I)/2, with absolute value (n 
-m-l)/2. 

Thus Bl(D(m, n» = {(n -m -1)/2, (n- m + 1)12, (n + m- 1)/2, (n + m + 
1)/2}.o 

Corollary 2.4. For any non-negative integers a and b, with a < b, {a, b} is BI­

representable. 

Proof. Let m = b a and n = b + a. Use (1) in Theorem 2.3.0 


Corollary 2.5. For any non-negative integers a and b, with a + 1 < b, {a, a + 1, 

b, b + I} is BI-representable. 

Proof. Let m = b - a and n b + a + I. Use (2) in Theorem 2.3.0 


Corollary 2.6. For any non-negative integer a, {a, a + 1, a + 2} is BI­

representable. 

Proof. Let m 1 and n == 2a + 2. Use (2) in Theorem 2.3.0 


Example 3. Figure 4 shows the balance index set of the double star Oem, m) , 

m=2 and 3. 
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Figure 4. 


Examole 4. Figure 5 shows BI(0(3, 4» {0,1,3,4}. 
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By Theorem 1.2, max{BI(B(2, d))} = (p - 1)/2 (2<1+1 - 2)12 = 2d 1. This 
finishes the proof. 0 

Example 5. Bl(B(2, 2» = {O, 1,2, 3}. 
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Ie( l)-e(0'11 = 3 leO )-e(O)1 =1 
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Ie( 1)-e(0)1 = ~ Ie( 1)-e(O)1 =0 

Figure 6. 

Example 6. Bl(B(2, 3» {O, 1,2,3,4,5,6, 7}. 
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Figure 5. 

Let B(2, d) denote the full binary tree ofdepth d. We denote its vertices at 
depth t from left to right by vu, V2,[, ... , V2',\. 

Theorem 2.7. For any d ~ I, the balance index set of the full binary tree B(2, d) 

ofdepthd istheset{O, 1,2, ... ,2d I}. 

Proof. The tree B(2, d) has I + 2 + 4 + ... + 2 d 2<1+ J - I vertices, and 2 + 4 + 

... + 2d 2d+1 - 2 edges. 


First we label all the vertices at depth less than d by I. Then we label all the 
vertices at depth d except the rightmost one by 0, and the rightmost vertex by I. 
We see that e(I) - I, e(O) 0, and so 2d - I E BI(B(2, d/)' 

At the (d I )st level, interchan}e the vertex labels ofV2 d- ,d-I and its left 
dchild V2 _l,d' Then V2d-1,d-1 and Vz -I,d have labels 0 and I respectively, and the 

tree has two fewer I -edges. This decreases the value 0 f e( I ) - e(0) for the tree 
to (2 

d 
3). Now interchange the vertex labels of V2 d-I_l,d-J and its left child Vz d 

3,d' This decreases the value ofe( 1) by 1 and increases the value ofe(O) by I, 
making e(l)- e(O) 2d - 5. Repeating this procedure till the vertex V2,d-1 
produces the values 1,3,5, ... ,2d 1. 

Now we start over, and label all the vertices at depth less than d by I, and all 
the vertices at depth d by O. We see that e(l) 2d 2, e(O) = 0, and so 2d 2 E 

BI(B(2, d». 
At the (d - I )st level, interchange the vertex labels ofv2 d-I ,d-I and its right 

child V2 d.d' Then V2 d-I.d-I and V2d.d have labels 0 and I respectively. This 
decreases the value of e( I) by I and increases the value of e(O) by I, changing 
the value e( I) - e(O) to 2 d - 4. Re,reating this procedure till the vertex V2.d-1 
produces the values 0, 2,4, ... ,2 - 2. 
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3. Balance index sets of complete graphs, complete bipartite 
graphs and Kn uNo. 

Theorem 3.1. For any n ~ 3, BI(Kn) is 
(1) {O} ifn is even, and 
(2) {k} ifn = 2k + 1 is odd. 

Proof. It is clear that the balance index set ofthe complete graph K2t is {OJ for 
all t ~ L 

Now consider K2k+ I. Without loss ofgenerality, assume that v( I) v(O) = I. 
Let f (Vi) = I, for i = I, 2, ... , k + I and ft \oj) = 0, for j = k + 2, .. , , 2k + 1. Then 
we have e( I) =C(k + 1,2) and e(O) C(k,2). Thus le(O) - e(l)1 = k.o 

For any m, n ~ 1, we denote the complete bipartite graph by Km,n' Without 
loss ofgenerality, we assume that m s n, 

Theorem 3.2. The balance index set ofcomplete bipartite graph Bl(Km.n) is 
(1) {I(n - m)(i V:!m)l: i = 0, 1,2, ... , m} if(m + n) is even, and 
(2) {I(n - m)(i V:!ml, I(n - m)(i V2m) + V:!ml : i 0, 1,2, ... , m} if(m 

+n) is odd, 

Proof. The set of vertices ofKm,n can be partitioned into two subsets, one with 

m vertices, and the other with n vertices, Two vertices are adjacent ifand only 

ifthey come from different subsets. 

(1) Assume that i vertices from the first subset are labeled O. Then the 

remaining (m - i) vertices in this subset must be labeled I. By friendliness, in 

the second subset, (V:!(n + m) - i) vertices must be labeled 0, and the remaining 

(V:!(n m) + i) vertices must be labeled I, It follows that e(O) = i(V:!(n + m)- i) 

and e(l) (m - i)(V:!(n m) + i). Simplification gives e(0) e(l) =(n- m)(i 

V:!m). Since i = 0, 1,2, ... , m, by exhausting all the values ofi, we obtain the 

balance index set stated in the theorem, 

(2) We consider two subcases: 

Case 2.1: v(O) V:!(m + n - I) and vel) = V:!(m + n + I). 

If the first subset has i vertices labeled 0, then the remaining (m i) vertices will 

have label I. Then the second subset must have (V:!(m + n - 1) - i) vertices 

labeled 0, and the remaining (V:!(n m + 1) + i) vertices labeled 1. Then e(O) 

i(V:!(m + n - 1)- i) and e( I) = (m - i)(V:!(n - m + I) + i), giving e(O)- e(l) (n­

m)(i - V:!m) 'hm. Since i 0, I, 2, ... , m, by exhausting all the values of i, we 

obtain the first half ofthe set in (2). 

Case 2.2: v(O) V:!(m +n + I) and v(I) = V2(m + n-I). 

Again ifthe first subset has i vertices labeled 0, then the remaining (m - i) 

vertices will be labeled I. Then the other subset must have (V:!(m + n + I) - i) 

vertices labeled 0, and the remaining (V:!(n - m - I) + i) vertices labeled I, Then 

e(O) i(V:!(m + n + 1) - i) and e(l) = (m - i)(V:!(n - m - 1) + i), giving e(l) e(O) 

= (n - m)(i - V:!m) + V2m. By exhausting all the values of i 0, I, 2, ." , m, we 

obtain the second half of the set in (2).0 


In particular, we have 
Corollary 3.3. The balance index set ofthe complete bipartite graph BI(Km,m) 
is {O}, 

Example'. Figure 8 illustrates BI(Kd {1,2,4}. 
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Figure 11. 

4. Windmill graphs 
Shee and Ho [7] considered one-point union ofgraphs which are 

cordial. 

Notation. Let K(m" m2, ... ,1TIn) be the one-point amalgamation of the 
complete graphs mb m2, ... , m" vertices. Call the point at which the complete 
graphs are amalgamated the center ofK(trIj, ... m,,). Ifk of the m values are 
equal to the same value a, and ifno confusion could arise, we use a k to denote 
these values. 

Theorem 4.1. For any m 0, n 2, BI(K(n + 2m + I, n)) = {i(2m + J)j - rnn­
2m2 

1 : m :s; j :s; n + m - I}. 
Proof. In K(n + 2m + I, n), there are (2n + 2m) vertices. Thus a friendly vertex 
labeling must have v(O) = vel) = n + m. Without loss ofgenerality, let the 
center be labeled O. If Kn+2m+ I has j non-center vertices labeled 0, then the other 
(n + 2m - j) vertices must be labeled 1. By friendliness, K" has (n + m - j - 1) 
non-center vertices labeled 0, and the other (j- m) vertices labeled I. For these 
numbers to make sense, we must have m:S; j :s; n + m - 1. Then in K,,+2m+l, e(O) 
= (j + 1)j/2 and e(l) = (n + 2m- D(n + 2m j- 1)/2, and in Kn, e(O) = (n + m-

j)(n + m - j - 1)/2 and e(1) (j - m)(j - m - 1)/2. Algebraic calculations show 
that for the whole graph K(n + 2m + 1, n), e(O)- e(l) (2m + l)j- mn 2m

2.o 

Example 11. BI(K(5, 2)) {I,2}. 

leO ).e(0)1 :!
Ie(l )-e(O)1 = 1 

Figure 12. 

Example 12. BI(K(6, 3)) = {I, 2, 4}. 

1\.(6.3) (i 

le(l)-e(O)1 = 1 le(1 )-e(O)1 = .1 le(l)-e(O)1 =-t 

Figure 13. 

Corollary 4.2. BI(K(n + 1, n)) = {O, 1, , .. , n I}. 

Corollary 4.3. For any n 1, the set {O, I, .,. , n I} is BI-representable. 

Theorem 4.4. For any n 3, the balanced index set ofthe graph K(n, n) is {O, n 
1}. 

Proof. Call the vertex at which the two copies of Kn are amalgamated the center 
of K(n, n). Without loss ofgenerality, let the center be labeled O. There remain 
(2n 2) vertices to be labeled. 
Case 1: In one copy ofK", m non-center vertices are labeled 0, while the other 
(n - m - I) vertices are labeled t, where O:s; m:S; (n - t). In the other copy of 



K,., (n - m - I) noo-<::enter vertices are labeled 0, while the other m vertices are 
labeled I. In the first K", there are (m + I) vertices labeled 0, and (n - m - 1) 
vertices labeled 1. Thus e(O) (m + I )m12, and e( I) = (n - m - 1)(n - m- 2)/2. 
In the second Kn, there are (n - m) vertices labeled 0, and m vertices labeled 1. 
Thus e(O) = (n- m)(n- m-l)/2, and e(1) = m(m-l)/2. Then for the entire 
K,.(2), e(O) (m + I )m12 + (n - mXn m - 1)/2, and e(1):; (n - m - I)(n m 
2)/2 + m(m- 1)12, making e(O)- e(1) m + (n - m -I) =n - I. 
Case 2: In one copy ofKn, m noo-<::enter vertices are labeled 0, while the other 
(n - m - 1) vertices are labeled 1, where O:S; m:S; (n - 2). In the other copy of 
Kn, (n - m 2) non-center vertices are labeled 0, while the other (m + 1) vertices 
are labeled I. In the first Kn, there are (m + I) vertices labeled 0, and (n m 
1) vertices labeled L Thus e(0) (m+ 1)m/2, ande(I) = (n- m- l)(n- m­
2)/2. In the second Kn, there are (n - m - I) vertices labeled 0, and (m + I) 
vertices labeled I. Thus e(O) (n - m - I )(n m - 2)12, and e(1) = (m + I )m12. 
Then for the entire K(n,n), e(O) = (m + I )m12 + (n - m - I )(n - m - 2)/2, and 
e(l) =(n - m-I)(n m 2)/2 +(m + 1)m12, making e(O)-e(l)= 0.0 

Corollary 4.5. For any n ~ 3, the set {O, n - I} is BI-representable. 

Example 13. Figure 14 shows BI(K(6,6» = {O, 5}. 

K(6.6) (0) K(6.6) 

le(l)-e(O)1 =0 le(1 )-e(0)1 = 5 
Figure 14. 

S. Uniformly balanced graphs. 

In [I], Chartrand, Zhang and the second author characterized graphs whose 
friendly index sets are subset of {O, I }. 

Recall that a graph G is balanced if there exists a binary labeling f such that 
Iv'(O) - v,(I)1 :s; I and le,(O) - etC I )1 :s; I, or equivalently, min BI(G):S; I. 
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Definition 4. A graph G is said to be "ni/orni] balanced if it is balanced for 

any friendly binary labeling f. 

Remark. A graph G is uniformly balanced ifand only ifBI(G)~ {O, I}. 

In Section 3, we showed that the balance index set of the complete bipartite 
graph BI(Km.rJ is {O}. Thus the complete bipartite graph Km,m is uniformly 
balanced. We now show thatthe cycle Cn is unifonnly balanced for all n :::,3. 

Lemma 5.1. For any (not necessarily friendly) vertex labeling of Co, the 
differences e(O) - e(1) and v(O) - v(l) are the same. 
Proof. Obviously it is impossible for all vertices to be labeled 0 or for all 
vertices to be labeled I. In other words, there must be two adjacent vertices 
with complementary labels. Call them Vl,l and VI,O, with labels I and 0 
respectively. Start from VI.O, and go in the direction opposite to vl,l' Consider 
the value of c = (v(O)- v(1» (e(O)- eel»~ as we traverse the cycle. When we 
start from VI.O, c = I. Let the next vertex labeled I be V2.1' Before we reach v2.l' 
v(O) and e(O) increase by the same amount, while vO) and e( 1) are unchanged. 

The edge leading to V2.1 has no label. Thus at V2, I, the value ofc becomes O. 

Continue to traverse the cycle in the same direction. Let the next vertex labeled 

obe V2, o. Before we reach V2.0, v( I) and e(1 ) increase by the same amount, 
while v(O) and e(O) are unchanged. The edge leading to V2.0 has no label. Thus 
at V2.0, the value ofc becomes I again. Let the next vertex labeled I be V3.l· The 
same argument shows that the value ofcat V3,I is O. Let the next vertex labeled 
obe V3.0' The same argument shows that the value of c at V3,O is 1. Continue in 
this fashion. Eventually we will return to vl,l and VI,Q' At VI.I> the value ofcis 
O. The edge leading from VI,I to Vl.O has no label. Since the vertex label ofvl.O 
has been counted when we start the process, we conclude that the value of c 0 

when we finish traversing the cycle. 

Theorem 5.2. BI(Co) {O} ifn is even, and = {I } ifn is odd. 

Proof. As the vertex labeling is friendly, we have Iv(O)- v(I)1 = 0 when n is 

even, and = I when n is odd. The fact from Lemma 5.1 that e(O) - e(l) = v(O) 


v(l) finishes the proof.[] 


Theorem 5.3. Let G be a 2-regular graph, i.e., G is the disjoint union of cycles. 

Then BI(G) {O} or {I}, ifthe number ofvertices is even or odd respectively. 

Proof. Assume that G is the disjoint union ofk cycles. Let Cj = (v(O) - v(l»­

(e(O) - e( 1» for the ith cycle, where iI, 2, ... , k, and v and e are the counts 

corresponding to that cycle. By Lemma 5.1, Cj 0 for each i. Summing c b C2, 


.. , ,Ck, we have (v(O) - v(1 »- (e(O) e(l) = 0 for the whole graph G. Using 

the fact that the vertex labeling is friendly, we establish the result.c 


In [1], uniformly cordial graphs are completely characterized. However, at 
present the following problem is still unsolved. 
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Problem. Characterize uniformly balanced graphs. 
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