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ABSTRACT

Let a and b be two positive integers. For the graph G with vertex set
V(G) and edge set E(G) with p=IV(G)l and g=IE(G)|, we define two sets
Q(a) and P(b) as follows:

Q) ={ *ta *x (a+]),..., Xa+(g-2)2)} ifqgiseven,

Q(a) = [0} W ta ® (a+]),..., £(a +(g-3)/2)} ifqis odd,

P(b)={ + b, £ (b+1),..., (b +(p-2)/2)} if piseven,

Pb) = {0} u{ £ b, 2 (b+]D),..., (b +(p-3)/2)) ifpisodd

For the graph G with p=IV(G)l and g=[E(G)|, G is said to be
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Q(a)P(b)-super edge-graceful (in short Q(a)P(b)-SEG), if there exists a
function pair (f, f*) which assigns integer labels to the vertices and edges;
that is, f*: V (G) — P(b), and f: E (G) —Q(a) such that f* is onto P(b) and
f is onto Q(a), and f'(u) = L{f{u,v): (u, v) € E(G) }.

We investigate Q(a)P(b) super-edge-graceful labelings for three classes
of (p.p+1)- graphs.

1. Introduction.

If Gis a (p,q) graph in which the edges labeling h: B(G)—{1,2,3,...q} is
a bijection so that the vertex sums defined by h'(u) =Z{h(u,v): (u,v) in E}
(mod p) is distinct, then G is called edge-graceful. ([18]) Figure 1 shows a
grid with 12 vertices and 17 edges with two different edge-graceful labelings

N9y S 2

11 8 16

1 3
12 653

14 13 4

Figure 1.

The edge-graceful labeling of graph was introduced by S.P. Lo [18] in
1985. A necessary condition of edge-gracefulness is (Lo [18])

glg+l)= P—(%-u (mod p)
This latter condition may be more practically stated as q(q+1) =0 or p/2 (mod
p) depending on whether p is odd or even.
The cartesian product of two paths is frequently called the grid graph .
Some edge-graceful grid graphs were considered in [10]. The cartesian
product of two cycles is called the torus graph. It was shown in [19,22,25] that
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the torus graph C,, x C, is edge-graceful for all odd m,n >2.

Lee, Lee, Murthy [5] showed that if G is a (p,q)-graph with p= 2 (mod 4)
then G is not edge-graceful. Schaffer and Lee [22] have shown thatif Gand H
are both odd-order, regular, edge-graceful graphs, where G is d-regular and has
m vertices, and H is k-regular and has n vertices, and furthermore  GCD(d,n)
= GCD (k,m) =1, then G x H is edge-graceful. In particular, they showed that
the torus graph C 5; ;1 xC 2 j+1 is edge-graceful.

Dharam and Lee [1] recently introduced the following new graph labeling
problem. Let a and b be two positive integers. For the graph G with vertex set
V{(G) and edge set E(G) with p=IV(G)l and g=IE(G)l, we define two sets Q(a)
and P(b) as follows:

Q(a) ={ £ a, + (a+1),..., X(a +(g-2)/2)} ifqiseven,
Qa)y = {0) u{ 2 a, * (a+l),..., X(a+(g-3)/2)} if qis odd,
P(b)={ £ b, 2 (b+1),..., 2(b +(p-2)/2)} ifpiseven,
P(b) = {0} u{ b, £ (b+1),..., k(b +(p-3)/2)} ifpisodd

Definition 1. A (p,q)-graph G is said to be a Q(a)P(b)-super edge-graceful
graph if there exists a function pair (f, f*) which assigns integer labels to the
vertices and edges; that is, f E (G) —»Q(a) and f*: V (G) — P(b), such that f*
and f are bijections, and f*(u) = Z{f(u,v) (v, v) € E(G) }.

When a =b =1, the notion of Q(1)P(1)- super edge graceful graphs is
identical to the concept of super edge-graceful graphs which was introduced
by Mitchem and Simoson [20].

‘We illustrate the above concept with several examples

Example 1. The cycle C; is Q(a)P(a)-SEG for any a > 1. However, Cs is
Q(a)P(1)-SEG fora = 1,2.
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Q@P(1)-SEG Q(1)P(1)-SEG Q(2)P(1)-SEG

Figure 2.

Example 2. The following graph is Q(D)P(1), Q(1)P(2) and Q(2)P(2)-SEG.

Q{1)P(1)-SEQ Q(PQ)-SEG Q@)P(2)-SEG
Figure 3.

Mitchem and Simoson [20] showed that if a tree of odd order is
Q(DP(1)-super edge-graceful then it is edge-graceful. In [8], we see that not all
the {p.p+1)-graphs are edge-graceful.

Example 3. The following (4,5)-graph is the smallest order among all the

(p,p+1)-graphs. It is edge-graceful (Figure 4). However, it is not Q(1)P(1)-super
edge-graceful.
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Two edge-graceful labelings

Figure 4.

In this paper we want to investigate the Q(a)P(b)-super edge-
gracefulness of the three classes of (p,p+1)-graphs. Finding the Q(a)P(b)
-super edge-graceful labelings of graphs are related to solving the systems of
linear Diophantine equations. In general it is difficult to find them. Several
classes of graphs had been shown to be edge-graceful ( [2,3,4,5,6,7,8,10,
23,24,251 ). For more conjectures and open problems on edge-graceful
graphs the reader is referred to [7]. The reader should see the survey article of
Gallian [2] for various labeling problems.

2.0(a)P(b)-Super Edge Gracefulness of the Amalgamation of

Two Cycles
Let G, H be two graphs with A, B are subsets of G and H respectively

with {Al =IBl. The amalgamation of (GA) with (H,B) is the graph obtained by
forming the disjoint union of G and H and then identify A and B. If A and B

each is one vertex, the construction is called the one-point union. We will use
Amal(GH,(A.B)) to denote the amalgamation of (GA) and (H,B). The
following graphs C(4,4) and C(3,5) are the Amal(C,Cs(u,u)) and
Amal(C;,Cs,(u,v)) respectively (Figure 5). We will denote Amal(C,,, C,,(u,v)}
by DC(m,n) and called it double cycle.
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Figure 5.

Lee, Lee, Murthy [5] showed that if G is a {(p,q)-graph with p= 2 (mod 4}
then G is not edge-graceful. However, we have C(m,n) with m+n = 3 (mod 4)
which is Q(1)P(1)-SEG

We want to address in this section the following problem: for what m,n > 3,
C(m,n) is Q{a)P(b)-SEG.

Theorem 2.1. C(3,3) is Q(a)P(1)-SEG and Q(a)P(2a+1)-SEG fora» 1.
Proof. Figure 6 illustates that C(3,3) is Q(a)P(1)-SEG and Q(a)P(2a+1)-SEG
fora>l.

Q@P(1)-SEG Q@P(2a+1)-SEG

Figure 6.

Theorem 2.2. (C(3,4) is not edge-graceful but it is Q(a)P(1)-SEG for a =1,2,3
and Q(DP(2)-SEG, Q(2)P(4)-SEG. Furthermore it is not Q(a)P(b)-SEG for a
#1,23.

Proof. Figure 7 shows that C(34) is Q(P(1)-SEG for a =1,2,3 and
Q(IP(2)-SEG.
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Figure 7.

To see that it is Q(2)P(4)-SEG we label the edges (¢,¢,), (¢,,C;5 )

(€25C3(€4,C4 ) (€4,C4), (€4,€5)(C5,Cq) bY 2,3,40, -3,-4,-2 in C(34),

then C(3,4) is Q(2)P(4)-SEG.
Now we want to show that C(3,4) is not Q(a)P(b)-SEG for a #1,2,3. Let

a>4, note thatdeg ¢, =4,degc;=2in C(3,4), i =1,2,4,5,6.
Case 1. If the edge with vertex ¢, is labeled by 0, we have only one

€, €l€,€5,¢4,64 ), and (¢, )=E{f (¢, W):( ¢, ,v) e E(C(34)) Je(+
a. t(at+l). t(a+2)}.

Without loss of generality, we may assume that the '( <, y=X{f( <, Vi ¢ .
v) € E{C(3,4)) }=a, Since a>4 forany x. ye{ta ., t(a+]),t (a+2)}, x+y& [T
(a+1), * (a-1)}, no matter what the (¢, ) may be, ({f°(¢,):c; € V(C(3,4))} is

not a subset of consecutive numbers. According to our definition, C(3,4) is not
Q(a)P(b)-SEG fora#1,2,3

Case 2. If the edge with vertex ¢, is not labeled by 0, we have two
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vertices C; and C; €(€;,C5,C4,C5,C¢ Jand £(c; )+ (¢, Je(tat(atl),
+(a+2)). Assume (¢, J#-f'(c; ), since a4 forany x.y.s.te {£at (a+1),
* (a+2)}, we have {X+y+s+t, s+t}#{- £( c, ),-F*( c;, Mor

(x+y, st} -£(c; ) (c, D)L (¢, )=-F(c, ) forany x. y. s. te{ta .
£ (a+l) . % (a+2)}we also see [x+y+s+i,s+t}A{H(EY( ¢, MDD}, or{x+y,
sHIZ(HF( ¢, DL or{x+y+s+t, s+ 1 {R(EY( ¢, DL or x4y,

s+t AR <, )-1}}. According to our definition . C(3,4) is not Q(a)P(b)-SEG

fora=1,2,3.

Theorem 2.3. C(3,5) is Q(a)P(1)-SEG for a > 1 and Q(1)P(b)-SEG if and only
if b=2,34.
Proof. Figure 8 shows that C(3,5) is Q(a)P(1)-SEG fora> |

:) i'r*'l):)

v} N/ :ri-’
N
€

=24,
S{at2y Nea

by

G D @t?
atl !a
‘@ ‘:’é) Cﬁ

¢

~(a+3)

QayF(1)-SEG

Figure 8.
Figure 9 shows that C(3.5) is Q(1)P(b)-SEG for b=234.
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Q(P)-SEG Q(P(3)-SEG QOP(4)-SEG

Figure 9.

Suppose that the graph C(3,5) is Q(1)P(b)-SEG , for b>5. Since C(3,5) has
7 vertices and 8 edges, We label the edges of C(3,5) by +1,+2,4£3, 124 and
the induced vertex label set are {0,1b , £(b+1) 2(b+2)},b>5. Notice that we
need to label the some edges of the Cs in the C(3,5) with 1,2,34 (or with
-1,-2,-3,-4), if not, there is a vertex in Cs with a label value smaller than b, if
not ,there is a label value of vertex in Cs ,the value is smaller than b,

We consider the following case : Assume any 4-permutations of 1,2,3,4 (or

~4,-2,-3,-4) is x;,x; ,x,,x, Now as { x; +x, , x; +x;
1 2 3 2 2

17 i

X +x )

#{ bbHLbI2 Jb>5 (or { x; +x, . X, +x, , X +x, FE=b~(brD~(b+2)},

b>5), we see that C(3,5) is not Q(1)P(b)-SEG, b>5,
Theorem 2.4. C(3,6) is Q(a)P(1)-SEG for a =1,2,3,4 and Q(1)P(b)-SEG for b
=2 and 3.

Proof. We see that C(3,6) is Q(a)P(1)-SEG for a =1,2,3.4, and Q(1)P(b)-SEG
for b =2 and 3.
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Theorem 2.5. C(4,4), C(4,5), C(4,6), C(4,7) are Q(1YP(1)-SEG..
Proof. We see that C(4,4) and C(4,6) are Q(a)P(1)-SEG for a > 1, and that
C(4,5) and C(4,7) are Q(DP(1)-SEG.
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3. Q(a)P(b)-Super Edge Gracefulness of Cycle with a Chord

In this section, we consider the {p,p+1)-graphs that are cycles with a
chord. Assume the vertices of cycle are{v,,v5,...,v;} and the chord connect
vertex vy with v, we denote this graph by Cy(r).

Figure 12.
In [8], Lee, Chen and Wang showed that
Theorem 3.1. If G is a cycle with one chord of odd order p, then G is
edge-graceful.
Theorem 3.2. The graph C,(3) is not Q(a)P(b)-SEG foranya,b> .
Proof. Suppose that the graph Cy(3) is Q(a)P(b)-SEG for some a , b. Since C4(3)
has 4 vertices and 5 edges, there is one and only edge labeled by 0.
Consider the case that the edge (v,, v3) is not labeled by 0. Without loss of
generéxlity, the possible labeling is displayed in the following figure, where x
should be a or a+1 and y should be the other one.

Figure 13
We find that there are two vertices labeled by the same value, -x. That is a
contradiction.

So we consider the other case that the edge (vi, vi) is labeled by 0.
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Remove the edge (v;, v3), we should have a Q(a)P(b)-SEG labeling on
C, ,which is impossible. The reason is shown in Figure 14.

Figure 14.

Theorem 3.3. The graph Cs(3) is Q(2)P(b)-SEG for
(1) a=land bg3
(2) a=2Zand bgl.
Proof. We list here four Q(1)P(1)-SEG labelings for Cs(3). We note here I3 # /4.

However ;" = ;"
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Remark. Cqis not Q(1)P(1)-SEG.  However, we see that Cg(3) (Figure 17)
and Cg(4) (Figure 18) are Q(1)P(1)-SEG.

Figure 18.
Theorem 3.4. C,(r) is Q(DP(1)-SEG forany n=4kandanyr>3.
Proof. We give an Q(1)P(1)-5EG edge labeling of Cg(r) as follows:
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We label the edges (vg,v(),(v, V2), (V2 V3), ..., (Vax _1,Va) by 4k, —1, 4k — 1,
-2,4k-2,-3, ..., 4k ~-i+1,-,...,3k+ 1, -k. We label the edges (v,
Vakat)s (Vakat Vake2)s (Vake2 Vakan)s oo (Va,Vak ) by =3k, k+ 1, =3k + 1, k + 2, -3k
+2,k+3, ..., 3k+i k+i+1, ...,-2k~1, 2k. We label the edges,
(VaksVaket)s (Vaket Vake2)s (Vake2,Vaked) --. » (Vex —1, Ve ) by =4k, 1, =4k + 1, 2, 4k
+2,3,...,4k+i-1,1i,...,-3k—1, k. Welabel the edges, (Ve ,Veks1):{ Voksl,
Veke2)( Veks2, Veks3) -+ » (Vakr, Va) by 3k, -k - 1,3k - 1, -~k - 2, 3k — 2, -k —
3,...,3k-i,-k—-i-1,...,2k+1,-2k

Then the vertices, v;, vz, Vi,...,Va. are labeled by 4k — 1, 4k — 2,
4k-3, ..., 2k + 1, the vertices Vaky1, Vaks2, V2kads--- » Vak1 by =2k + 1, =2k + 2,
=2k + 3, ..., 1, the vertices V42, Vak+3s Vaksas -+« » Vo1 by =4k + 1, -4k + 2, 4k
+ 3, ..., -2k — 1, the vertices Vg1, Veks2,Vekss--- » Va1 DY 2k = 1, 2k — 2, 2k —
3, ..., 1, and the four vertices vay, Vai, Ve, Ve bY —4k, —2Kk, 4k, 2k, respectively.
Now we extend the edge label of (v,,v;) by 0.We see the induced vertex
labels is unchanged.
Example 4. We illustrate a Q(1)P(1)-SEG labeling for Cg(5) in Figure 19.

Figure 19.

Theorem 3.5. C;.(n+1) is Q(1)P(1)-SEG if and only if n>3.
Proof. For n =3, we see Cg(4) (Figure 18) is Q(1)P(1)-SEG.
For n =4, we see Cy(5) (Figure 20) is Q(1)P(1)-SEG.
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Figure 20,
For n =5, we see C,o(6) (Figure 21) is Q(1)P(1)-SEG.

QUPL)-SEC QULPE)-SEC QUYPGISEC

Figure 21.

4. Q(a)P(b)-Super Edge Gracefulness of Dumbbell Graphs.
The dumbbell graph D(a,b) is formed by join two disconnected cycles

C, and C, by an edge.(Figure 22.)
Theorem 4.1. The dumbbell graph D(3,3) is Q{a)P(b) SEG for

(1) a=landb=1273

) a=2,3andb=1.

(3) a=4,b=2a+l.

The graph D(3,3) is not Q(a)P(1) SEG for a=24.
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Proof. (1) and (2) The dumbbell graph D(3,3) is Q(a)P(b) SEG for a =1 and b
=1,2,3anda=2,3and b =1.

.
te

QUI)P(2)-SEG

QD)-SEG QUIP(1)-SEG

Figure 22 .
(3)D(3,3) is Q(a)P(2a+1)-SEG, a>4.

Let a>4, If we label the edges (¢, C,) .(C},C3 ), (C5,C3), (¢p,¢1),

(e e3) (cfyey ) (c3,c3) by  aa+l,a+2,0,-a,-(a+l),-(a+2) in D(3,3), then

D(3,3) is Q(a)P(2a+1)-SEG.
D(3,3) is not Q(a)P(1)-SEG, a>4._ Let a>4, note the dumbbell graph D(3,3)

is formed by joining two disconnected cycles C; and C; by an edge. If we label
the edge (c,,cf) by O, for any x,y,ze {* a,* (a+1),* (a+2)}, we observe all the

X,Y,Z are not positive integers at the same time, or all the x,y ,z are not negative

integers at the same time. Without loss of generality, we may assume that the
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X,y are positive integers(or negative integers), z is negative integer (or positive

integer), we have min{ |x+)| }=2a+1, max(|x+2),|y+7| }<2, then we see

{f'(c, ):c; € V(D(3,3))} is not a subset of consecutive natural number and the

negative natural number. According to our definition, D(3,3) is not
Q@)P(1)-SEG for a>4.

If we label the edge (c;,c; )by x x&{# a,t (a+l),t (a+2)}, we have at

least one vertex ¢; € V (D(3,3)) ,and f( ¢, )el{ta, (a+l), £(a+2)}, D3,3)

is not Q(a)P(1)-SEG due to a>4.

Theorem 4.2. For any n > 3, the dumbbell graph DB(n,n) is Q(1)P(1)-SEG..
Proof. Let C, and C, are cycles with vertices uj,uy,.....uand v, va,.....v,
respectively.

Consider two cases.

Case 1. n is odd. Assume that n=2k-1,k22. We label the edges
(g, uy) , (uy,uy), (s, lg) ...y (o 30y 3) (o )by 0,-1,-2,. . -(k-1)
and label the edges  (uy,u3) , (ug,us) ,  (ug,uy)
(Uopgrtiogz) (Hop g, ti9py) by 2k-1,2k-2,2k-3,... k+1.

We label the edges (v;,v;), (v3,vy) . (V5,vg) **v (Vo3 Vapz) s
(voprv) by —(2k-1y ,-(2k-2),-(2k-3),...,-k, and label the edges
2,va) 5 (Vasvs) o esv7) s (VaeasVar-a) 5 (Varas Vo) bY
1,2,3,...,(k-1).We label the edge (#,,v,) by k.

Then the vertices uy,un,,. ..., Uy are labeled by 1,(2k-1),(2k-2),(2k-3),...,3.2,
and the vertices Vy,Vy,.....Vor are labeled by -(2k-1),-(2k-2),...,-3,-2,-1.

Case 2. n is even. Assume that n=2k ,k 22. We label the edges
(u},uz) a(u:;»“a) f
(ts,006) ">, (Uop_zslng ) (g g 1y ) by 0-1-2,.. «(k-1) and label the
edges (uy,u3)
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(g 15) (g, tq)ry (Uopns gy ), (g, 14y by 2k2k-1,2k-2,... k+1.

We label the edges (vi,vy), (v3,v4), (Vs.v6) =" (Vapu3aVopen)
(Vogg-vu) by -2k, -(2k-1),-(2k-2),...,-(k+1), and label the edges
(v2,v3), (v4,v5) (ve, v7) s (ViaaVagar) s (Vo vy) by 1,2,3,.. k.- We label
the edge (1, v;) by —k.

Then the vertices u;,u,, -, 15, are labeled by 1,2k,(2k-1),(2k-2),....,3,2,
and the vertices vy, va,....,vy are labeled by —(2k-1},-(2k-2}, «(2k-3), ..., -3,
-2, -1.

Thus for any n=2k , k22 , the dumbbell graph DB(nn) is
Q(1P(1)-SEG.

Example 5. . We illustrate a Q(1)P(1)-SEG labeling for DB(7,7), DB(8,6) and
Q(IYP(1)-SEG labelings for DB(9,9), DB(10,10) respectively, in Figure 23 .

Yo 4
£

PRI ) S

DB 1 QU PO RSEG . DBGAOY s Qi1 H)-8E

Figure 23.

Theorem 4.3. DB(4,4) is Q(a)P(b)-SEG for
(1) a=land b=1,23.
(2) a=234andb=1.

Proof.
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€4 AIP(I)-SEG €4 < QaP(1)-SEG €

Figure 24,
Theorem 4.4. DB(S,5) is Q(2)P(b)-SEG for
(1) a=land b=1.234.
{(2) a=2andb=1.234,56.
(3) a=345and b=].
Proof.
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Theorem 4.6. DB(6.,6) is Q(a)P(b)-SEG for
(1) a=land b=1234.
(2) a=2andb=1,2,34,5,6.

Proof.
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Figure 26.
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5. Conclusion.

In this paper we try to address the following problem: "For what (a,b)
we have Q(a)P(b)-SEG (p,p+1)-graphs?”. At present we have only touched the
surface of this problem, a lot of problems remain unsolved. We invite readers to
consider the following three conjectures.

Conjecture 1. C,(3) is Q(1)P(1)-SEG for all n »8
Conjecture 2. C(m,n) is Q(a)P{1)-SEG if m+n is even.
Conjecture 3. For any r > 3,C,,(0) is Q(DP(1)-SEG for all n > 3.
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