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ABSTRACT

HGia(  p.q)graph in which the edges are Tabeled
1.2.3....q so that the vertex sums are constant, mod p, then G is
said 10 be edge-magic. It is conjectured by Lee [9] that any
simple cubic graph with p=2(mad 4) vertices is edge-magic.
Lee and Shiu [20] showed that the conjecture is not true for
disconnected cubic graphs and multigraphs. We exhibit here
three counterexamples of smallest order of this conjecture. Two
of them are disconnected simple graphs and onc is a connected
simple graph.

1. Introduction. All graphs in this paper are simple graphs with no loops or
multiple edges. Graceful labelings were 1irst introduced by Alex Rosa as means
ol attacking the problem of cychically decomposing the complete graph into
other graphs. Since Rosxa's origmal article, literally hundreds of papers have been
written on graph labelings [1]. Another dual concept ol graceful labeling on
graphs which was called edge-graceful was introduced by SP. Lo [12]in 1985,

A graph G= (V. I) with p vertices and ( edges s said o be edge-graceful
il there is a bijection 1 [E—>$1, 2, q; such that the induced mapping I v..>
ZP’ given by 1+(u) =X u): (uvy i 1 (moed P) 1s a bijection. Figure | shows
a graph with 8 vertices and 12 edges which is ed ge-graceful.

A necessary condition of edge-graceiulness is (Lo [12])

q{qt+= pp-1)

> (maod p) (i)
This latter condition mav be more practically stated as q(q+1) =0 or p/2
(mod p) depending on whether pis odd or even. 03]
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Figure 1.
Lee, Lee, Murthy [6] showed that if G is a (p,q)-graph with p=2 (mod 4)
then G is not edge graceful. 3)

Lee proposed the following tantalizing conjecture
Conjecture (Lee [8]): The Lo condition (2) is sufficient for a connected graph
to be edge-graceful.

A sub-conjecture of this has also not yet been proved:

Conjecture (Lee [7]): All odd-order trees are cdge-graceful.

In order to work on these conjecturcs, another dual concept of edge-graceful
graphs was introduced in 1992, Let G be a (p.q) graph in which the cdges are
labeled 1,2,3,...q so that the verlex sums are constant, mod p. Then G 15 said to
be edge-magic.. The coneept of edge-magic graphs was introduced by the first
author, Scah and Tan [12]. A nccessary condition for a (p,q)-graph to be edge-
magic is q{q+1)= 0 (mod p). However, this condition is not suflicient. There are
infinitely many connected graphs such as trees, cycles satisfying this condition
that are not cdge-magic. A complete graph Kjy is edge-magic if and only 1f n#
0,3 (mod4). Figure 2 shows that K is edge-magic.

ot SBEEr-IMARIX edge-niagic

Figure 2

Stewart [20,21] defined a graph supermagic il the edges are labceled
1,2.3,...q so that the vertex sums are constant. He completely described the
supermagic complete graph in {21]. For a generalization of this result see {5}
Hartslicld and Ringel in [3] exhibit some new supermagic graphs. A general
constiuction of supermagic graphs is considered in [19].

The cartesian product of two paths is frequently calied the grid graph . The
cartesian  product of two eycles is called the torus graph. It was shown in [16]
that the torus graph C,, x C, is cdge-magic lor all m,n>2. '
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Lee, Pigg and Cox [ 9] showed that C,, x K 3 is edge-magic if and only if
nis odd and >3.

Karl Schaffer and Sin-Min Lee [16] have shown that iff G and H arc both
odd-order, regular, edge-graceful graphs, where G is d-regular with m vertices,
H is k-regular with n vertices, and GCD(d.n) = GCD (k,m) =1, then G x I is
cdge-gracelul. In particular, they showed that the torus graph C 25 41 x C 2 i+l
1s edge-graceful.

In 1993 Lee conjectured that every connected simple cubic graph G with
b= 2 (mod 4) is edge-magic. Lee, Pigg and Cox [9] showed that the conjecture
is true for prisms and other cubic graphs.

Since cycles are not edge-magic, it is natural to investigate cubic graphs
which are edge-magic. All cubic graphs of order p=0 (mod 4) are not edge-
magic. In 1993 Lece conjecture that every conncected simple cubic graph G with
p= 2 (mod 4) is edge-magic. It is unlikely that a general proof can be given. Lec,
Pigg and Cox [9] showed that the conjecture is truc for prisms and other cubic
graphs.

The conjecture is'not true for cubic multigraphs [19]. The simplest example
15 given by the lollowing cubic multigraph of order 6 (Figure 3).

Figure 3.

In scction 2 and 6 we show that the conjecture of Lec is not true for
disconnected simple graph and connceted cubic simple graphs. Somc
conjectures are proposed in the last section.

The problem of finding an cdge-magic labeling of a graph satistving the
neeessary condition ts, in gencral NP-complete. Several classes ol graphs had
been shown to be edge-magic ( [12,13,16,17.18.19] ). For more conjectures and
open problems on  edge-magic graphs the reader is referred to [12,13,20]. The
reader should also sce the survey article of Gallian [1] for various labeling
problems.

2. Disconnected Edge-magic cubic multi-graphs

Finding an cdge-magic labeling of a graph is related to solving a system of
lincar Diophantine equations. In general it is difficult to find an cdge-magic
labeling of a graph. For example the following cubic graph  with 9 edges in
Figure 4 is edge-magic. Among all the 362889 possible edge Tabelings only 672
arc cdge-magic .
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sum=0

Figure 4

The coneept of edge-magic graphs can be generalized in the following way:

Suppose a (p.g)-graph G is given. If k>1and =2 arc given and there exists a
bijection [t E— {kk+l,... K+q-1} with the property that the induced mapping
f+ VorZr [Hu) =Z ¢ fuy) : (uvye i (mod 1) 1s a constant, we say that G is
(k,r)-edge-magic. For convention, we denote Zg=7. The usual edge-magic is
(1,p)-edge magic in this sense and the super edge-magic is (1 O)-edge-magic.

In this paper, we will denote the disjoin union of two graphs G oand 11 by
G+ Reeently, Shiuand Lec | 19F showed that the ladder graphs L, where L 1
PxKs by adding one more parallel edge on the two ends ol the ladder, is edge-
magic when nois even. IUis also proved that for all odd n>1, n(K+KA3]) 1s
edge-magic. '

However, not every disconneeted cubie simple graphs satisly the neeessary
condition of cdge-magic graphs are edge-magic. Consider the following
discomneeted cubic simple graph of order 10 (Figure 3). It 1s not edge-magic.

;
RN N %

Figure 5.
The Tollowing result is established in [19].

Theorem LIT G is (kn)-cdge-magic then G is (Kx) -edge-magic for any divisor s
olr.

[Using the above result we can show that
Theorem 2. The simple graph K+ Ky 3 s not cdge-magic.
Proof. Assume K+ Kj 3 is cdg-magic. Then by Theorem | itis (1.5)-cdge-

magic.
We want to show that it is impossible for K+ Kz 1o be (1.5)-cdge-magic.
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Suppose K+ K 3 has a (1,5)-edge-magic. Suppose the component K. has
labeling as Figure 6. Then lrom (at+e-drH(bre-d)y=a+b we conclude that c=d.
Thus K, must have the labeling as Figure 6.b.
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Figure 6 a Figure 6.b

Let the other two numbers different from ab,e be x and v. Then
fabexyvi={0.1234}=7Zs

We have to label the edges of Ky 3 by {abexNy.yy. The only possible case
are:
Case 1. fabci= {014} Ixyv)={2.3}
Case 2. fabc}=1023} {xy}={1.4}

However, all these cases show that it is impossible for K3 has a (1,5)-edge-
magic labeling. Therefore Kt Ky 3 1s not edge-magic.

Using the similar technique as the proof of Theorem 2, we can show that

another disconnected cubic simple graph of order 10 (Figure 7) also possesses
the same property.
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Figure 7.
Theorem 3. The cubic simple graph K+ Kax Cj is not edge-magic.
In [19]. Siu and the first author showed that n(4 K+ K33 ) is edge-magic fi

alln> 1.
1 was shown in [20] that K +nK,|3] is edge-magic for n=1 and 3. (Ihrgure 8
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K+ K, K+3K,[3)

Figure 8.
Using the systems of Diophantine equations associated with the graphs we
can show that

Theorem 4 The graphs K +5K,[3] and Ks+7K,[3] are edge-magic.
Proof. Sce the following labeling for K +35K[3]. (Figure 9).
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sum=12(mod 14)

K4+ 5 1{:‘[3; sum=15(mod 18)
Figure 9
The graph Ky +5K5[3] has p=14 and q=21. We see that the labeling
fLE—={1_2 ... 1430{1_2_..._7}withf"_u_=12_mod 14_.
The graph K, +7K5[3] has p=18 and ¢=27. We sce that the labeling
fE—= 2 . 180i1_2 .. 9hwith ™ _u_=15_mod 18_ .

We shall deseribe a uselul technique to construet new cubic graphs from
old ones. For any cubic graph G, we can construct new cubic graphs by an
msertion method. Here we add new vertices in G, each of which is the “mid-
point” of an existing edge, and join them in pairs to get a cubic graph.
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Given a cubic graph G and two edges ¢, e; of G, subdivide ¢, and e, with
two new vertices u,v respectively, and then join u,v. The resulting graph is a
cubic graph. We will denote this new cubic graph by GAl {ej,e.}.

The above construction can be generalized to k>2 as follows: Given a cubic
graph G and two edges ¢, ¢; of G, subdivide ¢; and ¢, with k new vertices
{ug,us,... 0} {vi,va,., Vi) respectively, and then join ugv; for i=1,... k. The
resulting graph is a cubic graph. We will denote this new cubic graph by
GAk{C],C:}.

We introduce here a cubic multigraph X of order 6 which is edge-magic
(Figure 10).

X 8 Sum=0(mod 6)

Figure 10,

Theorem 5. The cubic multigraph XA2{e,,c.} 1s edge-magic.
Proof. An edge-magic labeling 1s given as follows (Figure 11):

u
Y /\_/ d h—y
0 }\\ 10 131 2 XA2{e. e}
CFO7 O30T
P! vy Surm=%{mod 10)

Figure 11.

3. Edge-magic simple cubic graphs obtained from prisms.

Theorem 6. For anv n>2, and any two parallel edges ¢).,¢z of Co, X K3, the cubic
graph (Co, x Ka) Alde;,eo} is edge-magic.

Proof. If e,¢; are parallel edges then (Ca X K2) A2{¢i¢2} 18 isomorphic to

Cauet x K which is edge-magic by Theorem of Lee et al [9].

The above statement is also true for some examples where ¢j,¢; are not
parallel.

Example 1. We illustrate here two examples for the cubic graph Cix Ky,
(Tigure 12)
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Figure 12.

Example 2. The cubie graph CixKs s edge-magic. We can construet a new
cubic graph (C3xKa) A2 fep.ea | ol order 10 as follows.(Figure 13)

Figure 13
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Figure 14 shows the cubic graph (C3xK») A2{cp,e; 7 with four different
edge-magic labelings, with sums 0, 2,6 and 7.
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Figure 14.

4. Edge-magic simple cubic graphs obtained from K,[3]

Using the above insertion method we can add new vertices and edges to
K[3] to form a series of cubic graphs.

The following examples show that this method will provide some ne

cubic edge-magic graphs tfrom the old one.
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Example 3

Figure 15,

Example 4.

Figure 16.

5. Edge-magic simple cubic graphs obtained from Mobius ladders
Richard Guy and Harary [2] called the following cubic graphs Mobius

ladders.

___Forn=3, wedenote by M(n) the cubic graph with V(M(n))={
Up o U, VLV, v, and

EMMm)={(u.u;. ) I<i<n-] PO (0 V) PO (Vv ) T <i<n-] PO,y )
I<i<n-1}.

Theorem 7. The cubic graph M(n) is cdge-magic for all odd n>3.
Proof. The graph M(n) has 2n vertices and 3n edges. Since the addition of the
cdge labels are modulo p=2n, we will labeled the cdges by {1.2,. nn+l... 2n}
WHL2 onjinstead of £1.2,. 3n}.

We label the edges $(u,.u,, ) I<i<n-| S UV u ) o (Vv ) I <i<n-
I} by the numbers 1.2, 2n)m the following way:
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Assume n=2k+1. Along the cycle of M(n) clockwise we define the edge

labeling
f((u;,ui)) = (1+1)/2 for all odd i.#n
[(ug,v1)= (nt1)12,
{(vayvajer) = (a+1)/2 +] for =1,2,... k.

Thas we will fill the edges with one jump along the cycle with numbers
{1,2,....n}. For the remaining unlabeled edges, we start with the opposite edge
of (u,ua), namely (vy,v2) and fill it clockwise with n+1, n+2.....2n.

With this labeling, we see that now uy has sum 3k+3,u has sum 3k+4,. ...
and u, has sum 3k+ 2-+n.

The vertex vy has sum 3k+3,v> has sum 3k+4,.. and v, has sum 3k+ 2+n.

Now we will label the edges {(upv ) 1=1.2,.nj by {12, ny inthe
reverse order . Then this is an edge-magic labeling of M(n).

Example 5. Figure 17 shows thal M(3) and M(5) arc edge-magic under the
labeling scheme of the above theorem..

Figure 17.

Using the insertion method we can add new vertices and edges o M(2k+1)
to form a series of cubic graphs. We can see that some of them are edge-magic.

Example 6. We add two parallel edges in M(3) and obtain anew cdge-magic
cubic graph.
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Figure 18.

6. Edge-magic Hamiltonian cubic graphs of order 10.

Pigg. Cox and the first author [9] showed that the Petersen graph 1s edge-
magic. Among the 19 non-isomorphic conneeted cubic graphs of order 10 there
arc 17 Hamiltonian graphs. We show in Figure 19 that only 16 of them are cdge-
magic. -
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Theorem 8. The conneeted simple cubie graph G- is the smallest non edge-
magie graph which salisfies the necessary condition of edge-magic graph but not
cdge-magic.

That Graph 2 s not edge-magie 1s proved by a computer exhaustive search, li
15 quite time consuming. [t took us more than three weeks and examined over
L3 trillion labelings to show that no edpe-magic labeling exists for Graph 2
Independently, Mede Kitagaki and Joseph Young also showed that Graph 21
net edge-magie. 11 would be granlying if the reader can provide o direet proof’
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7. Some Conjectures.

The main contribution of this paper is to show that the conjecture of Lec is
false. The question remaining unsolved 1s under what conditions is a cubic
simple graph edge-magic?

We conclude this paper by proposing here several conjectures and invite
the reader to solve them.

Conjecture 1 The graph K, +nK.[3] is edge-magic for all odd n.>9.

Conjecture 2. For any n>2, and any two non-parallel edges ¢;,¢> of Cx, X Ko,
the cubic graph (Cy, x K;) Al {e;,e-} is edge-magic.

Conjecture 3. Tor any n>2, and any two non-parallel edges ¢;,¢1 of Capn X Ko,
the cubic graph (Cony X K2) A2{e) ez} 15 edge-magic.

Conjecture 4. We can add 2n new vertices and n edges to K;[3] as in Figure 15
and Figure 16 to form a series of edge-magic cubic graphs.

Conjecture S, For any even integer n, we can add 2n new vertices and n edges
to M(2k+1) asin Figure 18 to form a series of edge-magic cubic graphs.

Conjecture 6. Almost all simple cubic graphs of the form p =2(mod 4) are
cdge-magic.
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