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Overview

1.  Background
(a) Complexi ty Classes
(b) Bounded Ar i thmet ic Theor ies

i .  Classical  Theories:  n5, Slr ,  f i
(c)  Known Results

2. New Results
(a) New Theories, f i ,"  ,  6ul" l
(b) Def inabi l i ty Results:

i .  Loca l  Search and Machine Classes.
i i. Results for Rb, 7l3, 73,', qt"t.

(c)  Structural  Results:

i. fi'"* Js(il*,) ?t'+t,lrl {s(ii*,) 6*L,lrl

i i .  Weak Equal i t ies  +  PH I
i i i .  Orac le  Separat ions



The Polynomial  Hierarchy (PH)

:

AE
q Q

rt rB
Q O /

AB
(t, a

co-NP NP

Q O /
P

P - Af :  determinist ic poly-t ime rel 'ns.

NP - Xl  :  nondeterminist ic p-t ime rel 'ns.

Al+, - PEI add tf oracte set
s',P

>f+, - NPzi add Ll oracle set

f l l  :  co - t l  :  complements of rf  rel 'ns.

Open: Does PH collapse? Does P - I{P?



Complexity into Logic

L 2 : : { 0 ,  5 r : r * L ,  * , ' r  < ,  = ,  l *1 ,  l&) ,
r#a - 2l*lluly.

The Bounded Ari thmetic Hierarchy is:

>8 -  UB are the sharp ly  bounded formulas.
i .e.,  Quanti f iers are of form 1r l  l t l  or Vr < l t l .

> f  : :  n?- ,  c losed under  A,  V,Vr  (  l t l ,3r  < t .

IfIP ) Z?-, closed under A, V, 1r I ltl,Yr < t.

tP, nP are the prenex formulas in zbn, nbo. i .e. ,
a lf-formula is of the form

(lrr < ,r) (Yrz < tz)
' ' '  (Qpt. < tt)(Q4*.iar < lr,;+r l)A

where A is  open.

It turns out if - L! - Lli and fif - n! - npi.
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Bounded Arithmetic Theories
Bounded ar i thmetic theor ies are theor ies us-
ing axiom schemas restr icted to the bounded
ar i thmet ic  h ierarchy.  We wi l l  be  ta lk ing about
def inabi l i ty in such theor ies and their  connec-
t ions with PH. Our base theory is:

BASIC r-  ? f in i te l ist  of  open axioms for L2.

Defining Functions in a Theory
A mult i funct ion is a total  relat ion.
a set of L2-formulas.
T can V-define the multifunction
T lVrayAy(r,gr)  where Af e V and
N t r  A y ( r , a ) + f ( " ) : a .

T can V-define the function f (r) it
T lYrStyAl(r ,gr) where At e V and

Let V be

f  (n),  i f
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N tr Ay(r, f (")) .



Example: A Ibr-def inable mult i - fn in BASIC:

f ( " ) :  v  +
( : t r l ) ( = " ) ( y  <  4 ( *  +  1 )  A y :  ? r ' z  A l t ) , 2  >  L )

Example: f  (*)
fn in BASIC.

:  r * 2  i s  a n  o p e n - d e f i n a b l e

Def 'n :  A formula  A is  Af  in  T  i f rT l  A+ At
and ?  F  A <+ An where  AL e  z l  and An en ! .
The formula A is AP in T i f  AL € Ll and
,+n e fi!

Idea , Lbo is what theory proves is if n nt
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Axiom Schemas

r - set of l-ary terms (iterms).
V -  set of  formulas.
Write lr l  for set of iterms l l l  where ( e r.

We form theories from BASIC with schemas
below. Here IND is for induct ion, REPL for
replacement,  and COMP for comprehension.

V-IND":

CI(o) n (Vr) (o(") ) a(Sr)) :  (Vr) a({.(r))

E-118p11"1.

Yr 1 l l ( t ) l fy < ta(r ,y)  e 1w I  2(t .  #(.(s))
Vr  (  l l ( t ) lo ( * ,  g (* , l t * l , t , t r , ' ) ) )

\p-COMplr l .

( l r ) (V" < l l (b) l ) (o(u,  r)  e Bi , t ( r , t r )  :  1)
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Classical Bounded Arithmetic Theories

- BASIC+II-IYP{td)
- BASIC+II-I Y P{ltal}
- B AS I C +r:l-I1"P{l lral l}

Some facts about them

. sTL g Ri g sb e ri lr?*, sL+' (Bu,Al,Ta)

. r i -  sL*t impties tT+,-nl+r.(KPT)

. I l+r-definable functions ot SfL and T) are
precisely the p-t ime funct ions with access to a
Lf,-oracle, F PLl, . (Buss, Krajicek)
o xf*r-oef inable mult i funct ions of Si is the

class f f'lr, Qti,t,log). (Krajicek)
o fbr-functions of R) are FNC, the class of
poly-size polylog depth circui ts and those of
f ;  are project ions of  polynomial  local  search
prob lems (PIS) .  (A l ,  C l ,  BK)
o S] (a)  can ' t  p rove PRNGs ex is t . (Ra,Wi)



o rs Si l rq Ri+t ? What makes one bounded
a - .  I  az-t r

ari thmetic theory conservat ive over another?
Can the Ti3- 'g_, Sl j t  resul t  be strengthened?

L-f I

Questions

. For i  > 1 what are the

.niz
t 2 '

Ll-mu l t i func t ion  o f

o For i  > I  what are the Zl-  und l f*r-def inable

multifunctions of n\? Does the tren a ppzl. for
r3, retll.tt,log) for S?, continue to
nrLT, Qa,it,togtog) tor Ri?

o What relat iv ized separat ions occur between
these theor ies? From (Kraj ,KPT) known

tJ

sb@) ;r i(o) 9 sft@).



New Theories

EBASIC : :  BASIC +3 open axioms enabl ing
ordered pairs.

Thm EBASIC g Rg

If restrict to prenex formulas can perform wit-
nessing argument in extensions of  EBASIC.
Let r be a set of iterms.
^ i  _

t'i" ,- EBASIC+X?-INDr
^  i  t - l
e2t"t : - E B AS I C *open- I N Dl"l +fibt- RB p flrl

we ca n ft'" ana ell"l pr"n"* theories.
We write id for the identity term i.d(a) ' . :  a.
We def ine cI  to be the set  of  c losed i terms. So
EBASIC - ri'"'.

Thm
G) ri - fi''{id} , Sb.: f''i'{lidl} ,
(2) Rb * fi,{llrall}afra_ L-REpL{li'd'l}

9
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Definabil i ty Results
(Buss,  A l len,  Kra j icek *  new)

A '* '  indicates a new resul t .  Also show for
k > 2, L!+n-preds or Ri,Si,Tt are pti+*-r(1).

z.Lsf ih' � l  are mult i functions computable as local
optimei to a new set of searcj problems we
define. For i > l-, 8i,,2 : f el i (wit,L). Cost,
feasible answer set,  and nbhd mult i funct ion are
in 8i ,2.  Cost is a fn and nbhd single-valued
at opt ima. The id means any cost bdd by a
id(L): Lz-term.

z? ^f yb' i +L auo+t
Tr

si

Ri

rLS?jr.,
(aJ

*

FPUi-,

F NCZ!-'
( i  >  1 )x

rLS?''?.
1zaJ

re l 'ns*

^r
l/CEr-'
( i  >  1 ) -

F Pzli

ppti(wit, log)

PPzi(wi l , log(z) ;
*

Rt'

^l+,.

p:l1too)

Pt l ( tog(z) ;
*

D1,t r,2
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Structural Results

( b )

(Buss, Al len, Kraj icek fnew)
(a)

Fli.{2p(lt tDI
t r ' '  ' -<a1 i ! * , ) . Hr*' g

U I
s i s
YrB(t?+1)+

i r -
z - SL

Ti-L @) V xy*r (c)* RL@) 9ag*r{o)*

sb@) 9aq, . rar i@)^ i+  1  \ * /

Rb@) gar(o)* ri-L@)
Ti-L - Ri implies zl+r: fff+s. *

o A 'x '  indicates a new resul t .
r  A '* '  indicates l -6 previously known.^i+t

.  S and f  means I f*,  -REPL{l ldl}  added.
r Col lapse and oracle separat ions fol low from
our def inabi l i ty results.

Q

s,r+L g r;+r
vrB(rf+r)
ri
YtB(i l+1)+
TiC

(c)

(d )

1 1



Closing iterms under a base function

A set r of iterms is called product closed if
whenever s(r)  and t(r)  are terms in z there is
a  i te rm ( " . t )  in  r  and a  term r  in  L2 such that
( r  .  t ) ( r ( " ) )  -  s ( r )  . t ( " ) .  We wr i te  z  to  de-
note the product c losure of  r .  This is def ined
ind uct ively.

A class r  of  i terms is cal led smash closed i f
the fol lowing addit ional  condit ions is sat isf ied
whenever s(r)  and t(r)  are i terms in r  there
is  a  term (s#t )  in  r  and a  term r  in  L2 such
that (s#t)(r("))  -  s(r)#t(") .  We wri t  e r# to
denote  the smash c losure o f  r .  Th is  is  def ined
induct ively.

7 2



Examples of  Product and Smash Closure

An example  o f  a  p roduc t  c losed and smash
closed set  of  i terms is { i ,d}  s ince i ,d(r  . r )  _

i,d(r) . i,d(r) and i,d(r#r) - i,d(r)#i,d(r).

{ l rd l}  is product c losed but not smashed closed.

The class of  terms of the form zel l* l l )  where p
is a polynomial ;  however,  is smash closed and
product c losed. To see this consider 2nQl* l l )
vne )pz( l l ' l l )  where pt  and p2 are polynomials.
Then

2n(l l" lD #zpz(l  l , l  l )  -  2n:( l l , l  l ) 'pz( l  l ' l  l )

and the r ight  hand s ide is  a lso a term of  the
form 2n(ll"l l). A similar argument works for
product closure.

1 3



Definabil i ty Results

^i &on*, Ll+*
r;,"

6utl

r L$f,P';-'(wtt't1

re l ' ns
.* ,  "FPtP,- t(w, i . t , t )

I'r I

re l ' ns

pEr( l " l )

pEr( l l " l l )

prl*-,'( 1)

p:l*^- '(1)

The n n'r€?ns we map out a block of  bi ts of  a
so l 'n  to  LS prob lem.

Other Definabil i ty Results

Af*r-oredicates in f i ' "  are provably equivalent
to formulas of form

(1" < l("))(A(*,a) n - tr(  r ,  o,))

w h e r e  ( € r a n d A , B € t l .

ti fb
a - :  |  1,L-f 

L

y o' , i+k

r;,"
e;vr

r L$f,P'I-'(*tt't1

rLS[l'L'('tt'tl

p pzi (tuit,lrl)
ppziQuit,llrll)

p pl!*o-,(wi,t,L)

p pE!*o-,(tai,t,l)
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Structural Results for New Theories

(a)
?i*L,llrll le(tl*,) it+t,llrll u erl"l

n l
lt+t,lrl (a(ii*,) 6i*L,lrl

vrB(if*.,;
ri'"r l l l t t  _  1 1 1 , 1  ( -

- l  7r  -  J- .1z z .

( b )

(c)

(d )

?i'{wl}(o) gag* 
r(d 

?)'u} (o)

Ti-L@) vay*r@)*'u)(o)

rt+t'{llzl | } 1c) 9 ag*r{o, r;'{4 {o)
(e) The following imply Zl+r: f lot+2,

G) ri - 1g*t,lr'|, e) Ti - ei!1,1"'l , and
6uVl - 7i*t)r'1 .
( .  i s  a  nondecreas ing unbounded i te rm,  ( ,  €

(3)

Tl
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Examples of our results

1.  Our  genera l  conservat ion resu l ts  imply

7;,{2e(tt'tD ) J a(i:*, ) 7t' 
-l t'{lltall} I s (il*, ) R:r+, .

resu lts a p p l i e dto 7t,1znQl*ll)YOur  de f i
im  p l y  t he

b i l i t ynaDi l r Iy  resurrs  appi leo ro r2 ' '
i f-oefina ble m u lt i fu nctions ot n'{L

are the class ret l .  @i, t ,bgo(L))  and
preds are PET-tQoso(7)) : NC'lr-r.

Lbc-

Can
use Af-coA,tp{l,ol} axioms to show if-rns

\-p
are FNC'i-[

2.  Our  resul ts  imply  the i f -Oet inable func-
tions of r) are rsf,iii1wtt,r).

3. Our results use a class of machines whose
mult i funct ions are FPtlo 1*l t , l r l )  but whose
computat ions are t ime O( l " l ) .  Th is  works
for general r. In particular, for EBASIC -
^ ;  - I
f; ' ' t  we get its if*r-Oefinable functions

-3

i  >  t  a re  FP' i  (w i t ,L ) .  We a lso g ive a  mul -
t i funct ion algebra version of  these classes,

l . - lBi).
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