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ABSTRACT OF THE DISSERTATION
Arithmetic Theories with Prenex Normal Form Induction
by

Christopher .J. Pollett
Doctor of Philosophy in Mathematics
University of California, San Diego. 1997

Professor Sam Buss. Chair

This thesis investigates bounded arithmetic theorics whose inductions axioms use
prenex formulas. The standard bounded arithmetic theories ave RY. S and T3
Their prenex versions are 125, $5. and T3. We show St =8 and Ty =Ty It is
unclear whether R} equals Rj. Nevertheless, we show Syt C R, and Ry is B (£9)-
conservative over R if i > 1. We extend BASIC. the base theory of R. Sy and Ty,
by three open axioms for pairing to get a theory EBASIC. contained in [?‘_Z which
we use as a base theory for our results. We define T = EBASIC+X'-IN D"
where $0-IN D7 is Sl-induction up to l-ary terms in a set 7. In particular. the
theory T._;'{M} is T4. For an operation o, a set 7 is o-closed if whenever #{a) and s(a)
arc in 7, there is a o s in 7 and a term r such that (t o s)(r(a)) = ta) o s(a). \We
write 7. 7% for the *-closure and #-closure of 7. We prove T, = T;7: however. it
is unknown if 7,7 = T_i—* The sct || are the terms [t| where t € 7. We define an

-1

algebra B! for the S definable multifunctions of Tli'l‘_l. We show the i-definable
multifunctions of T;" are the local search class FLS‘_-B’J and the i?+l-(10ﬁllil‘)l(‘
multifunctions of T;" are the class F P (wit.|r]). For T8, . -definability we get
FPSiskxi(wit. 1). We prove ffzi’:'l‘ifl = 'f._,iH'l"ﬂ is B(LY, ,)-couservative over T._I"'#.
We show To1 proves Ab, -IND'™. This gives a proof theoretic proof that sS4
proves AY, -LIND and R}, proves Ab,-LLIND. We consider éﬂ"ﬂ counsisting of
EBASIC. open-I1.N DV, and the replacement schema [I.-REPL7!. We show o

Xiit



[P 3) - . - -
- {Ve characterize the 7-bounded £_ -and -

is B(S!, ,)-conservative over T}
definable functions of T, and C".?M using parallel function classes. We show the
Tb.definable functions of R} are the class F NCE!. We weaken Co'™ to a theory
70471 by |7|-bounding [T§-formulas in replacement axioms. We show the A
definable functions of Co'™' are FTCY. The class FTCY, equals the standard
FTCO. We show FTCY, G FTC}y and el Co e show if T = ol
or if T8 = CH7 or if Gy = 7747 where 7 contains an unbounded term
then £F_, = [1¥.;. We scparate PEISGIAR) from PEEV({|1}) for reasonably

hehaved / and deduce oracle separations for our theories.
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Chapter 1

Introduction

Three important families of bounded arithmetic theories. R, . Si. and
Ti, were developed in Buss [13], Allen [2].Clote-Takeuti [19]. and Takeuti (19].
These theories have been intensively studied because of their close connection to
computational complexity. In this chapter, we introduce the background necessary
to properly define these theories and to briefly discuss this connection. Given this
introduction, we then motivate the use of prenex versions of these theories and
describe the format of the rest of this thesis. This thesis assumes the knowledge of
an introductory course in mathematical logic at the level of Enderton [22] or van
Dalen {50]. Two important logic results we state and use without proof are Parikh's
Theorem and Gentzen's Cut Elimination Theorem. Proofs of these results can be
found in Buss [13] and Takeuti [48]. Although we try to be self-contained. we
also assume some knowledge of computational complexity. A good introduction to
the computational complexity topics which we will sometimes casually introduce
can be found in Balcazdr, Diaz, and Gabarrd [3, 4] and can also be found in
Papadimitriou [37]. We state and use without proof the correspondence between
the polynomial-time hierarchy and the bounded arithmetic hierarchy. This can be
found in Buss [13]. We also state and use without proof the results of Chang and
Kadin [17] and Kadin {30] that if the Boolean hierarchy collaspes over & then the

polvnomial hierarchy collapses to the i + 3rd level.



I.A The Polynomial Hierarchy

In the 1930's many different formalisms were introduced by such lumi-
naries as Church, Godel, Post, and Turing to try to capture the idea of what it
means for a function to be effectively computable. All of these notions turned out
to be equivalent and Church’s Thesis states that these equivalent formulations do
in fact characterize the meaning of effective computable function. We call the class
of effectively computable functions the recursive functions.

Our model of a recursive set of natural numbers is a set of natural num-
bers, membership in which can be determined by a Turing machine in a finite
number steps on a given input of a natural number. Closely associated to the no-
tion of computable function is that of a computably listable set of numbers. A set
of natural numbers is recursively enumerable (r.e.) if there is a recursive procedure
which will eventually list out all of its members. If x is in an re. set then one
will see it listed out by the recursive procedure in a finite amount of time. but in
general if x is not in the set one has to wait until forever to find out. The set A" of
programs (coded as natural numbers) which eventually halt when fed themselves
as input is an example of a set which is recursively enumerable but not recursive.
Recursively enumerable sets are sometimes called £;-sets. If one attaches a ¥ -set
to a Turing Machine as an oracle so that in one time step the machine can ask
a question and get an answer about whether some number belongs to the ¥;-set.
one can get a much more powerful machine. The ¥,-sets are those sets which are
recursively enumerable by machines with oracles for £;-sets. Iterating this pro-
cedure one gets an infinite hierarchy called the arithmetic hierarchy of sets U, %,
and one can show £, C £,.,;. Complements of ¥,-sets are called [I,-sets. Sets
which are both £, and II, are called A,. It turns outs the recursive sets are the
A,-sets. Two good books on recursion theory where these issues are discussed are
Soare [46] and Odifreddi [36].

The arithmetic hierarchy get its name from the fact that if one takes
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formulas over the language of arithmetic 0. S. +. -. < then T,-sets correspond
to relations determined by formulas with at most n-alternations of quantifiers
(not counting bounded quantifiers) the outermost being an existential quantifier.
Similarly. IT,-sets correspond to relations determined by formulas with at most
n-alternations of quantifiers the outermost being a universal quantifier. The set of
relations computable by bounded formula is called £o. One of the most studied
theorics in logic is Pcano Arithmetic (PA). It consists of a finite sct of open axioms
Q for 0. S. +. -. < as well as induction for any formula in the arithmetic hierar-
chy. Well studied fragments of PA are the theories IT, which consists of Q and
induction for &,-formulas. Good book on Peano Arithmetic and its fragments are
Hajek and Pudldk [24] and Kaye [31].

The notion of recursive function suffered from the fact that although a
recursive function is guaranteed to halt it might take a very long time as a function
of the length of the input to do so. In the 1960’s and early 1970°s the notion of a
feasible computation was developed. Generally. it was believed that membership
in a feasible predicate should take at most polynomial time in the input length
to determine. However. there were problems like the satisfiability of a boolcan
formula (SAT) which could be solved in polynomial time provided one allowed
nondeterminism. In the case of SAT if one first “guesses™ a truth assignment for
the boolean formula in question one can verifv in polynomial time whether or not
the truth assignment satisfies the formula. Relations computable in deterministic
polynomial time were called P and those in nondeterministic polyvnomial time N .
It is unknown whether these two classes are equal, yet the intuition is that some
NP problems should take exponential time. The study of .VP began essentially
with Cook [21] who showed that SAT was in a sense the hardest problem in NP
in that every problem in NP could be reduced in deterministic polynomial time to
the S AT problem. Problems in VP with this property are called .V ’-complete. [t
turned out that many interesting problems were N P-complete [23] and so the study

of the P vs. NP began in earnest. Stockmeyer [47] in analogy with the situarion



The polynomial hierarchy

Y <

Figure I.A.1

with recursive and r.e. sets defined a presumably infinite hierarchy called the
polvnomial time hierarchy based on the class NP. The polynomial time hierarchy
is defined as follows: at the bottom of the polynomial time hierarchy we have
the class P = AP of deterministic polynomial time computable predicares. At
the next level up, we have the classes £f = NP and Il = co-NP. Here co-NDP
sets are complements of NP sets.  Using oracles. we then extend these classes
of predicates to a presumably infinite hierarchy of predicates. We write PY to
denote predicates which can be computed in P with an oracle set in . We define
NPY¥, and (co-NP)* similarly. We define A? = P%-i, ©F .= VP¥i,
and IT? := co-%f. Whether or not this hierarchy is proper is one of the
fundamental open problems in theoretical computer science. An answer to this
question would not only have applications to the study of algorithms but also to
the field of crvptography. An illustration of the inclusions in the polvynomial time

hierarchy is given in Figure [.A.1.

I.B Bounded arithmetic

Given the connection between T,-sets and formulas of arithmetic. it was
natural to try to find similar correspondences between the polvnomial hierarchy
and arithmetic. These correspondences do in fact exist as we will sec below where

we introduce the three classical theories of bounded arithmetic and discuss their



properties.

The three classical bounded arithmetic theories Rj. Sj. and T3 are for-
mulated over the language L, which contains the non-logical symbols: 0. S. +.
<. =, L%:r} |z|. MSP(z.i) and #. (Usually A/SP and = are not included in
the language of S} and T3, since when / > 1 they can be defined in these theories
given the axioms for the other symbols and using the induction axioms available in
these theories.) The symbols 0, S(z) =z +1. +. -, and < have the usual meaning.
The intended meaning of z =y is = minus y if this number is greater than zero
and zero otherwise, the meaning of |3z is z divided by 2 rounded down. and the
meaning of |z| is [log,(z) + 1], that is, the length of x in binary notation. The
symbol A/SP(x.i) stands ‘for most significant part’ is intended to mean Lr/2'].
In other words. the number obtained by cutting off the i last bits of .r. Finally.
r#y reads "r smash y and is intended to mean l=llyt,

The operation # is also written #»,. In general. r#,y = 2i#k-1iy | The
2 in S} denotes the presence of #; in the language: a 3 would indicate the presence
of # and #;. etc. The language L, is the language including #; for 2 < j < k.
The reason for the new svmbols in L, versus the language of Q is that because of
their more restricted nature it is harder to bootstrap bounded arithmetic theories.
In general the exponential function is not provably total in bounded arithmetic
and so we need the function # as a minimum to be able to do sequence coding.

To define R%, Si, and T} we first need to define the theory BASIC =
BASIC, . This is the bounded arithmetic theory which consists of a finite set
of quantifier free axioms for the non-logical symbols of L,. We list these axioms.

which are from Buss [13] and Takeuti [49], below:
l.y<r>y< Sz
2. =(z = Sz)
3.0<

3. (t<ynr=y)=Sr <y



=l
.

16.

17.

18.

19.

. =(r=0) D {2-2| = S(lzl) AIS(2- )| = S(|z])
=1

sz <y Dt <yl

- |z#tyl = Szl - y])

C0#y =1

(= 0) D 1#(2- 1) = 2(1#z) A 1#(S(2 - x)) = 2(1#x)

LY = yHT
|| = |y| D r#z = y#2
lz| = ful + [v] D a#y = (u#ty) - (v#y)

z<IT+y

200 z+0=1=

.+ Sy=S(z+y)

(r+y)+z=z+(y+z)



28. 21D (r-y<zr-=2

y<z)

29. —~(z = 0) D |z| = S|4z ]l)

30. z=[lr]=(2-z=yVvS2-1)=y)

31. M[SP(a,0) =a

32. MSP(a.i+ 1) = |3MSP(a.i)]

3. r+y=z:=(y+z=xV(z=0Ar<y))

We sometimes write Sz for S(z). The 1 and 2 which appear in the above axioms
are abbreviations for S0 and S(S(0)) respectively. We will frequently make use of
such abbreviations for numerals. For k > 2, the theory BASIC is BASIC plus
a finite set of additional axioms of the form |z#;y| = |z|#;-1|y| where 2 < j < k.

In R.. S} and T} the syntax of first order logic is enlarged to include
bounded quantifiers. These are quantifiers of the form (Vr <) or ( dr < t) where
t is a term not containing . The intended meaning of (Vx < t)is (Vx)(r <t D ---
and the intended meaning of (3z < t) is (3z)(z <t A---. A formula is bounded if
all its quantifiers are bounded. If a quantifier is of the form (Vo < |t]) or is of the
form (3z < |t|) then it is called sharply bounded. A formula is sharply bounded if
all its quantifiers are sharply bounded. As usual, a formula is open if it contains
no quantifiers.

Given these definitions we can define a hierarchy of bounded arithmetic
formulas. 8 = I1¢ is the class of all sharply bounded formulas. £7 is the smallest
class containing 12_, and closed under conjunction. disjunction. sharply bounded
universal quantifiers, and bounded existential quantifiers. I is the smallest class
containing £_, and closed under conjunction, disjunction. sharply bounded exis-

tential quantifiers, and bounded universal quantifiers. This hierarchy corresponds






