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Figure 1. Our notation for
�

-ary Toffoli, controlled-
$

, and
Î�Õ¤ÖÁÑ

gates, fanout gates, symmetric
phase shift gates, and the Hadamard gate. On the top right, we show a useful identity between
the controlled-not, the controlled � -shift, and the Hadamard gate. On the bottom right we show a
controlled-

$
gate with one of its inputs negated by conjugation with

?
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Figure 2. Two ways to make a cat state on
�

qubits. The circuit on the left uses only two-qubit
gates and has depth

� Ï
	 �
. On the right, we define a “fanout gate” that simultaneously performs

�
controlled-nots from one input qubit.
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Figure 5. Building a
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gate. We choose a matrix
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on
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	 K Ë � qubits such that

� Ñ Ø �
,

apply controlled-
�

gates from the
�

inputs to
�

work bits, apply an OR from these
�

qubits to
the target qubit, and reverse the process to return the work bits to

� � !
. To parallelize this, we can

diagonalize
�

by writing it as
��� � �

, fan the
�

qubits out into
�

copies each using Proposition 3.1,
and apply controlled-

�
gates simultaneously from each input to a set of copies. The total depth

depends on
Ë

but not on
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.
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Figure 7. A
�Î�Õ¤Ö � Z [ circuit for _ Ø � . In the figure,

:�ÏcÐo�{���
denotes

Î�ÏcÐ � Z [R�{���$Û1�4�4�pÛI�! �� . The notation
on the right will be used as a shorthand for this circuit.
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