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We introduce multifunction algebras B] where 7 is a set of 0 or l-ary
terms used to bound recursion lengths. We show that if for all £ € 7 we
have ¢ € O(|z|) then B] = FP¥-1(wit,7), those multifunctions com-
putable in polynomial time with at most O(p(¢(z))) queries to a X¥ |
witness oracle for £ € 7 and p a polynomial. We use our algebras to ob-
tain independence results in bounded arithmetic. In particular, we show
if Si proves E;’- = PH for some j > i then S% jB(ib ) So. This implies
i+1

if PNP £ PNP(log) then S does not prove the polynomial hierarchy
collapses. We then consider a subtheory, Z, of the well-studied bounded
arithmetic theory So = U;S5. Using our algebras (mainly the i = 1 vari-
ants of our algebras) we establish the following properties of this the-
ory: (1) Z cannot prove the polynomial hierarchy collapses. In fact, even
Z+ﬂ8—c0nsequences of Sy cannot prove the hierarchy collapses. (2) If
Z C 8% for any i then the polynomial hierarchy collapses. (3) If Z proves
the polynomial hierarchy is infinite then for all i, S§ - X 2 I17.
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1 Introduction

Over the past thirty years many techniques have been developed to try to
resolve the P = NP question. Recently there has been some research in how
much mathematics is needed to formalize these techniques. The goal of such
research would be to show there is a theory which on the one hand can for-
malize the currently available methods yet on the other hand can be shown
to be unable to resolve P = NP. Since circuit lower bound results tend to
involve probability arguments over families of finite spaces, it turns out the
necessary counting arguments needed to perform these proofs can be done in
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relatively weak fragments of arithmetic. Razborov [16] argues that monotone
circuit lower bounds for clique whose proof uses the sunflower lemma can be
carried out in V! and that Hastad [6] style results can be carried out in U} or
So(a). Further Pudlak [15] has shown Ramsey’s theorem can be proven in Sy
and Paris, Wilkie, Woods [12] have shown that for every n there is a prime
between n and 2n is provable in S,. For those unfamiliar with this area, V!
roughly has induction for N E-predicates up to lengths of some number, U;
has induction for N E-predicates up to lengths of lengths of a number, and
Ss(ar) has induction for predicates in the polynomial hierarchy with oracle
predicate a.

There has also been some work trying to show independence in connection
with these theories. Results of Takeuti [18] and Johannsen [7,8] have shown
simple functions such as z = 1 or || are not definable in certain theories
with induction on formulas where all the quantifiers are bounded by a length.
Some slightly stronger theories involving weak quantifier replacement for f[g—
formulas unable to define | 3] were given in the author’s thesis [14]. For still
stronger theories, conditional results are known. Razborov [17] has shown
assuming the existence of pseudorandom number generators secure against
attacks by quasi-polynomial sized circuit families that S3(a) cannot prove
super-polynomial lower bounds on circuit size for N P-predicates. In general,
though, it seems hard to show that these larger fragments of S, cannot prove
P=NP, NP =co-NP,or P+# NP. Razborov’s result is not as strong as one
could hope in that the superpolynomial sized circuits must be coded using a
second order predicate o and S3(«) has limited ability to reason about such
objects. Also, S%(a) might still be able to prove no circuit family of size n™
can decide SAT for each integer m, which would still imply P # N P. In fact,
assuming the existence of pseudo-random number generators Buss [4] shows
the X4-formula which says that C' does not code a |x|™-size circuit which
computes satisfying assignments to any satisfiable instance z of SAT can be
witnessed by a probabilistic p-time algorithm with error bounded away from a
half. It is therefore not unreasonable to conjecture that if there are quasipoly-
nomial sized circuit (or even p-time) secure pseudorandom generators (which
is a strong form of P # NP) and P = BPP (which is true with respect to a
random oracle [1]) then in fact S3 = P # NP. So independence proofs for S;
may be hard to prove. Nevertheless, proving a better independence result for
this fragment or weaker ones is important. Not only would it rule out some
methods of proving P # NP, but given the recent work on automatizabil-
ity [2] such a result could lead to efficient theorem proving methods for these
systems.

In this paper, we show one can allow a limited amount of induction on pred-
icates at every level of the the polynomial hierarchy and still end up with a
theory that cannot prove the polynomial hierarchy collapses. This theory Z
is non-trivial for the following reasons: (1) As we have argued above Sy can



formulate interesting complexity theoretic results. (2) The natural fragments
St of Sy do not contain Z unless the polynomial hierarchy collapses. (3) If Z
can prove the polynomial hierarchy is infinite then for all 7, S = XF = TIP.
Notice (3) above is non-trivial since Sy might prove the hierarchy is infinite,
yet it might be the case that NP # co-N P is not provable in S for i < 100.
The theory Z roughly consists of open axioms for the symbols in our language
together with induction up to terms of form [¢|;43 on XF predicates for all
i > 0. Here [t|;13 is i + 3 applications of the length function to the term ¢.

Our proof method may be of independent interest. To show Z cannot prove
the hierarchy collapses we first show: (1) if Z proves PH | then Z = 9S,.
Then to get a contradiction, we show: (2) Sy can 32-define |5] and Z cannot.
The result (1) holds for any theory contained in Sy which for each i proves
522 induction up to some term which is Q(|z|,,) for some m. (m may increase
with 7.) So this result may be useful for stronger independence result as well
as conditional independence results. As one such application we show that if
PNP £ PNP(log) then S} cannot prove the hierarchy collapses. To show (2) we
introduce multifunction algebras B]. We then give a collection of growth rates

7Z such that B?Z is precisely the $V-definable multifunctions of Z and show
this class does not contain | Z]. These algebras are also of interest in that for
i > 1, they correspond to the multifunction classes F P> (wit, 7) provided that
¢ € O(|x|) for all £ € 7. That is, the multifunctions computable in polynomial
time with at most p(¢) queries to a 3? ;| witnessing oracle where ¢ € 7 and
p is a polynomial. (The B in B] is for bounded query class.) These algebras
may be useful to those who study machine independent characterizations of
complexity classes. A less direct proof that these algebras are FP* (wit, 7)
was given in the author’s thesis [14].

We now outline the format of the rest of this paper. In Section 2 we introduce
the algebras B] and show for ¢ > 1 they are the same class as F P> (wit, 7). In
Section 3 we characterize the 3:’-definable multifunctions of the theories 75"
Then in Section 4, we use this characterization to establish the properties of
Z and Si mentioned at the start of this paper.

2 The algebras B and B;

Before we introduce our algebras let us make precise what we mean by mul-
tifunction.

Definition 1 A multifunction is a set f C N x N such that for all x € N
there ezists (x,y) € f. We express (x,y) € f as f(x) = y. The composition
of f, g is the relation (f o g)(x) = z which holds if there is a y € N such that
f(z) =y and g(y) = z. If [ is a multifunction and r is a function, we write



f(z) > r(z) if there exists y > r(x) such that f(x) =y. We define f(x) < r(x)
and f(zx) = r(zx) similarly.

We now define some operations necessary to present our algebras.
Definition 2 Let e be a multifunction.

(1) (u-operator) (pr < z)le(x,y,z) = 0] returns the least v < z such that
e(z,y,z) =0 holds and returns z + 1 if no such value exists.

(i1) (W -operator) The multifunction Wz < 2)[C(x,y,z) = 0] is the set of
tuples

{{{y,2),0)|(C(z,y,2) = 0Ax < 2)V=(3x < 2)(C(z,y, 2z) = 0Ax = z+1)}

(i1i)) (BPR™) f is defined by T-bounded primitive recursion from multifunc-
tions g, h, t, and r if

F(0,x) = g(x)
F(n+ 1,x)=min(h(n,x, F(n,x)),r(n,x))
f(n,x) = F(£(t(n, x)),x)

for some r € By and for somet € By and { € T.

If g, h, t, and r are multifunctions then f obtained by BPR™ results by viewing
each step in the above iteration as a composition of multifunctions.

Definition 3

(i) Bf = By is the smallest class containing zero(x) = 0, S(z) = = + 1,
MSP(z,i) == |x/2], +, -, =, |z| := [logy(z) + 1], x#y = 2 and
closed under composition.

(i1) By is the smallest class containing By, containing (Wx < |z|)[C(z,y) =
0] for C € By, and closed under composition.

(111) BT is the smallest class containing B, containing (Waz < |z|)[C(z,y) =
0] for any C in By, closed under composition, and closed under BPRT.

(i) (i > 1) B; is the smallest class containing B;_1, containing (Wx <
2)[D(x,y) = 0] for D € B;_1 and closed under composition.

(v) (i > 1) B] is the smallest class containing B;_1, containing (Wx <
2)[D(z,y) = 0] for D € B;_1, closed under composition, and closed under
BPR™.

Definition 4 Let 7 be a set of iterms (0 or 1-ary Lo-terms). F P> (wit, ) is
the class of multifunctions computable in polynomial time with fewer than
O(l(h(x))) witness queries to a X¢-oracle for some ¢ € 7 and h € By.
FPZf(wit, s) for some single function s is the class where the number of
queries on inputs x of length n is bounded by O(s(n)).



To guarantee the class FP™ (wit, ) is closed under BPR™ we next define a
notion of a product closed set of iterms.

Definition 5 A set 7 of terms is product closed if for all (z),V¢'(z) € T and
s,t € By there is an ((- ') € T and an r € By such that (- 0')(r(x)) >

U(s(x)) - £'(t(2)).

An example of a product closed set of iterms is {id} since id(s(z) - t(x)) =

id(s(x)) - id(t(x)).

Given a set 7 of iterms it is not hard to define inductively a minimal set of
iterms containing 7U cl which is product closed. Here ¢l is the set of all closed
Lo-terms. We write 7 for the product closure of 7 and (|7|) for the product
closure of |7].

We will frequently use the following B, functions:

ol = o' .= 14y max(x,y) = cond(K<(z,y),y,x)
ol — o™ .— o™ 4y, min(z,y) = cond(K<(x,y),z,y)
ok-yl™ . — olyl™ . 9(k=1)-[y|" omin(vle) .— M SP2W |y| - x)
mod2(a) :=a -2 - L%aj LSP(z,i) := x ~ MSP(x,i) - 2mn(l)
K. (z):=1-+u. Bz, |t|,w) == MSP(LSP(w, Sx|t|), z|t|)
Ko(z,y) == K. (y - x) Bit(i,z) == A(i,1,z)
Kn(z,y) ==y B, [t], s,w) = min(B(z,|t], w), 5).

K=(z,y) := Kn(K<(2,y), K<(y, 7))
cond(x,y,z) = K_(z) -y + K_(K.(x)) - z

The k and n in 2¥W" are fixed integers. Taking products of terms 2¢1" we
can construct terms representing 2P(%) where p is any polynomial. B and ﬂ
allow block sequence coding. Roughly, B(x, |t|,w) projects out the xth block
(starting with a Oth block) of [¢| bits from w. ((z,|t|, s, w) returns the mini-
mum of 3(x, |t|,w) and s. For clarity, we write 2(z) for 2mn(t@LE) if ¢(x)

is a term which is obviously less than |¢(z)| for some ¢t € L.

We define a pairing operation which will sometimes be more convenient than
block coding.

Let B = 2Imax@w)l+1 So B will be longer than either x or y. Hence, we can code
pairs as (z,y) 1= (2!mx@V) 4 q)). B4 (2/max@9)l 4 ). To project out the coordi-



nates from an ordered pairs we use (1, w) := 5(0, [5|wl|] = 1, 5(0, |3 |wl], w))
and 3(2,w) := B(0, [Ljw|] ~1, 3(1, | }]w]], w)) which returns the left and right
coordinate of the pair w. (The real Godel beta function projects out 3(i, w),
the ith element of a sequence w. However, as we never use this function we
allow the suggestive notation.) To check if w is a pair we use ispair(w) =

1
Bit(w, L§|w|J ~1)=1A2-|max(8(1,w).0(2,w))| + 2 = |w|.
Notice the above functions are all in B.

Definition 6 Given t € By we define a monotonic term t* called the dom-
inator for ¢ by induction on the complexity of t. t = t+ if t is constant or a
variable. If t is S(f) then t* is S(fT). If t is f o g for o a binary operation
other than = or MSP then t* is fT o g™, Lastly, ift is f — g or MSP(f,g)
then t* is fT.

Lemma 7 (i > 1) B] is closed under the following type of recursion:

F(0,x) =g(x)
F(n+ 1,x)=min(h(n,x, F(n,x)),r(n,x))
f(n,x)=F(min(n, {(t(n,x))), x)

where g and h are in B}, r,t € Ly and { € T.

PROOF. Let r* denote r*(£(t),x). To define f we first define f’ as

F'(0,x) =g(x)
F'(n+1,x)=min(F'(n,x) +
min(h(n, x, B(n, [rt|, F'(n,x))), r) (2071, 2¢@+DIr 1)
f'(n,x)=F'({(t(n,x)),x)

From f’ we can define f as S(min(n, £(¢)), |r], f/(n,x)). O

To show Bf = FP> (wit,7) we use an arithmetization of the polynomial
hierarchy which is essentially due to Kent-Hodgson [10]. Let Ly be the language
which consists of the initial functions of By. (The 2 in Ly is due to the presence
of # := #, in the language. In general, x#,y := 2/*#x-1lWl and L, where k > 2
is the language containing Lj_; together with #j.) We call a quantifier of the
form (Vo < t) or (3z < t) where ¢ is an Lo-term not containing x a bounded
quantifier. A formula is bounded if all it quantifiers are. A quantifier of the form
(Vo < |t]) or of the form (3 < |¢]) is called sharply bounded and similarly a
formula is sharply bounded if all its quantifiers are.



The bounded arithmetic hierarchy is defined as follows: X3 = I} is the class of
sharply bounded formulas. ¢ is the least class containing I1°_;, closed under
conjunction, disjunction, sharply bounded universal quantifiers, and bounded
existential quantifiers. Similarly, I1? is the least class containing ¢, closed
under conjunction, disjunction, sharply bounded existential quantifiers, and
bounded universal quantifiers. This hierarchy corresponds in a natural way to
the polynomial time hierarchy: In the standard model XY-formulas describe
exactly predicates in ¥?. Similarly, I1’-formulas correspond to IT}-predicates.
This correspondence is proven in Buss [3].

The prenex bounded arithmetic hierarchy is defined similarly: f]b are those
formulas of the form (Jz < |s|)¢ and Hb are those formulas of the form
(Vz < |s|)¢ where ¢ is an open formula. Zb are those formulas of the form
(3z < t)¢ where ¢ € II?_-formula. I1? are those formulas of the form (Vz < t)¢
where ¢ € 32b_,. For i > 1, the sets described by Zt-formulas and S-formulas
are equivalent [14,13]. (Given that we can do block coding in By it is not
hard to see one can do the necessary quantifier replacements and pairing.
See Remark 18) Similarly, sets described by II’-formulas and TI’-formulas are
equivalent. We call any formula in J; f]f U f[ﬁ’ a prenex formula.

Definition 8 For C a class of multifunctions, we write C = y to denote the
relations of the form f =1y where f € C. We define C >y similarly.

The next lemma connects the algebras B; to the polynomial hierarchy.

Lemma 9 (1) By = 0 expresses precisely the open formulas of Ly. (2) For
1> 1 B; =0 expresses any predicate which is a Boolean combination on
formulas. (3) Fori >0, B; =y can be expressed by a E?—formula.

PROOF.

(1) The functions in By are precisely the Lo-terms as B] = By is just the
closure of the initial functions of Ly under composition. In particular, B] = B
can define K_, K<, K, and K_. From these terms one can express any open
formula. Now suppose t € By, then since t € Ly, t = 0 is an open formula.

(2) The proof is by induction on i. When ¢ = 1 by (1) it suffices to show B,
can express sharply bounded quantifiers. Consider A := (3z < |t|)B where B
is an open formula equivalent to fg = 0 in By = 0. Then A can be expressed
as

(K- (K= (W < [t))[f5 = 0], [t] + 1))] = 0.
For all j < 7 assume B; expresses Boolean combinations of f]?-frpredicates.

Consider the 320 -formula A := (3 < t)B where B is a II’_,-predicate which
by assumption can be expressed in B; 5 = 0 as fg = 0. Then A can be



expressed as [K_(K_((Wz <t)[fg =0],t+1))] =0.

(3) We show the graph of any f(x) € B; can be expressed in the form A (x,y)
where Ay is a 2§—f0rmula and y is bounded in Ay by a term ¢. In the ¢ = 1
case, by using dummy quantifiers we can express the base functions of B
with f]l{—formulas. So it remains to show f]l{—formulas can express the graphs
of functions defined by sharply bounded W-operator on open formulas (by

(1))

Suppose f(x) = y is a function in By. Hence, f is an Lo-term. So we can
define the graph of ((Wx < [t])[f(z) = 0]) = y with the following formula
which when prenexified is equivalent a :-formula

(G <[th(f(z) =0Ay =z)V (Vo < i) (f(z) > 0 Ay = [t +1)].

Now suppose f = h(gi(x1), ..., gn(xn)) and we can 30-define the functions
h(z1,...%,) and g¢;(x;) with graphs H, G;. Then we can define f with the
following formula which when prenexified is a X%-formula:

Yy <tA Ty <th)- Ty < )[Gr(xa, 1)
JANRERIVAN Gn<X173/1> /\H(y17 c . 7yn7y>]

For ¢+ > 1 the same argument shows the graphs of if—formulas are closed
composition. What is left to show is that one can express with :’-formulas
the graphs of multifunctions defined by W-operator. Suppose fo(z) € B;—1..
Our induction hypothesis is that the graph of fo(x) = y can be defined with
some ¢ -formula, C(z,y). We can define (Wy < t)[fo(z) = 0] = z with the

following formula which when prenexified is a if—formula

[(C(z,0) ANz =2)V (Vo < t)(~(C(z,0) Az =1t+1)].

The following lemma follows from the fact that we can compose multifunctions
defined using BPR" in Bj.

Lemma 10 (i > 0) B = B}.
Theorem 11 (i > 1) BT = FP™-i(wit,7) provided { € O({|z|}) for all

ler.

PROOF. The condition on 7 insures that B] can only perform polynomially
many witness queries on a given input. First we argue B C FP¥i-1(wit, 7).



By Lemma 9 (3), the graph of any f € B;_; is contained in X! ;. Hence,
with one witness query to a X j-oracle we can compute the value of any
f € B;_;. Similarly with one witness query to a X ;-oracle we can compute
(Wy < t)(f(xz,y) = 0) where f € B;_y. Suppose My, M, € FPZf(wit,i'), the
machine that runs first M, on input z followed by M on the result is still in
this class since the number of queries will just be the sum of M,’s and Mj’s
queries which is boundable by a term in 7. Similarly, for closure under BPR™
to compute My from M, and M), with bound ¢(¢) where ¢ € 7, we first run
M, on x then run M, on the output, then M, on that output, and so on /()
times. The total number of queries will be £(¢) times the maximum number of
queries M}, makes in an step. Since by definition 7 is product closed this total
can be bounded by some term in 7.

Now we show BT D FP¥-1(wit,7). By Lemma 9 (2), any B(X?_,)-predicate
can be expressed in B; = 0. Let M € FP™1(wit, 7). Let (3y < ¢)C(q,y) be
M’s oracle and let p(|z|) bound M’s runtime and ¢(¢(z)) where ¢ € 7 and
t € Ly bound the number of queries M makes. Consider the following IT¢ -
predicate Comp(z,w,v, j) “w is a valid computation of M on the input x with
the first j queries answered by the first j bits of v and if the query k£ answer is
a 1 then the witness wy returned satisfies C'(qx, wi)?” We assume the coding
of a w is done using block coding and the maximum block length is |k(z)]
where k£ € L,. We assume block ¢ contains a tuple that can be decoded using
the pairing operations and this tuple gives the configuration of the machine at
time 7. Since we have a bound ¢ on the size of witness returned by a query, we
can bound the size of any computation w of M on z by some function 27D
where p is a polynomial. Let g(x) € B; be (1, (Wy < 2°=E))Comp(z,y, 1,1))).
The first coordinate in this case is being used to say that v = 1. The y given in
the remaining coordinate returned by g will be a computation on x where the
oracle always responded ‘no’ except on the first query or y will be 2D 41 if
there is no such computation. Now let h(j, z,w’) be

(2-B(1,w') + 1, (Wy < 22D\ Comp(x, y, j, 2 - B(1,w') + 1))

if 3(2,w") < 2°0#D) and let h(j, z,w’) be

(4-MSP(B(1,w'),1) + 1,
(Wy < 2p(|x‘))00mp(x,y,j, 4-MSP(B(1,w'),1) + 1))

otherwise. Clearly h can be defined in B; using cond. The coordinate of w’
stores the value of the current v. The two cases of h correspond to the case
where there was a computation of M on z with the first j queries answered
according to v, and where there wasn’t. In the first case, we shift v one bit to
the left and put a 1 as the low order bit and then query whether there is a
computation of M on x with the first j queries answered according to this v’



The second case, is similar except to make v’ we set the low order bit of v to 0,
shift left and add 1. We can now define a multifunction f € B] which returns
a computation of M on input z. This function is defined from ¢, h and r(x)
a bound on the size of pairs that can occur in the above using the recursion
of Lemma 7 up to £(¢). Now using the {3 function we can project out the last
block of M’s computation on x and so get the output of M on z. O

Corollary 12 (i > 1) (BT = 0) = P¥-1(7) provided ¢ € O({|z|}) for all
ter.

PROOF. Suppose M € Pz?fl(i') then by Theorem 11, M can be computed
by some f € BT, since P¥-1(7) C FP¥-1(wit,7). Now f = 1 is equivalent
to 1= f = 0. So Bf = 0 contains P~-1(7). For the other direction consider
some predicate f = 0 in B} = 0. By Theorem 11, f can be computed by
some M; in FP¥-1(wit,7). Let M be the P™ (7) machine which uses the
oracle JwComp(x,w,v,j) (this is a non-witnessing oracle it just answers 1
or 0) and performs the same kind of search for a v as in Theorem 11. Af-
ter having determined v for a correct computation it then asks the query
Jw(Comp(z, w,v,j) A Out(w) = 1) where Out(w) is the output of M; on
input x in this computation. If the answer if 1, M outputs 0 otherwise M
outputs 1. O

3 Bounded Arithmetic

We now introduce some bounded arithmetic theories including Z. Then we
characterize their 32-multifunctions.

We begin with BASTC which consists of all substitution instances finite set
of quantifier free axioms for the non-logical symbols of L,. These axioms are
listed in Buss [3] with the exception of the axioms for M SP and - which are
listed in Takeuti [19].

Definition 13 EBASIC is obtained from BASIC by adding the following
three axioms:

(1) b < 2min(ldlld®) 5 ArSP(q - 2mintk1dbd®) b min(k - |d], |d|?)) = a.

(2) (b< 2 Aa<24) 5 (3(0,|d],a- 294 +b)=bAB(1,]d],a- 2% +b) = a).
(3) Si-lal <k > B(i,|al,w) = 5(i,|al, LSP(w, k)

The three new axioms allow FBASIC to do simple reasoning about block

codings of sequences. (see [14,13]). For example, they allow EBASIC' to prove

10



the following lemma the proof of which appears in [14,13].

Lemma 14 Let m = max(s(a),t(a,s)) and let t* := t(a, (0, |m|, s(a),w))
where s(a),t(a,b) € Ly. Then LIOpen and EBASIC prove:

& (Fr < 5)(Fy < 1)A(z,y)
(b) (Yw < 22D AB(0, [ml, s, w), B(L, |m], t*,w))

(a) (Bw < 221N AB(0, [ml, s, w), B(L, |m],t*,w))
(Fy
)A

& (Vo < s)(Vy <t)A(z,y).

We now define more powerful theories by adding various types of induction

axioms to BASIC and EBASIC.

Definition 15 The V-IND" azioms are the azioms IND:

a(0) A (Vz)(a(x) D a(Sz)) D (Vo)a(l(x))
where € ¥ and { € T.

As an example, let id(a) = a. Then W-IN D is the usual induction for
U-formulas. Other common sets of terms are {|id|}, {||id||} or {|id|,,} where
lid|o = id and |id|,, = ||id|m-1|. We often write IND, LIND and LLIND
instead of IN DV [NDU} and TN DU The set {|id|,,} for fixed m is
just a singleton set; however, we will consider sets of terms such as {2”('“'1’)}
or {221 where p is a polynomial.

Definition 16 (i > 0) T4, Si and R} are aziomatized as BASIC+Xt-IND,
BASIC+XY-LIND, and BASIC+XY-LLIND respectively.

Tg‘, 33, and Rg are defined similarly except with ii’ induction axioms.
Let 7 be a set of iterms. We define Tz” to be

EBASICH3t-IND"

We define Sy := U; Sy and define 7 := U;Z; where Z; := T;“idl”g}.

It is shown in Pollett [13] that T¢ = 7% and Si = Si. It is not known if
R, = Ri. However, R C R} since one can show RY proves the axioms of
EBASIC [13]. Finally, it follows by the recursive doubling trick used to show
Sitt D T4 in Buss [3] that Z; ;1 D Z; for each i.

Proofs in our theories will be carried out in the sequent calculus system LK B
of Buss [3], together with the theories’ axioms as initial sequents. It is often
convenient, however, to reformulate inductions axioms as induction rules of
inference:

11



Definition 17 A V-IND" inference is an inference:

A(b),T — A(Sb), A
A(0),T = A(U(t(2))), A

where b is an eigenvariable and must not appear in the lower sequent, t € Lo,
teT,and Ae .

Buss [3] shows that one gets the same theory if one formulates S or Tj with
inductions axioms or induction rules. The same proof works in the Ty case.

We will sometimes casually argue that a given formula is equivalent to a f]f
formula so we can do induction on it.

Remark 18 The following was shown in Pollett [138]. The proof is a straight-
forward induction argument. Let T be a set of iterms all of which are O(|z|)
then Ty™ proves the I2-REPL™ azioms

(Vo < €(5))(3y < t,a))ale,y.a) & |
(3w < 2- (t7(£(s), ) #(2°)) (Ve < €(s))ale, Bz, [t (E(s), )], £, w))

where o € f[f, (e T, ands,t € Ly. Using the above kind of replacement where
T = {id} and Lemma 14 one can show the result we stated earlier that every
Yb-predicate is equivalent to a f]?—predicate. In fact, this is provable in S; So
this also gives S’% =S8, Tj =1T;.

Let ¥ be a set of formulas. A theory T' can V-define a multifunction f(x), if
there is a W-formula Af(z,y) such that 7'+ Vo3yAs(z,y) and N = Af(z,y)
f(z) = y. If T proves y is unique then we say T' W-defines the function f. We
will be interested in X? and f]?—deﬁnabﬂity. A predicate is A with respect to
a T if it is provably equivalent in T' to both a Y!-formula and a IT>-formula.
A predicate is Ai’ with respect to a T if it is provably equivalent to both a
5:b-formula and a IT*-formula.

Theorem 19 (i > 0) Suppose { € O({|.CE|}) for all ¢ € 7. Then TP can
Yb-define the multifunctions in BY .

PROOF. Since functions in B} = B, are all Ly-terms, EBASIC C TAQH can
3¢-define them. For i > 1, it suffices to show that Ty" proves the class Bf
contains the appropriate W-operators, and is closed under composition and

BPR;.

(W-operator) We first show EBASIC can $l-define (Wz < |t|)[f(z,2z) = 0]
for f(x,z) a function in By = B{. i.e., f is just an Ly-terms. To see this notice

12



EBASIC proves
Fy < [t]+1[(Fz < [t))(f(z,2) = 0Ay = 2)V (Vo < [t])(f(z,2) > 0Ny = [t|+1)]

and the formula inside the (Jy < || 4 1) is equivalent to a 2’-formula. Next
we show EBASIC can t-define (Wz < t)[fc(q: z) = 0] for fc(az z) € B;_1.
By Lemma 9, fo = 0 is expressible by a E -formula C(z,z). So EBASIC

can X-define (Wx < t)[fo(z,2z) = 0] since it proves

(Fy <t+1)[Fx <t)(C(z,2) Ny =)V
(Vo < t)(=C(z,2) Ny =t +1)].

and the formula inside the (3y <t + 1) is equivalent to a $20-formula. Since
Ty" D EBASIC, this shows Ty" is also closed under the appropriate W-
operators.

(Composition) Suppose f = h(gi(x1),...gn(x,)) and that 75" can %t-define
h(z1,...%,) and g¢;(x;) where 1 < j < n and where h,g; € Bzm. Then there
are Sbformulas H, Gy,...,G, such that 737 + (Vz)(3y < t)H(z,y) and
Ty F (vx;)(Jy < t;)Gj(xj,y), forl1<j<n.So

T b (vxy) - (V%) By < 6)(Fn < 1) -+~ Ty < 1) (Gr(x1, 1)
A=A Gn(Xh yl) A H(yh <o YUn, y))

The formula inside the (Jy < t) is equivalent to a f)i-’—formula in EBASIC
and it defines f.

(BPRT) Suppose f is obtained by BPR™ from ¢ and h which are >:-definable,
r,t € Lo, and £ € 7. Let G and H be the f]?—graphs of g and h such that
Ty7 + (Vx)(Jy < t)G(x,y) and 137 F (Vn,x,u)(Fv < to)H(n,x,u,v). We
can assume 7(0,x) < t1(x). So let A(n,x,w,y) be

G, B(0, [ (£(t), x)|, 7(0, %), w))A
B, [ (€(8),x)], r(£(2)), ), w) = y A
(Vj < €D ((H (G x, B0 [r (€(t), x)], w), 5S4, | (6(), x)], w))
AB(ST. [r (€(t),x)],w) < r(n,x)) v B(ST, [r (€(t),x)], w) = r(n,x))
and let B(n,x) be (3y < r)(Fw < 20U+ A(n, x, 2, w,y). Let F(n,x,y)
denote the formula within the (Ely < r). Since ¢ € O(|z|), this formula is

equivalent to a Zb formula in T2 and we can define f if we can show

(Vx,n)(Jy < r)F(L(t(n,%)),%,y).

13



So it suffices to show (Vx,n)B({(t),x). Now B is also equivalent to a 3-
formula, so Ty can use IN D7 axioms. Since T3 proves (Vx)(Jy < )G, it
proves B(0,x). Suppose Tom + B(m,x) where m < £(t). So there are v,w,y
satisfying A(m,x,w,y). If we set y = h(m,x,y), and

w = y/ . 2min((m+1)-|r+\,Z(c)~|r+|) + LSP(UJ, (m + 1) . |T+|)

then by axioms (1) and (3) of EBASIC, TZH - A(m+ 1,x, z,w',y). Hence,
Ty" F B(m + 1,x). By the INDF, axioms, 75" F (Vx,n)B({(t),x). O

Let T be EBASIC or Ty". By Parikh’s Theorem [11], T can %! -define a
function f if and only if there is a ifn—formula A¢(z,y) such that T proves
(Vz)(Jly < t)A¢(z,y). For a multifunction one does not have to show unique-
ness. An E¥? -formula is a formula (3y < t)A where A € % . We write LW
(lexicographically W) for the set of formulas that can be made into W-formulas
by introducing dummy quantifiers. We define a witness predicate as follows.

If A(a) € LI, | then Wit (w,a) :=w = 0 A A(a)
If A(a)is (3z < t(a))B and A € X then Wit} (w,a) := w < t(a) A B(w, a)

If A(a) is (Jzy < t1)(Ja2 < t5)B and A € EX? then

Wit} (w, a) :=ispair(w) A B(1,w) <t A B(2,w) <ty A
B(B(1,2), B(2,w), a).

Thus, if A € LES! then Wit} is equivalent in EBASIC to a I’ -formula.
The witness predicate above is simplified from Buss [3]. The simplification
arises because we are in the prenex setting. From the definition of witness the
next useful properties follow:

Lemma 20 (m > 1) If A(a) € LEX? | then: (o) EBASIC F Wit} (w,a) D
A(a). (b) There is aty so that EBASIC' + A(a) < (FJw < ta(a))Wit (w, a).
(c)Forty, EBASIC Wit} (w,a) Dw < ta.

PROOF. (a) This statement is immediate from the definition of Wit'y.

(b) If A e f]fn then t4 is just the bounds on the outermost existential quanti-
fier. Otherwise, if the outermost two existential quantifiers are bounded by t;
and t,, their pair is bounded by 22 (max(tit2)+1),

(c) Follows from (b) and the definition of Wit"}. In particular, the definition
of ispair forces any pair for a witness to be unique. O

14



For a cedent I' = {A;,..., A} we use VI (resp. AI') to denote the disjunction
(resp. conjunction) of its formulas. We write w = ((wy,---,w,)) to denote
pairings of the form (wy, (wa, - -, (Wy—1,wy) - - -)). We will use this convention
in defining witnesses for Wt and Wat(r.

We define Wit7(w, a) by induction. If I' = (), define Wit} (w, a) to be 0 = 0.
If ' = {A} then Wit (w,a) is Wit} (w,a). f T' = {A,..., A,}, let T be
{Az, ... A} and set Witl-(w, a) to be Wit} (B(1,w),a) AWitlw (3(2,w),a).

Now we define Witl-(w,a). If ' = 0, define Wit0-(w,a) to be (0 = 0). If
I' = {A} then Witl\n(w,a) is Wit} (w,a). Otherwise, if I' = {A;,..., A, },
let I be {A,...A,} and define Wit (w,a) to be (Wit} (5(1,w),a) Aw; <
ta,) VWit (B8(2,w),a) where t4, are from Lemma 20.

Both Wit and Wit are equivalent to ﬂl;n_l—formulas in EBASIC.

Lemma 21 (m > 1) Let T be a cedent of LEYL -formula with free variables
a. There is a term tr such that EBASIC + Witl.(w,a) D w < tr and
EBASIC F WitJ(w,a) D w < tr.

We also have
EBASICF (Jw < tr)With'h(w,a) — (3w < ta)Witls (w, a)

if and only if EBASIC T — A.

PROOF. This follows from the definition of witness for a cedent, the fact that
witnesses for a cedent are made up of pairs, and by the bounds for witnesses
for formulas given by Lemma 20. O

Theorem 22 (i > 1) Suppose { € O({|z|}) for all € € T and T3" =T — A

where T and A are cedents of LEX-formulas. Let a be the free variables in
this sequent. Then there is an f € B] such that:

Ty b With-(w,a) D With o (f(w,a),a).

PROOF. This is proved by induction on the number of sequents in an T T
proof of I' — A. By cut elimination, we can assume all the sequents in the
proof are in LEif In the base case, the proof consists of sequent — A where A
is a logical axiom, an equality axiom, or an FBASIC axiom. In each of these
cases the witness predicate is A A w = 0. So we can choose f to be the zero
function. The weak inferences, structural inferences, and cut can be handled
in essentially the same way as in the S} case of the witnessing argument in
Buss [3]. The remaining cases are the bounded quantifier rules and induction.
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We show the (3 <:left) and (3 <right) — the (V <:left) and(V <:right) are
similar — and, of course, we show the X’-IN D™ case.

(:left case)
b<t A(D),T - A
dr < tA(x),[ - A
By hypothesis there is a g € B] such that

1,7+ Witigt/\A/\F<wa a,b) D Wit 5(g(w,a,b),a,b).

There are three subcases. In each case, we need to determine a value for the free
variable b and then run g using that value. First, suppose (3z < t)A(z) € EXL.
If w is a witness for (Jz < t)A(x) AT, then G(1, (B(1,w)) is a value for b such
that A(b) holds and 3(2,8(1,w)) is a witness for A(b). Let our new witness
function be

flw,a) = g(((0, 6(2, (1, w)), B(2,w))), a, (1, 5(1,w))).
It is easy to see that

Tzi’T + Witz('ﬂmét)A/\I‘ (w7 a) ) WZti/A(J%w? a)’ a)'

In the second case suppose (Jz < t)A(z) € Xb. If w is a witness for (I <
t)A(z) AT, then B(1,w) is a value for b such that A(b) holds. Let our new
witness function be

f(w,a) = g(((0,0, 3(2,w))), a, B(1, w)).

It follows that

Tzi’T + Witz('ﬂmét)A/\I‘ (w7 a) ) WZti/A(J%w? a)’ a)'

The last case is when (3z < t)A(z) € LYY ,. (Notice by the definitions
of ¥ and IIV if (3z < t)A(x) € LIIY | then (3z < t)A(z) € LX! ,. So
(3z < t)A(x) € LY , is the only remaining case.) In this case, let f4 be the
multifunction in B;_; which by Lemma 9 has the property that f4(x) = 0
iff A(z). We define f to be the same as in the above case except rather than
use (1, 6(1,w)) to give a value b we instead use the B; C B] multifunction
(Wa < t)[fa(z) = 0] to give a value for b. Note if (3z < t)A(z) € 3L then ¢ is
sharply bounded and A is open so this function is definable in Bj.

(F:right case)
['— A(t), A
t<sI'— (Jz <s)A(x), A
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By hypothesis there is a g € B such that
TQ” = Wit p(w,a) D Witfél(t)vA(g(w, a),a).

The definition of Wit* implies

Ty7 F Witi p(w,a) Dt < s AWithp(3(2,w), a).
So if A € £ define f = ((t(a), B(L, g(8(2.w). ), B(2. g(B(2, w), ))).
If Aelll | define f:= (t(a), (2, g(3(2,w),a))).
For all other A define f := g(8(2,w),a)).
These functions are all B] and note that

Ty7 = Witjap(w,a) D Wit(z,<sa@valf(w,a),a).
(LV-INDT case)

A(D),I' — A(Sh), A

A(0),T — A(((1)), A
where ¢ € 7. By hypothesis there is a g € B such that

137 F Witi&(b)/\l"(w’ a) D Witi&(Sb)\/A(g(wa a),a).
Let h(m,w,a,b) be
Cond(Witfﬁl(Sb)\/A (ma a, b)7 m, g(<ma ﬁ(27 w)>a a, b))
Define f by BPR] in the following way
F(0,w,a)=(8(1,w),0)
F(b+1,w,a) =min(h(F(b,w,a),w,a,b), tyasva)
Define f(u,w,a) := h(min(u, £(t)), w,a). Recall t,sp)va is the term guaran-
teed to bound a witness for A(Sb) V A by Lemma 21. It is easy to see
737 Witlygyar(w, a) D Wity g)ya(f(0,w, ), a)

From this one can then show that

T - Withgar(w,a) A With s (f(b,w,a),b,a)
D Wity spyual(f(Sh,w,a), Sb,a).
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Since t is in 7, it then follows by %-IN D" that
Ty + Withyoyar (w,a) D Wit yyya(f(L(E), w, a), a).

This completes all possible cases and the proof. O

Corollary 23 (i > 1) Let ¢ € O({|z|}) for all ¢ € 7. (1) The 3t-definable
functions of Ty™ are contained in By. (2) For i > 1 the Y!-definable mul-
tifunctions of To™ are precisely Bf = FP¥1(wit, 7). (8) The %t-definable
multifunctions of TQIT are A7, the smallest class containing operators (Wy <

t)(y = y) where t € Ly and containing By and closed under composition and
BPR"™.

PROOF. We show (2) first. For the ‘if” direction we use Theorem 19. For
the other direction consider Theorem 22 when we take I' empty and A to be
a EX! formula (3y < t(z))A(x,y) provable in Ty". Then we get that there
is a BT function f such that 137 F— Witi(x, f(z)). Given the definition
of witness we thus have 757 F— A(z, 8(1, f(z)). So k == B(1, f(z)) give at
least one value such that A(x,y) holds. In the case where A(x,y) defines a
function in 747" this is the only value y such that A(z,y) holds. This shows
(1). Suppose A is multivalued. From k& we next define a B] function h such
that h(z) = y iff A(z,y). Suppose A(z,y) is of the form (32 < s)B(z,y, 2)
where B € II?_,. We do the following: (a) Compute k(z) = 3. (b) Ask the
queries (Wy < t)(y =y) and (Wz < s)(z = z). Let y; and z; be the oracle
responses. (c) Ask the 3_ -query —=B(z, y1, z1). If the answer is ‘1’ output yo.
Otherwise, output y;. For ¢ > 1, f can be easily constructed using cond and
Lemma 9 as a composition of B multifunctions so will be B]. The purpose
of step (b) is to nondeterministically get values for y; and z;. If these values
happen to witness (Jy < t)A then y, is output, otherwise yo is output. Notice
this argument show the E -definable multifunctions of T2 are in A7. For the
other direction the proof is the same as Theorem 19 once one observes that

(Wy < t(2))(y = y) can be 2-defined in Ty using (Iz < t(x))(z = y). O

The next two theorems are from Pollett [13]. We will have need of them in
the next section.

Theorem 24 (i > 1) Suppose for all £ € 7 that { € O({|z|}). Let 27 be the
set of terms 2¢ where 0 € 7. Then Ty jB(in) TithT . The Afﬂ-predicates

of both these classes are P¥i-1(7).

Theorem 25 (i > 0,k > 2) [Pollett [13], Corollary 57] The AL, ,-predicates
of To™ are P¥r—1(1).
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We went to some effort establishing Corollary 23 since Pollett [13] does not
classify the 3:-definable multifunctions of 7y"" which we will have need of
in the next section. In particular we will need the upper bound on the f]l{—
definable functions of T; ™ below.

4 Properties of Z and S}

In this section, we prove the properties of Z and Si mentioned in the abstract
of this paper.

Theorem 26 If Z C Ti for any i then the polynomial hierarchy collapses to
B(¥?.,). Since Si C Ty, this also implies if Z is contained in Sh the polynomial
hierarchy collapses.

PROOF. Z C T implies Z; ;5 C Ti. The Al, ,-predicates of T are P¥i+1(1)
by Theorem 25. By Corollary 24, Z;,o’s Ab, ,-predicates are P¥+1(({|idiy5})).

It is not hard to exhibit complete problems for the latter class. Hence, if
Zi+2 Q TQZ then

P¥a(1) = P (({lidfiss )

and so for some k, P+ [k] = P41 [k + 1], the result then follows from Chang
and Kadin [9,5]. O

Definition 27 Define 2 1 0(x) := x, 2 T (i + 1)(x) := 221@) . Let 77 be the
set of iterms of the form 2 1 j(p(|x|;)) for j > i+ 3 and p any polynomial.

Let BZ be short-hand for BZ"Z.

As a consequence of Theorem 24 and the fact that a statement provable in Z
must in fact be provable in Z; (recall Z;,1 contains Z;) for some large enough
7, we have:

Lemma 28

N2
(i>0) 1" Zps ) Z.

1)
(1 >0) The if-deﬁnable multifunctions of Z are precisely BZ.

To prove Z cannot prove the collapse of the hierarchy we first show if Z proves
PH | then Z = S,. This requires the next lemma.
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Lemma 29 There is a X0-formula Uy(e,x,z) such that for any ¢(x) € 3
there is a fized number e, and

EBASIC v U(eg, 2, 21) = ¢(z).

PROOF. Note since we have pairing we are not losing any generality by
only considering 1-ary ¢’s. Also by Lemma 9 we can express any open formula
A(z,y) as an equation f(z,y) = 0 where f € Ly. By induction, on the com-
plexity of A this is provable in EBASIC'. So any i]i?—formula ¢(z) is provably
equivalent in FBASIC to one of the form

Gy < t1) -+ (Qui < ) (Qyia < [t ])(tiga(z,y) = 0)

where the quantifiers Q and Q)" will depend on whether 7 is even or odd. We fix
some coding scheme for the 11 symbols of Ly as well as for the i + 2 variables
Y1, - Yirr. We use 1 to denote the code for some symbol. i.e., =1 is the
code for =. We choose our coding so that all codes require less than |i + 12|
bits and we use 0 as INOP! meaning no operation. The code for a term t is a
sequence of blocks of length |i + 12| that write out ¢ in postfix order. So z +y;
would be coded as the three blocks !y, 174 1. The code for a 3:2-formula will
be ((t;1,..., t;131)). We now describe U (e, z, 2). It will be obtained from the
formula

(Fw < 2)(Fyr < 2)(Vj < le])(Vy2 < 2) - (Qui < 2)(Q'yir1 < |2|)dile, j, x,y)

after pairing is applied. Here ¢; consists of a statement saying w is a tuple
of the form ((wy, ..., w;y2)) together with statements saying each w; codes a
postfix computation of ¢; in e = ({it;1,... [, 31)). This amounts to checking
conditions for each m

[B(. i +12], 16, ]) =T+ 1 A
B, 12|, wm) = B = 2, 2], wn) + B = 1,|2], wm)] A -+

¢; also has conditions y,, < B(|e|, 2], wm)A if Y was existentially quantified
and conditions ym, < 3(le], 2], wm) D if Y, was universally quantified. Finally,
¢; has a condition saying ((|e|, ||, wir2) = 0. Since EBASIC can prove simple
facts about projections from pairs, it can prove by induction on the complexity
of the terms in any 3’-formula ¢(z) that Us(ey, z,2417) = ¢(z). O

One easy corollary of the above lemma is the following:
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Corollary 30 (i > 1) The theory TE™ is finitely aziomatized provided T is
finite.

PROOF. We can axiomatize 75" as EBAS]C’—HND[{][;} forter. O

Theorem 31 Suppose Z proves PH |. Then Z = S5.

PROOF. Since Z = U; Tz{hdh“}, if Z proves PH | then T ilidlis st
prove U of Lemma 29 equivalent to a Hk -formula for some ¢ and k. Hence,
Tatlidhist proves b= 0. If k < i then Ty iAlidhsd broves E%—[ND{W‘““}
for all m. So if we choose m := 2i + 9 we get Ty st ¢ idlidhiest ey
i + 3 applications of Theorem 24 show S} C Tg’{‘id‘”?’}. Since Tg’{‘id“”} proves
b= f[b and k < i, T iAlidlies} thus contains ST for every m. If k > i, then
since Ty 12} C Tk i) (you can use Theorem 24 to see this), 73’ Aldless)
proves Eb -IN D{|’d|k+3} for all m. We can then perform the same argument as
in the ﬁrst case. O

Corollary 32 (i > 1) If Si proves PH | then S} =B, Sy. In particular,

if PNP(log) € PNY then Si does not PH |. Also, if Si # Ti then Si does not
prove PH |.

PROOF. The second statement follows from the first since the Ag—predicates
of Sy contains PVF; whereas, those of Si are exactly PV (log). So if PM? D
PNP(log) then S} cannot be B(34)-conservative over Sy. The third statement
similarly follows from the first since the 30-TN DU axioms of T¢ can be writ-
ten as 3! . -formulas. For the first statement, we will argue that S§ < B, )

Si+ 7. Given this if Si proves £ = II? for some k then Si+Z also proves this.
So by the same argument as Theorem 31, S5+ Z = S,. Hence, S; =B, Ss.
So suppose S + Z proves a sequent of f)f -formulas I' — A. (We can reduce
B(ﬁlf .1 )-conservativety to this case using the same proof as Theorem 59 in
Pollett [13].) Since Z,,, C Z,,,1 for all m, we can assume in fact that S% + Z,,
proves A for some fixed m > 0. Hence, also S% + 13 i proves I' — A. Since if
m <i, S§ D TQm i , the only hard case is When m > i. To see this case notice

Ss + T2 L can simulate an S} + T2 i proof of Efn-sequents in the same

way that T MR can simulate a " ’T’%—proof of 32 sequents in the proof of
Theorem 24, the only new rule of inference to worry about is the f]i»’—] N D}
inference. Let A be the induction formula in such an inference. Using a witness
oracle for A we query if A(|¢|) holds. If it does we output the witness returned
by the witness oracle. Otherwise we query A(0). If A(0) does not hold then
we output 0 as the antecedent will be false. Finally if, neither of these cases
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occurs, using O(log) queries to a X¥-oracle witness to binary search for a value
such that A(a) but A(Sa) does not where A is the 3! induction formula and
run the multifunction witnessing the upper sequent in this proof on this value
to get a witness for the succedent in the lower sequent. This multifunction

is 30 1-definable in S% and using 3. IN DU} on how this multifunction is
Z

~m—1,72 |

defined in [13], S% can prove it has the desired properties. So S% + T,

. ~ 4
can simulate the S + 75" proof of I' — A. If m — 1 > 4, then we continue
proving a chain of such conservation results until we get to the ¢ = m — 1

. . A 71’ Z7 .
case. For i = m — 1 we have S} D TQm "m=1 fence, S4 proves I' — A and so

The third statement in the above corollary was pointed out to me by Sam Buss
via Jan Krajicek. We now prove Z cannot prove the collapse of the hierarchy.
Our method is based on the proof in Johannsen [7] that S5, does not $%-define

5).

Definition 33 The function #p(z) returns the number of alternations be-
tween 1 and 0 in reading the binary number x from left to right. We start the
counting of this number at 1 so #5(1) = 1.

As an example, let x be the binary number 1110011 then #pg(x) = 3. Since
the number of alternations in x’s binary notation is always going to be less
than the length of x we have the following easy lemma.

Lemma 34 Ify < x then #5(y) < |z|.
PROOF. This follows since #5(y) < |y| < |z|. O

To prove our results we study the way #5(f(z1,...,z,)) depends on #pg(z;)
where f is in B7.

Lemma 35 The following inequalities hold:
(a) #5(l2]) < ||

(b) #5(l52)) < #5(x)

(¢) #5(MSP(z,i)) < #p(z)

(d) #5(Sz) < #p(r) +1 <2 #5()

(¢) #p(r#ty) =2
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|on

(f) #plx+y) <5 (#s(r) +#5(Y))
(9) #B(x=y) <2 - (#s@)+#5W)+ 1 <3 (#sx)+#5y))

(h) #p(x-y) < (2- (#8(x) + #8(y)2°(5 - (#p(x) + #5(y)) + 85) < 56
(#(x) +#5(y))'Te°

(i) #(Wi < |t(z)])(f(x, 2) = 0)) < [[t|]| < k[|z[| for some fived k.

PROOF.

(a) This follows from Lemma 34

(b) Since |32 chops off the low order bit of  the number of alternations
can at most stay the same.

(c) This follows by similar reasoning to (b).

(d) If the low order bits of = is 0 then adding 1 can increase the number of
alternations by at most one since only this bit will be flipped. Otherwise,
adding 1 will toggle the low order block of 1’s in x and carry the 1 to the
0 to its left. Again, at most increasing the number of alternations by 1.

(e) The number x#vy is a 1 followed by |z||y| zeros.

(f) First, notice that adding 2° to or subtracting 2° from z can only increase
the number of blocks in x by at most 2. Since the blocks of 1’s in y can
be represented as expressions of the from 2/7¢ — 2!, when we perform the
addition we get at most 4 blocks in the new number for every block of
1’s in y. So the new number has fewer than #p(z) + 4#5(y) blocks. By
symmetry it also has less than #5(y) + 4#5(x) blocks. The minimum of
these two values is thus bounded by their average.

(g) This follows from (f) since if x > y then

ey = (2 — 1 — (@ 1)+ )
and 2171 — 1 — 2 has at most one more block then z and
(2 = 1 - (@~ 1= 2) +))

has at most one more block then (2+! —1 — ) +y.

(h) Consider multiplying by a block of 1’s 207 — 2¢. This gives x - 2017 — 22¢
which is the subtraction of two number each with at most one more
alternation than x. So we get less than 5 - #g(z) + 8.5 blocks by (g).
There are (#BT(Z’)} blocks of 1’s in y. So to compute #p(z - y) we need to
add together fewer than #pg(y) numbers with fewer than 5 - #p5(z) + 8.5
blocks. If we do this in a balanced fashion then by (f) we get fewer than
51#8WI(5. #5(x) +8.5) blocks. This is less than (2#5(y))'°8°(5 - #5(z) +

8.5) and in turn less than (2(#p(x)+#5(y))" 8% (5-(#5(x)+#5(y))+8.5).
(i) Follows from (a).
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As an aside, it would be interesting to get a better bound on the number of
blocks produced by multiplication. One can construct examples where # g(x-y)
is Q((#5(x) + #5(y))?). For example, if one multiplies (11); and (111); one
gets (10101),. Take two sequences {a;},{b;}, such that a; has ¢ blocks of 11’s
alternating with blocks of 0’s (these blocks of 0’s increase in size with i) and
b; has 7 blocks of 111’s alternating with blocks of 0’s and such that a; - b; is of
the form (1010101 - - -),.

We now bound the number of blocks that can be produced by recursion. For
this define: Lg(z) := #5(x) + ||z||.

Lemma 36 Let 7 be a set of nondecreasing iterms all of which are O(]|x|]).
Assume T has at least one unbounded term and let f be defined by BPR™ using
g, h,r, £, t satisfying

where 1,0 € T, 8,81 € Ly and ¢, k are constants. Then there is an (3 € T, a
term t' € Ly such that

#5(f(n,x)) <c-(Lp(n)+ ZLB(%))M:’“/(“’X))

PROOF. Note we do not lose any generality in assuming the constant c is
the same in the bound of each g, h, and r since if they differed we could always
take the maximum of the three values. We know by the bound on h that

m

#p(F(n+1,x)) <c-(Lg(n)+ Le(F(n,x))+ ZLB(%))

1=0

4¢ (s(n,F(n,x),x))

Notice by the definition of BPR"™, F(n,x) < r(n,x). So also ||F|| < ||r||.
Since r € Lo, there is a constant £’ such that

rn, %) < K - (] +§0||xir|> <K (Lp(n) +§L3<mi»
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Let k := k' 4+ 1. Thus, Lp(F(n + 1,x)) is less than

m

¢ (k- (Lp(n) + Y La(a,) +#(F(n,x))" "

1=0

Using our bound on #g(h), we can then expand #p(F(n,x)) and so on. We
can thus bound #5(f(n,x)) = F({(t(n,x)),x) by Y :=

m e(t) m
c- @0 Lp(z;) + 2 k- (Lp(j) + ;LB@»»“

where 1) is
ot)
61(81<X)) + 62(8<]’7F(j7 X)7X)
j=0

Since ¢ and /5 are nondecreasing and F' < r we can bound v by ¢ :=
l1(s1(x)) + €t (n, %)) - La(sT(L(t (n, %)), 7T (€T (n, %)), %), %).

Let ¢ be an unbounded term in 7 and let v be a fixed number such that
¢'(v) > 1 then ¢ is bounded by

C(v) - a(s1(x)) - LT (n,x)) - La(sT (LT (n, %)), 77 (LT (0, %)), %), X)

Since this term is just a product of terms in 7, it is bounded by some term
l4(t") where ¢4 € 7. Now consider the term W under the exponent in Y. Since
¢ is nondecreasing and O(||z||), W can be bounded by

iLB(xi) +0(tT(n,x)) - k- (2 ||n]| + iLB(xi))

which is less than

(2k +1)(Lg(n) + f:LB(:zci))2 < (Lg(n) + i_n:LB(xi))‘lk*z.

So #p5(f(n,x)) is bounded by

m

¢ (Lp(n) + Y Lp(z;))#+244¢7
i=0

Using the unbounded term ¢’ again we can get an ¢35 € 7 and a t’ such that

(4k +2) - 4%4(") < 456 and thus prove the theorem. O

Lemma 37 Let 7 be a set of nondecreasing iterms all of which are O(]|x|]).
Assume T has an unbounded term. If f(x) € B and #p(x;)) < ||xi|| then

#p(f(x)) <c- (llaa]|+ -+ |z ), t € Ly and € € 7.
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PROOF. This follows from Lemma 35 and Lemma 36 and by noticing 1 +
logh <4. O

Theorem 38 The function |3] is not f]l{—deﬁnable win /4. Hence, Z cannot
prove the polynomaial hierarchy collapses.

PROOF. By Lemma 28 and Corollary 23, the f)l{-functions of Z are contained
in BZ. Notice all the terms in 77 are o(|z|3). Consider y := 2+ — 1 for any
x. #5(y) =1, yet L%J is a number of length || — 1 of the form 1010 - -.

Hence, #5(|y|) = |z] — 1 > 122" which is greater than

¢ ||yH4p(2(y)) <c- 222‘\y\4~p(2(y))

for fixed p, ¢, and for £ € 7 and large enough . This is since 2-|y|4-p(¢(y)) can
be majorized by a term in 7Z and as we have already observed all these terms
are o(|x]3). So by Lemma 37, | %] is not in B4} and hence not in BZ. On

the other hand, | 3] € F'P and by Theorem 31 if Z proves PH | then Z = S,.

In which case, FP C B since the f]l{—deﬁnable functions of S3 are F'P (from
Buss [3] and using the fact that Si can prove every ¥%-formula equivalent to
a f]g’-formula) and Si C S,. This is a contradiction since B does not contain
[5]. So Z does not prove PH |. O

Remark 39 At this point, in the spirit of Razborov’s work on what fragments
can formalize which lower bounds techniques, we should examine the complez-
ity of the lower bounds proof just presented. The function # p(x) is polynomial
time computable, and hence, X°-definable in Si. The theory Si can also prove
appropriate roundings on all of the inequalities in Lemma 35. For the bounds
on #p(r +vy) and #p(x - y) one would fix y and perform induction on the
number given by the first i blocks of x. Then reverse the roles of x and y and
reason as we did above to get the bound. Lemma 36 can also be proven by
INDUAY | Hence, by induction on the complexity on any term in B, S} can
prove B cannot does not contain | %].

Corollary 40 The theory T := Z+{ﬂ8—consequences of Sa} cannot prove the
polynomial hierarchy collapses.

PROOF. Let 7 denote the IT%-consequences of Sy. We claim the 322-definable
functions of Z + 7 are still in BZ, and so the argument above also implies
Z + 7 cannot prove PH |. Since Wit}y' := w = 0 A A for any A in 7, we
can choose the zero function to witness A and use the same proof as the proof

of Theorem 24 to show TS’Q% + T 2 ) AQZ‘H’T + 7. By the same reasoning
i+

~irZ ~1,77
as Lemma 28 we get 15" + 7 jB(ng) Z + 7. So T21’ Y+ 53(23) Z + .
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Since Witl, := w = 0 A A, essentially the same proofs of Theorem 22 and

Corollary 23 show the f]’{—deﬁnable multifunctions of T; i + m and hence
Z+mare BY. O

Theorem 41 If Z proves PH | then for all i, Si + X #£ T1%.

PROOF. For Z to show PH 1, Z must show X 2 TI? for 7 > 0. We take this
to mean there is a II’-formula A(z) such that for each integer k, the theory
Z proves the statement Vedz—(A(x) < Uj(e, x,21*1"). These statements are
equivalent in Z to i]i’ 1-formulas. Hence, by Lemma 28 they are provable in

i 7 i 7 . Ny ]
157 . But Ty™ C Si since terms in 77 are surpassed by |id|s. So 7ot} ¢ gi

proves these statements and, thus, that ¥ # IT?. O
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