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Abstract

The question of whether the bounded arithmetic theories S and
R} are equal is closely connected to the complexity question of whether
P is equal to NC. In this paper, we examine the still open question
of whether the prenex version of R}, R}, is equal to SI. We give new
dependent choice-based axiomatizations of the Vf]tl’—consequences of S3
and I%% Our dependent choice axiomatizations give new normal forms
for the Ab-consequences of S} and R}. We use these axiomatizations
to give an alternative proof of the finite axiomatizability of V3:0(S})
and to show new results such as VZADE’(R’ é) is finitely axiomatized and
that there is a finitely axiomatized theory, TUC, containing 520 and
contained in f%% On the other hand, we show that our theory for
VEP(R1) splits into a natural infinite hierarchy of theories. We give
a diagonalization result that stems from our attempts to separate the
hierarchy for Vb (RY).
Mathematics Subject Classification: 03F30, 68Q15
Keywords: bounded arithmetic, finite axiomatizations

1 Introduction

The theories S5 and R} are two of the more well-studied bounded arithmetic
theories. The i]ﬁ’—deﬁnable functions of S} are known to be P, the polynomial
time computable functions, and those of R% to be the functions in NC,
functions corresponding to uniform poly-size, poly-log depth circuit families.
The question of whether or not these two theories are equal seems to be hard



and connected to the important question of whether the feasibly computable
functions as captured by P correspond to the feasibly parallelizable functions
as captured by NC. Some success has been had in separating weaker bounded
arithmetic theories from S3. The present paper follows in this tradition and
attempts to characterize the Vf]ﬁ’—consequences of the prenex version of R},
]%%, in a way that would be useful in separating it from Sj.

The theories Si and R} are formulated over a base theory BASIC, con-
sisting of a finite set of open axioms for the symbols of arithmetic, and add
to this theory either length or length-length induction for Zf-formulas, those
formulas which correspond to the class NP for ¢ = 1 or NP> -1 for i > 1.
Pollett [24] shows that the theory with four lengths induction for prenex :?
formulas (39 formulas) is strictly weaker than Sj. This was later improved
by Boughattas and Ressayre [3] via a model theoretical approach to three
lengths induction; however, the language of their result no longer has MSP.
For this paper, we will consider the finite axiomatizability of the Vfllf conse-
quences of the prenex version of R3, }?%, versus that of S3. Garlik [11] has
shown via an ultraproduct construction that R} is weaker than Rj under
the assumption that one-way permutations exist and are computable in R3,
but no unconditional separation of these theories is known.

One common approach to separating complexity classes and logical the-
ories is via some kind of diagonalization argument. Even if diagonalization
by itself does not directly succeed, it can sometimes be combined with a
strong “if-pigs-could-fly” hypothesis to provide a separation or lower bound.
An example of this is the research on lower bounds for satisfiability started
by Fortnow [10]. A first step in being able to perform a diagonalization
argument is often to come up with a universal predicate for the functions,
theorems, etc. of the class one is trying to separate from. This is also often
needed when one is trying to show a logical theory is finitely axiomatized.

Finitely axiomatizability results for theories S¢ and R} for i > 2 were
shown in Krajicek and Pudlak [14] and Pollett [22]. Cook and Kolokolova [9]
show that the VEP consequences of S} are finitely axiomatized. Their result
was shown via a second-order theory Vi-Horn whose theorems are isomor-
phic to these consequences. That paper was part of a larger program begun
by Zambella, Cook, Nguyen, and others to give nice second-order bounded
arithmetic theories for computational complexity classes. We give here a
new proof of this result directly in Sj. It is unknown if the V3! conse-
quences of R} or f%% are finitely axiomatized, and showing that they are not
could be an approach to separating these theories from 521.

This paper presents finite axiomatizations of 53 and R/ é that start with



the base theory EBASIC, a variant of Buss’ base theory BASIC, (in the
R é case, with the extra growth function #3 defined later) and an axiom we
call BITMIN for bit minimization. We show that FBASIC together with
BITMIN is close to capturing all of S’S in the sense that 5’8 can prove this the-
ory, and if we allow a certain kind of unsafe term substitution into a BITMIN
axiom, one can prove any fIS—LIND axiom. To B := EBASIC+BITMIN
we add a single axiom, UC, a universal term bit comprehension axiom. We
show TUC := B+ UC contains S9 and is contained in Sy and R3. We show
TUC together with a length bounded dependent choice principle exactly
captures V32(S3). The main work in this result is showing that this the-
ory can intentionally reason about the usual functional closure properties
needed to carry out a Buss witnessing argument for conservativity. If rather
than consider our length-bounded dependent choice principle, we work in a
language with the growth function #j3 and add a (length length) bounded
dependent choice principle, then we get a theory for the Vf]lf consequences
of R’y := RI+UC. Given our definitions R} C R’ C R}, To get the R’
result mentioned above, we have to be a little more careful in our handling of
the universal predicates that we consider. This is because with just length-
length-bounded ¥ induction and not ¥ bounded collection, it is hard to
express the sharply bounded p-operator in a way that will both work in our
witnessing arguments and in our universal predicates.

When we remove #3 from the language, ‘v’f]ll’(S%) is finitely axiomatiz-
able, but Vi]tl’(f%%) is axiomatizable as 5’20 together with a union over £ of in-
stances of (length-length)* bounded dependent choice principles. Although
at this point we cannot show this hierarchy over k is infinite, we are able
to get a normal form for the A} consequences of S5 and R} based on these
principles. We argue these normal forms lend themselves to diagonalization
arguments which we feel might be a component to an argument which does
separate these theories. We prove a very weak diagonalization result which
can be viewed as an analog of a combination time-space hierarchy based
on the number of # symbols appearing in terms in our normal forms. Un-
like usual hierarchy results of languages which are framed in terms Turing
machines, our hierarchy is somewhat interesting as it has a more algebraic
flavor.

This paper is organized as follows: In the next section we present the
bounded arithmetic theories S3, R4 and their prenex variants. We then
present the BITMIN axiom, our bounded dependent choice principles, and
our 5‘20 result. We next do a witnessing argument to show VXAJE’ conservativity
results between our bounded dependent choice theories and Sj and Ri.
This argument also implies our A? normal form results. We then prove



our finite axiomatization results. Finally, we conclude the paper with our
diagonalization result.

2 Preliminaries

The reader interested in an introductory treatment of bounded arithmetic
can consult any of the books: Buss [4], Hijek and Pudlak [12], Krajicek [13],
or Cook and Nguyen [6]. In this section, we fix the notations and definitions
needed for this paper. To start the language Lo consists of 0, S, +, z —y :=
max(0,z — y), “’, MSP(z,y) := |&], |z|, 2#y = 217IW and <. MSP is
perhaps the least familiar of these functions, it roughly shifts and removes
the y least significant bits from x. The base theory, EBASIC, is as defined
in Pollett [23] and consists of the axioms for BASIC from Buss [4], together
with a total of seven additional axioms regarding - (the axioms for these
as in Allen [1]), MSP, and block of bits projections. These seven additional
axioms are used to show finite pairings and block of bits projections work
as expected in this base theory. Let L3 be Lo expanded with an additional
function symbol #3 intended to mean z#sy := 217#Yl. We define EBASIC'5
to be EBASIC together with additional axioms |z#3y| = S(|z|#y|) and
2 < a3y & |2| < |x#3y|. It should be pointed out that the theories S and
R} as defined in the papers where they were originally introduced can prove
the EBASIC axioms that were not in these original definitions [23], the
added FBASIC axioms are only important for some of the weaker theories
we consider.

For an Lo-formula, a quantifier of the form (Vz < ¢) or (3x < t) where
t is a term not containing x is called a bounded quantifier. A quantifier of
the form (Vz < |t|) or of the form (Jz < |t|) is called sharply bounded and a
formula is sharply bounded if all its quantifiers are. The bounded formulas
of Lo are classified into hierarchies E? and HE’ by counting alternations
of quantifiers, ignoring sharply-bounded quantifiers. Formally, a SIB0
(Hg) formula is one in which all quantifiers are sharply-bounded. The E? 1
(T1?,,) formulas contain the P U II? formulas and are closed under —A,
A D B, BANC, BV C, sharply-bounded quantification, and bounded
existential (universal) quantification, where A is II?, ; (3%, ) and B and C
are X2, (TIP,;). In Pollett [23] prenex hierarchies of formulas 3P and IT°
were developed. Let 5351 = f[lll be the open-formulas. A formula is f}f
(resp. f[?) if it is in EA]E’ \ f[?fl (resp. fIE’ \ i]lt-’fl) and consists of exactly
i + 1 bounded quantifiers, the innermost being sharply bounded, followed
by an open matrix. If a theory is strong enough to prove the BBi]? axioms



(defined below), then it can be proven in this theory [23] that any XP-
formula is equivalent to a f]?—formula. A similar result holds for HE and
f[?—formulas. Sometimes the structure of i],f»’ and f[? will be a little too fixed
for our purposes. Given a class of formulas ¥, we write LW for those formulas
which can be made into ¥ formulas by adding “dummy” quantifiers. For
example, we are interested in classes like Lf]?. We will also write expressions
like EW¥ (resp. A¥) to indicate a formula consisting of a bounded existential
(resp. universal) quantifier followed by a ¥-formula. We write E, or A, if
we want to indicate that the quantifier has a bound coming from terms in
T.

We formulate our theories in the sequent calculus deduction system LKB
of Buss [4] which extends the usual sequence calculus LK to directly handle
bounded quantifiers. We consider theories where we extend the different
EBASIC axioms above by various inductions schemas:

Definition 1 Let 7 be a collection of 0 or 1-ary terms. A U-IN D7 inference
is an inference:
A(),T — A(S(D)), A
A(0),T — A(L(t(a))), A
where b is an eigenvariable and must not appear in the lower sequent, A is
a V-formula, £ is in T, and t is a term in the language.

The formulas A in the above we call the principal formulas of the infer-
ence; all other other formulas are considered side formulas. Define |z|o = z,
and |z|p,41 = ||z|m|. Let id(z) := x be the identity function. The nota-
tions IND, LIND, LLIND will be used instead of INDU Npiidl} ang
INDURIL  BASIC formulated in LKB extended by W-INDT7 inferences,
without any restrictions on cut, proves the same theorems as BASIC to-
gether with the following U-IND™ axioms [4],[23], IND:

A(0) A (Vo) (A(z) D A(Sx)) D VzA(l(x)).

where A is from ¥ and / is from 7. When referring to a particular induction
axiom, we will write LIND 4 for IND% when ¢ = |id| and LLIND 4 when
¢ = ||id||.

Definition 2 (i > 0) The theories Ts, Si, Ry, Ty" are BASIC+%P-IND,
BASIC+¥?-LIND, BASIC+¥X?-LLIND, and BASIC+XP-IND™ respectively.
We define Sy := U;S4.

Let T3, Si, Ri, TQZT denote the theories above but where we only have
the defining induction scheme for >:P-formulas. By Pollett [23], for i > 0 for



Ti = T4 and S} = S%; however, R} and ﬁfé are not known to be the same
theory. It is also known for ¢ > 0 that

SiC TiC 8 and Ry C RS C S& C RiFL

In the remainder of this section we recall the pairing function from Clote
and Takeuti [8], and the coding scheme from Pollett [23]. Pairing and coding
will be needed to present our collection axioms.

Definition 3 Given a term t € Ly we define a monotonic term t* as fol-
lows: If t is constant or a variable, then t = t*. Ift is f(s), where f is
a unary function symbol, then t* is f(st). If t is 51089 for o a binary
operation other than — or MSP, then t* is sf o) 52 Lastly, if t is s1 — s2
or MSP(s1, s3), then t is s} .

By induction on the complexity of ¢, BASIC + open-LIND can show t* is
monotonic, and ¢ < tT. Let & > 0 be a fixed natural number. Below are
some frequently used Lo-terms:

2 =1
gt = 2Rl
oll® = 1
olel™ = ol g
mod2(z) = x+2- L%xj
BIT(i,z) = mod2(MSP(z,1i))
omin(@ly) . — MSP@2W |y| = 2)
cond(z,y,2) = (1=-2)-y+(1=(1+2z))- 2
LSP(z,i) := =20 MSP(z,4)
BLK(a,b,w) := MSP(LSP(w,a +b),a)
Bali,w) = BLK(i-a,a,w)

For any polynomial p, we can define a term 2P(!) using the first four defi-
nitions above. Intuitively, LSP(x, ), the least significant part of z, returns
the last i bits of x, BLK(a, b, w) projects out a bits from w starting with
the bth bit, and 5, (i, w) projects out the ith block of a many bits from w.
Given a sequence of values b; with b; < 2l%/, we say a number w codes the
sequence (bo, ..., bg_1) with block size |a| if for all i, B4 (i, w) = b;. Notice
a#ts = 2195l is a bound on a number w coding a sequence of length £ = |s|
with each item b; < 2l9. Over EBASIC using length induction, one can



show that any two numbers coding |s| many values b; < 2lal must agree on
their lower order |a||s| bits.

We will make use of a pairing operation that does not rely on an explicitly
mentioned bound. Let B = 2/™a@)l Pairs are coded as (z,y) := (B +
y) 2B+ (B + ). The terms (w); := BL%IwH*l(O’BL%IWH (0,w)) and (w)a :=
BL%\wH*l(O’ ﬁt%\wH (1,w)), project out the left and right coordinates from an
ordered pair. To check if w is a pair we use the formula

ispair(w) := BIT(I_%”U)H ~1Lw)=1A2-|max((w)i, (w)2)] +2 = |w| .

Definition 4 For a class of formulas U, the collection inference BBV (some-
times called V-replacement) is

I' = (3y < t(z)) Az, y), A
I'—» (Fw < 2|t+(|5|)‘(|5|+1))(v,1' < ‘S‘)B|t+(‘s‘)|<1‘,w) <t(z) N Az, B|t+(‘s‘)|(:r,w)), A

for each A(z,y) € U.

Pollett [23] gives an alternative formulation of R as EBASIC+3P-
LLIND+BBY? which we will make use of in a later section.

3 f]tf sub-theories of 521 and ﬁ%

We are now in a position to define our sub-theories for the Viltf—consequences
of S} and R}. In the following, we will tend to use S9 as our base theory,
however, later when we try to get our finite axiomatization results, we will
use FBASIC together with the BITMIN axiom:

Definition 5 BITMIN is the axiom
(Fi < |a])LEASTON(i, a)
where LEASTON(i, a) is:

(Vj < )[(i < |a| > BIT(i,a) = 1 A BIT(j,a) = 0) A
(i=0>a=1)A(i=l|a| D (Vk < |a|)BIT(k,a) = 0)].

It turns out that FBASIC+BITMIN is very closely related to the theory
S9. In order to see this, we need the following lemma.

Lemma 1 Let A be an open formula. There is a term K4 such that

EBASICF K4 =14 A and EBASIC - K4 =04 -A.



Proof. This is proven by induction on the logical complexity of the formula
A. For the purposes of our argument, we will treat A D B as an abbreviation
for mA vV B and A V B as an abbreviation for -(=A A =B). Given an atomic
formula s < ¢, we can define the term Ks<; as 1 = ((s + 1) = ¢). Using the
axioms for + and —, FBASIC proves this formula is non-zero if and only if
the inequality s < t holds. For the non-base case, if A is an open formula
its top logical connective will be one of A or —. By defining Kx(b,¢) :=b-c¢
and K (b) := 1 = b, and using the induction hypothesis on subformulas, we
can naturally get a term K4 which FBASIC proves is non-zero if and only
if A holds. [J

Given terms s(c,b), t(4,|c|, s(c,b),b), let BITMIN,; denote the axiom
where we “roughly” substitute ¢ for the free variable a in BITMIN and
where we use s(c, b) rather than |a| for the number bits we are doing min-
imization over. That is, BITMIN, is (3i < |s(c,b)|)LEASTON(4,t) where
LEASTON(i,t) is

(Vi <)@ < |s(e,b)| D BIT(4, (i, |c|, s(c,b),b)) = 1 A BIT(4,t(4, |cl, s(e, b),b)) = 0) A
(i =0D>1t(0,]|c|,s(c,b),b) =1) A (i = |s(c,b)| D (VEk < |s(c,b)|)BIT(k, t(k,|c|, s(c,b),b)) = 0).

Lemma 2

1. 59 proves BITMIN, and for any term s(c,b), t(i, |¢|, s(c, b), b), it proves
BITMIN, ,.

2. Given any TI5-formula A, there are terms sa(c,b), ta(i,|c|,s(c,b),b)
such that
EBASIC + BITMIN, , ,, + LIND 4.

Proof. For (1), we note BITMIN is just a special case of BITMIN ; where
s(e,b) := b and t(4,|c|,s(c,b),b) := b. So it suffices to show 59 proves
BITMIN;, ; for arbitrary terms s(c, b), t(, |c|, s(¢,b),b). To do this, consider
the TI8-formula B(j, ¢, b):

(Vk < |s(c, b)) (k < j D BIT(k, t(k, |c|, s(c, b), b)) = 0).

EBASIC proves B(0,b). Soby IT8-LIND, 3j < |d|(B(j, ¢,b) A ~B(5(j), ¢, b))
or

Vj < [dI(BIT(, (4, [c], (¢, ), b)) = 0).

where d is a free variable that we may substitute with s(c,b). If we do this,
The i asserted by BITMIN,, is S(j) in the former case and i = |s(c,b)| in
the latter case. This shows 820 proves BITMIN, ;.



For (2), we make use of the term Kp given by Lemma 1. Let A be
ﬂg—formula. By adjusting the sharply bounded term, we can show any
f[g—formula is equivalent to one where the bounded quantifier uses a strict
inequality. So we assume A is of the form VYm < |t(j,b)|B(j, m,b), where
B is open. We want to show EBASIC+BITMINy, ;, proves LIND 4 for
some Lo terms sa,t4. Here j is the induction variable. The conclusion of
LIND 4 is equivalent to Ym < |t(|c|, b)|B(|c|, m,b) for some free variable c.
Take sa(c,b) := 2 -max(c,t7(|c|,b)), and to shorten things further, write d
for sa(c,b). Since we have the MSP function but not the general division
function in the language, it will be convenient to work with 2/l%/l rather than
|d|. We will define a formula B’(i, b, d) where we imagine 4 as running over
values less than (2/141)2, 2lldll blocks of 214l numbers. We can use the terms
BNum(i,d) := Lﬁj and Pos(i,d) := i = 2lldll . Lﬁj to determine which
block and which position in that block ¢ has. We imagine BNum(i,d) as
playing the role of j in the original formula B and Pos(i,d) as playing the
role of m. Given this, define B'(i, |¢|, d, b):

(Pos(i,d) < [t(BNum(i,d),b)| AN B(BNum(i,d), Pos(i,d),b)) V
Pos(i,d) > |[t(BNum(i,d),b)| V BNum(i,d) > ||

Since we have defined bit minimization to hunt for the least on bit, let
B" := —~B'. Write 2mnG2"N%) for the more complicated substitution in-
stance of 2mn(®.lu))  given by the expression gmin(min(i,(2/1411)2),[dgtdd]) 1,0
ta(i, |c], sale,b),b) = ta(i, |c|,d, b) be 2min@C N2 gep (5 el d, b) and con-
sider BITMINg, ¢,. The omin(i,(2'N%) factor in the previous occurs because
in the bit minimization axiom we look at the ith bit of ¢4(,b) to see if it
is 0 or 1; whereas, Kpgn(1,|c|,d,b) by itself only returns 0 or 1 and so will
typically have nothing at its ith bit. Unwinding our definitions in FBASIC,
we have for 0 < i < 2/l LEASTON(i,t4) implies —A(0,b). Similarly,
for 24l < 4 < (242 LEASTON(i, t4) implies 35A(j,b) A —~A(S(j),b)
for j = BNum(i,d) — 1, and for any greater i, LEASTON(i,t4) implies
Vi < |d|A(j,b), so LEASTON(i,t4) implies Ym < |t(|c|,b)|B(|c|,m,b).
Hence, BITMIN, , ;, over EBASIC implies LIND 4. [

To define the bounded dependent choice axioms which will serve as a
basis for the new theories considered in this paper, we define the equation
a = uj < |b|(t(j,c) > 0) for some term ¢ to mean the formula:

(Vi < D[((a < |b] Ad < a) D ta,c) > 0 A t(i,c) = 0)
A (a=1[b] D (Vk < [b])(t(k,c) = 0))]

It asserts that a is the least value of j less than |b| such that ¢(j,c) > 0



or a = |b| and for all values of j less than |b|, t(k,c) = 0. This sharply
bounded p-operation is one of the functions definable in S9. The theories
we are about to give extend S§ with the ability to define certain kinds of
arithmetic computation sequences where one of the allowed operations to
perform in one step is based on this p-operation. By pulling the sharply
bounded formulas to the front and using pairing, the above formula can be
made into a f[g—formula.

Definition 6 Let 7 be a set of 1-ary nondecreasing terms {(x) < |x|, let
k € N. We write T-BDC for the theory consisting of SY together with
axioms BDCL, tinit, tsel, trec, tu, b] of the form:

(Fw < 21O- (D) (i < () [(By (0, w) = min(tinie(a), b) A
(tsel(5|b| (i, w), 7, a) >0D> 5|b|(l +1, w) = min(tmc(@w (i, w), 7, a), b)) A
(tsel(5|b| (4, w),i,a) =0 B|b|(Z +1Lw) = pj< |b|(tu(]7 5|b| (i, w),a) > 0))]

where £ € T and tinit, tsel, trec, ty are Lo terms.

Here BDC' stands for bounded dependent choice, the name coming from the
discussion in Clote Takeuti [8] concerning the set theory principle which
inspired their weak successive nomination (WSN) rule. In English, a BDC
axiom roughly asserts the existence of a computation sequence of length
£(b) made up of blocks of length ||, the first block having value t;,;:(a), and
subsequent blocks being computed from previous ones as the minimum of a
maximum width value, b, and either t,.. or pj < |b|(t, > 0) applied to the
previous block. The term t4.; is used to select between these two cases. Let
id denote the identity function. We will show that the Vf]ﬁ’—consequences
of 83 and R} correspond to {[id|}-BDC and U,,{||id||"}-BDC respectively.
Towards that end, we first observe the following relationships between our
theories.

Lemma 3
1. {|lid||}-BDC C {|[id||*}-BDC C ---Up,{||id||™}-BDC C {]id|}-BDC.
2. Up{|[id||™}-BDC C R} and {|id|}-BDC C Sj.

Proof. For (1), given a term t,e.(y,4,a), using the cond function we can

make a term t/..(y,4,a) which is equal to .. for i < ¢(b) and is equal to y

rec
otherwise. To ensure only t/... is used for i > ¢, we can use cond to define
t;el, a version of t4.;, which is equal to t,; for ¢ < £ and is 1 otherwise. Let

t,, = tu. So if £ = |[id||™, given an instance of {||id||"}-BDC that uses

10



terms tinit, tsel, trec and t,, we can in this way create an equivalent instance
of {|[id||™*1}-BDC using t and t),.

For (2), from Theorem 22 (i) in Pollett [23] it is known R} can prove
3P induction up to terms of the form |[t||™. Using this, given an instance
A(||b]|™) := BDC|[id||™, tinit, tsets trees tu, b] of a {||id||"}-BDC axiom, R}
can prove A(0) as this just asserts there exists a w < 2/PI™ (0141 sych
that B|b|(0 w) = tinit(a), and so one could take w = t;n;(a) to satisfy this.
Also, R} proves A(j) D A(S(j)), as a witness for A(S(j)) could be had by
concatenating onto a witness w for A(j) either the minimum of b and ¢,¢. or
t,, depending on whether t,.; was 0 or not. Hence, by using ||id||™ induction,
R} can prove A(|[b||™). The S} result is proven in a similar fashion. [

Let 7 be a set of 1-ary nondecreasing terms, ¢(z) < |z| and let r(a) be
an Ly term. If we view w as a sequence of |r™|-bit long blocks. To get the
last block of bits from this sequence, define

inity 35[ ’ 'rec

LAST(w, ) = min(Bj,+([|w]/|r*[] = 1,w),r).

We say a function f(a) =y in a bounded arithmetic theory 7" is 7-bounded
choice defined if there is a formula ¢ ¢(w,a,r) of the form:

(Vi < (™)) [(By+)(0,w) = min(tinie(a), ) A

( sel(ﬁ|r+|(z w) ) >0D> B|r+|(Z +1 w) min(trec(/g\rﬂ(ia w)J,a),r)) A

( sel(ﬁ|r+|(z w) ) =0D 6|r+|(Z +1 w) (:U'] < ‘T+|)(t,u(jv ﬁ|r+|(iaw)>

where £ € 7, r(a) and i (), teer(v,i,a), trec(v,i,a), t,(j,v,a) are terms,
and if there is a term OUT (v, a), computing from the last block v of w the
output of f, such that T proves

Vadly < 217131 < 2€(T+)'(|T+|+1)1/)f(w,a,r) A OUT¢(LAST(w,r),a) =y
and
N = Jw < 20 0 Dy (w,a, 1) A OUT f(LAST(w,7),a) = f(a).

We call r the width term of the definition. It puts an upper bound on the
values which can appear in the sequence w. The term ¢ governs the length
of the sequence, so we call £(r*) the length term of the definition.

We will prove our conservativity results using a witnessing argument. To
do this, we first develop some closure properties for the class of functions
7-BDC' can T-bounded choice define.

Lemma 4

11

a) > 0))].



1. If T-BDC can T-bounded choice define a function f using width term r
and the term q > r and q¢© > r* for all inputs, then it can T-bounded
choice define the function f using q as the width term.

2. If T-BDC' can T-bounded choice define a function f using length term
¢ and the term ¢ € 1, for all inputs ¢ > £, then it can T-bounded
choice define the function f using ¢’ as the length term.

Proof. For (1), suppose f is 7-bounded choice defined via terms r, t;p;t, tsel,
trec, and t,. Let w be the witness string one gets and let OUT) be the term
used to project out f from w. Let ¢, be the term t,e.(min(y,r),4,a). Let
w’ be a witness to ¢y which exists by bounded dependent choice. Using f[g—
LIND, 7-BDC can show for each i < £(r™) that f4+(i,w") = B+ (i, w). We
can define t,. from ;... and ¢, from t,, using cond so that for for i < £(r™)
that their output is as before, and for ¢ > £(r™) their effect on the sequence
is an identity step. This handles that ¢(¢") is potentially larger than ¢(r™).
Given the above, we can use the same OUT) to 7-bounded choice define f.

The same idea of using cond can also be used to show (2). O

Lemma 5 Let 7 be a set of 1-ary nondecreasing terms such that for any
terms 0,0 € T there is a term £" such that 1 + £+ ¢ < 0" for inputs larger
than some n € N, provably in 7-BDC. Then 7-BDC' proves its T-bounded
choice defined functions are closed under composition.

Proof. Let f and g be 7-bounded choice defined in 7-BDC' via terms ry,
tf,inity tf,selv tf,rec; tf,,ua OUTf; €f7 Tg, tg,init; tg,sela tg,rea tg,ua and OUTg; gg
where ¢y and ¢, are from 7. Let £,, € 7 be such that 1 + £ + £, < Lo
for inputs larger than some n. Define ttoginit = tfinit(a) and 7o =
rf+0UT,; + T}F(OUT;). Notice rfog = 7fogs™ follows from this definition.
This is useful for when we later try to use a BDC' axioms which has a single
bounding parameter b where bounded choice makes use of both bounding
terms r and rT. Let op be one of sel, rec, or p. Using cond, we can define a
term tto4.0p Which outputs, the minimum of ¢, ., and ry when i < /,, then
for i = ¢4 + 1 either outputs tini 4 where OUTg(LAST(ﬂEW?OH(O,w),'rf))
has been substituted in the slot being composed or 1 depending of if op
is rec or op is p or sel, then outputs the minimum of t¢,,(i — ¢4 — 1) and
rf(OUT4(LAST (w,r))) for £, +1 < i < 144y +£,. The factor Beng?Og‘(O, w)
corresponds to that part of the computation sequence w computing g. Using
these tfog.0ps £fog, and OUTy in the definition of 7-bounded choice define,
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we define the composition for inputs greater than n € N. To handle values
less than or equal to n, note that in these cases the fog is a finite number of
compositions of ¢4 o, OUTy, t} ,,, OUT,. This could actually be carried out
by a term t’ in the language. So we take OUT o4 to be the term which uses
cond to check if ¢ < n and if so computes t'; otherwise, it computes OUT .
Using an BDC[ffog, tfog,z‘m’tv tfog,sela tfog,rec, tfog,p, Tfog] axiom, 7-BDC can
prove the existence of the computation sequence satisfying the T-bounded
choice defining ﬂB—formula Y fog. Given such a computation sequence wyog,
as well as sequences wy, wy satisfying ¢y and 14, 7-BDC can prove using
f[g-LIND that the output of the /4 + 1 step of wy., matches the value of g
and that the final output of f o g computed via our definition matches value
as computed from wy, and hence, also show uniqueness. []

Lemma 6 Let cl denote the closed terms in the language. Let s be a term,
and let A be a f[g-formula. 5’20 can show that s is cl-bounded choice defined.
Further, S9 can cl-bounded choice define (uy < |a|)[s(y,a,b) > 0] and K
(the graph of A).

Proof. Given a term s(a), to show it can be cl-bounded choice defined, let
s be

(Vi < 2)[B)5+/(0,w) = min(s(a), s(a)) A
(S0 > 0D Bg+|(i + 1,w) = min(s(a), s(a))) A
(S0=00> (uj <[sT])(s(a) > 0))].

Le., toer := 5(0), trec = t, := s(a) and © = s. Then just take OUT, := s.
Notice the term S(0) is always greater than 0, so only the first clause ever
applies. Notice also Outs is allowed to ignore the LAST term and just
calculate based on the inputs.

To define f := (uy < |al)[s(y,a,b) > 0], let £ =2, r:= a, tinit = tser :=
0, trec := 0, and t,(j,a,b) := s(j,a,b). Finally, set OUT¢(v,a,b) := v.
So a witness string w of length 2 will code a sequence beginning with 0
followed (py < |al)[s(y,a,b) > 0], so OUT¢(LAST(w,a),a,b) = (ny <
la|)[s(y,a,b) > 0], the desired value. 59 can prove a witness string exists
since in this case £ is a closed term and so it can build w inductively as
it only has to do so for finitely many steps. It uses the LIND axioms to
construct the minimization for the next step after the first step.

Next given a TI8-formula A = (Yy < |s(a)|)B(y,a), to define K 4, we first
let Kp be the term for B from Lemma 1. Using Lemma 5, we can define
K as K—((py < |s(a)] +1)[Kp(y,a) > 0],|s(a)| + 1) where K- is defined
in terms of the K< and K, we defined in Lemma 1. [
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Definition 7 A function f is defined by T-bounded primitive recursion,
BPR™, from functions g, h, t, and r if

FO,2) = g(z)
F(n+1,z) = min(h(n,z,F(n,z)),r(n,x))
f(nvx) = F(f(t(n,x)),a;)

for some terms r, t and £ € T.

Lemma 7

1. {[id[}-BDC proves its {|id|}-bounded choice defined functions are closed
under BPRUI},

2. Up{||id||*}-BDC' proves its Up{|[id||*}-bounded choice defined func-
tions are closed under BPRU+IdI™},

Proof. Both of these statements are proven in essentially the same way,
so we show only the harder second statement. For (2), let f be defined by
BPRUMIFY for some fixed k > 0 via Um{][id||"™}-bounded choice defined
functions g, h, terms ¢ and r, and where the £ term in the recursion is
|[id||*. Assume g and h are Up,{]|id||™}-bounded choice defined via ¢, nit,
Lgsels tgrecs Lo, OUTga gg = ||Zd||kla thinits thosels thirecs Thous and OUTp,
(5, := ||id||*". Using Lemma 4, without loss of generality, we assume that k =
k' =Fk", ie., that { = ¢, = {},. The idea is to unwind the bounded primitive
recursion as a sequence of compositions and use an argument similar to
Lemma 5. We will use the power of 2, 2kl which satisfies for inputs
greater than 0: 2-||id||* > 2*/Ililll > 5o we can use MSP rather than division
in what follows. Pick ¢; € Up,{|[id||™} such that

Oy = [[id||*" >= (|[id||* + 1)+ (|[id]|* + 1) - 251 = ([Jad||* 4 1) 21l 1)

for all inputs larger than some fixed natural number. The first |[id||* + 1 in
the above definition comes from the length needed to handle the computation
of g, the remaining (||id||* 4 1) - 2¥lli@lll factor comes from the length needed
to compute the recursions made with h. Let

rp = ([t 2)|[F ) +rf + 15 + OUT () + OUT (7).

So 7y will be larger than any of the maximum values r, 7‘;, r;{, OUT, and
OUT}, used in any of the intermediate compositions needed to unwind the
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recursion. Also, notice ry = r;f. Using Lemma 4 (1), we can U,,{|[id||"™}-

bounded choice define g, h, using r/ rather than 79 and r". Set ¢ finit 1=
tg.init- Let op be one of sel, rec, p. Using cond, we can define a term £y,
whose output depends on a fixed list of cases (we suppress arguments of
terms which do not change):

1. For i < Hr;fHk, it outputs the minimum of ¢, ,, and r,.

2. Fori = Hr}'\ |F4+1, it either outputs ¢ jni¢ with OUTg(LAST(BZg‘r}L‘ (0,w),7¢))
appropriately substituted, or 1, depending on whether op is rec or op
is p or sel.

3. For [[rf[F +1 < i< ([rF|IF + 1)@ 4 1), Tet j abbreviate [(i —
k +
[l 1F = 1725,

(a) For i such that (j4+1)- (¢p+1) <i < (G+1)-(lp+ 1)+, it
outputs the minimum of ¢, (i = j- (¢, +1)) and r4(i =7 - (b +1)).

(b) Fori = (j+1)-(¢5+1), it outputs the minimum of OUTh(LAST(ﬁﬁhV?'(]‘—i—
1 w),rs)) and r(j). |

(c) For values i, (j + 1) (6 +1) < i < (j + 1) - 2Kl et ¢, be
the identity function.

4. For i > (Hrj[||k + 1)(2’“”"'?rHI + 1), let tfop be the identity function.

Notice in the above, /, - |r}“| = ||r;{||k’ : |r?| and £, - |r;[| = Hr}er : |r}r| are
used in ( to project out the whole subsequences corresponding to computing
g or one application of h, then LAST is applied to get the final element of
this subsequence. Using

BDC[gf; tf,initu tf,sela tf,rea tf,uv 7’}_],

Uk{||id||¥}-BDC can prove the existence of the computation sequence wy
satisfying the {{;}-bounded choice defining, f[g-formula ¢ corresponding
to the terms £, T 7 inittf sel, tfrees tf 7';[. Given wy, as well as the sequences,
wgy, wp,j, satisfying 14 and 1)y, (wp; correspond to h taking as the input of
the j step of the recursion), Ug{||id|[*}-BDC can prove using 13- LIND that
the output of the £, + 1 step of w; matches the value of g, the interim j
steps correspond to wy ; and that the final output of f computed via our
definition matches the value the value as computed from wy, £. [J
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4 V¥Pb-conservativity

In this section, we give a witnessing argument to establish Vill’—conservativity
between the theories {|id|}-BDC and Uy {|[id|[*}-BDC and S} and R}. To
begin we introduce our witness predicate as follows:

If A(a) € LIT8, define WIT 4(w,a) :=w = 0 A A(a).

If A(a) is (3z < t(a))B and A € 3?, define WIT z(w,a) := w < t(a) A
B(w,a).

Finally, if A(a) is (3z; < t1)(3z2 < to)B and A € EXP, define

WIT s(w,a) = ispair(w) A B(1,w) <t1 A B(2,w) <ta A
B(B(1,2), 8(2,w),a).

Thus, if A € LEf]ll’ then WIT 4 is equivalent in 5’20 to a ﬂg—formula.
The witness predicate above is simplified from Buss [4]. The simplification
arises because we are in the prenex setting. From the definition of witness
the next useful properties follow:

Lemma 8 If A(a) € LEY®, then:
(a) 89+ WIT o(w,a) D A(a).
(b) There is a ty so that S9 -+ A(a) & (3w < ta(a)) WIT o(w, a).

(¢) Forta, SQ+ WIT s(w,a) D w < 4.

Proof. (a) This statement is immediate from the definition of WIT 4.

(b) If A € 25’ then t 4 is just the bounds on the outermost existential quan-
tifier. Otherwise, if the outermost two existential quantifiers are bounded
by ¢ and to, their pair is bounded by 2% (Imax(tit2)l+1),

(c) Follows from (b) and the definition of WIT 4. In particular, the definition
of ispair forces any pair for a witness to be unique. [

As the deductive system of our theories is the sequent calculus LKB
of Buss [4], we need to extend our witness predicate definition to cedents.
Given a cedent I' = {41,..., A}, we write A I" (resp. V I') to denote the
conjunction (resp. disjunction) of its formulas. Let w = ({(wq, -+ ,wy))
denote pairings of the form (wy, (wa, -+, (Wp—1,wy) -+ )).

We define WIT nr(w,a) (resp. WITr(w,a)) by induction:

1. If T' =0, define WIT rr(w,a) (resp. WIT\r(w,a)) to be 0 =0 (resp.
~(0=0)).
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2. If ' = {A}, define WIT rr(w,a) and WITyr(w,a) to be WIT 4(w, a).

3. T ={A1,..., A}, let TV be {A,, ... A, } and set WIT sp(w,a) (resp.
WITr(w,a)) to be
WIT 4, (B(1,w),a) A WIT xp(8(2,w), a),
(resp. WIT 4,(B(1,w),a) ANwy <ta,)V WIT r(5(2,w),a)).

Both WIT xr and WITr are equivalent to ﬁB—formulas in 5'20 .

Lemma 9 Let I',) A be cedents of LEilf-formulas with free variables a.
There is a term tr such that SY = WIT p(w,a) D w < tr and 89 F
WITr(w,a) D w < tr.

We also have

S9 1 (3w < tr) WIT \r(w, a) — (3w < ta) WITya(w, a)
if and only if Sg) FT'— A.
Proof. This follows from the definition of witness for a cedent, the fact that

witnesses for a cedent are made up of pairs, and by the bounds for witnesses
for formulas given by Lemma 8. [J

Theorem 1

1. Suppose S3 = Sy F T — A where T and A are cedents of LEY®-
formulas. Let a be the free variables in this sequent. Then there is an

{|id|}-choice defined in {|id|}-BDC' function f such that:

{lid|}-BDC s (v, w,a,rf) AN WIT \p(w,a) D
WITyA(OUT(LAST(v,7}), w, a), a).

2. Suppose ]%% FIT — A where I' and A are cedents of LEEE’—formulas.
Let a be the free variables in this sequent. Then there is an Up{||id||*}-
choice defined in U,{||id||*}-BDC function f such that:

Ur{|id|[*}-BDC + ¢ (v,w,a,r) A WIT Ar(w,a) D
WITyA(OUT f(LAST (v, rf),w, a),a).

Proof. In both cases, Theorem 1 is proven by induction on the number
of sequents in the proof of I' — A. By cut-elimination, we can assume all
the sequents in the proof are LEZ?. Both of the statements are proven in
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the essentially same way, so we only prove (2). Further, most of the other
cases are similar to previous witnessing arguments and rely on closure under
composition of the class of witnessing functions and Lemma 6, so we only
show the base case, (V : right) case, f]lf—LLIND case as these highlight the
use of the closure properties of the BDC' axioms.

(Base case) In the base case, an ]%%— proof consists of a BASIC' axiom, a
logical axiom, or an equality axiom. The formulas in the I%% proof of I' — A
will all be open and so the witness predicate for them will have the form
w =0 A A(a). A witness to a formula is thus just 0, and a witness to
WITya will be just a fixed number of pairings of 0’s, so witnessable by a
closed term. Hence, f is Ug{||id||*}-choice defined by Lemma 6 and

Ur{l[id||*}-BDC ¢ (v,w,a,rs) A WIT sp(w,a) D
WITyA(OUT ¢ (LAST(v,7f), w,a),a)

will follow from this and the axiom we are trying to witness itself.
(V:right case) Suppose we have the inference:

b<t,IT — A(b),A
I' » Ve <tA(x),A

By the induction hypothesis there is a Ug{||id||*}-bounded choice defined
function g such that

Uk{”lde}_BDO - ¢Q(U7w7 b7 a, Tg) N WITbSt/\(/\F)(wa b, a) 2
WIT 4y(va)(OUTy(LAST(v,74), w,b,a),b,a) .

By cut-elimination, (Vz < t)A(x) is a II8-formula, so ¢ must be of the form
t = |s| and A is an open formula. Let y be (ui < |s| + 1)(K-4(i) > 0)
(using Lemma 1) and define f to be g({0,w),a,y). The 0 in the ordered
pair is the witness to WIT<(w,b,a) := b < t(a) A w = 0. The function f
is Up{||d||¥}-bounded choice defined by Lemma 6 and Lemma 5 and it is
not hard to show that

Ur{|id|[¥}-BDC + ¢ (v, w,a) A WIT ar(w,a) D
WITVmS\s\ AV(VA) (OUTf(LAST(U/, Tf), w, a), a) .
(SP-LLIND case) Suppose we have the inference

A(b),T — A(Sh), A
A(0),T — A([|s[]), A
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where A is an i]tl’—formula and s is a term. We assume a contains all of
the free variables except b in the upper and lower sequent. By the induction
hypothesis there is a Uy {||id||*}-bounded choice defined function g such that

Ue{I[id||*}-BDC + g (v, w, b,a) A WIT gp)a(ar) (w, b, a) D
WITA(Sb)\/(\/A) (OUTQ(U, w, b, a), b, a).

Informally, the idea to witness the lower sequent is the following: Run g on
w a witness for A(0),T". Either this witnesses A(S(0)) or it witnesses A. In
the latter case, we are done. In the former case, we run g on the witness just
produced for A(S(0)) together with (w)2 which is supposed to be a witness
for I'. We keep repeating this process until we get a witness for A or we
finally get a witness for A(]||s||). More formally, using Lemma 7, we bounded
choice define a function f by BPRUI“I} in the following way. First, we let

k(v,w,a) = cond(Kwrr, , ((v)2,a), w,v).

This is Ug{|[id||*} bounded choice definable by Lemma 6 and Lemma 5. We
would like to define f by the following recursion

F(0,w,a) = {((w)1,0)

F(Sb,w,a) = min(k(F(b,w,a),g((F(b,w,a))1,(w)a,b,a),a),tsspva)(b a))

f(u,wy,a) = F(min(u,||s|]),w,a).

which is not exactly that of Lemma 7. To solve this problem, let F' (b, w,a, H)
be an abbreviation for

mln(k(ﬁ|m| (b, H(b7 w, a))v g((ﬂ\m\ (b7 H(b7 w, a)))lv (w)Qv a))v tA(Sb)\/(\/A) (bv a))
in the following definition
H(0,w,a) = {((w)1,0)

H(Sb,w,a) = F'(bw,a, H) 20V 4 F(b w,a)
h(w,a) = H(||s(a)ll,w,a)

where min’s have been suppressed for readability and where m = tjg( SB)([Islla)vy A

a term bounding the witness size for A(Sb) vV (Vv A). Then f(u,w,a) =
Bjm| (min(u, ||s]]), h(w,a)). So both f and h will be bounded choice defined
by Lemma 7. We would like to show
Uk{‘ |1d‘ |k}_BDC = ¢f(’l), w, a) A W[TA(O)/\F(w7 a) =)
WITA(HSH)\/A(OUTf(LAST(Ua rf)v HS| ’7 w,a),a).
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To see this notice as f(u,w,a) = B, (min(u,||s||), h(w,a)) we have both

Ur{[[id|[*}-BDC + ¢ (v, w,a) A WIT 40)p(ary(w, @) D
WIT a0yv(va)(Bm| (0, OUT,(LAST (v, 14), w, a)), a)

since f(0,w,a) is a witness for A(0), and

Uk{Hlde}_B‘DC + wh(vawaa) A WITA(O)/\F(w7a) N Sb < HSH A
WIT a@yv(va)(Bjm| (b, OUTL(LAST (v, 1), w, a)),b,a) D
WITA(Sb)\/(\/A) (5|m| (Sb, OUTh(LAST(U, T’h), w, a)), Sb, a).

By ﬂB—LIND on WITA(b)\/(VA) (/B|m| (b, OUTh (LAST(U, ’I”h), w, a)), b, a), this

implies

Uk{Hide}—BDC F ’lﬁh(LAST@),Th),w,a) A WITA(O)/\(,\F)(w,a) D)
WIT 4(1isyv(va) (Bim| (||3]], OUTH(LAST (v, 71), w, a)), |[s]], a).

Hence, as
ﬁ|m|(HsH, OUTy, (v, w,a)) = OUT s (LAST(v,74),||s]], w, a)
and ¢y = v, we have

Ue{|[id||*}-BDC + ¢ (v,w,a) A WIT gio)aar)(w, a) D
WIT aqjsiv(va)y(OUTf(LAST (v, 7), ||s]|, w, a), a).

O

Corollary 1 The following conservation results hold:

1. 83 is ¥3P-conservative over {|id|}-BDC.

2. Ry is V3P-conservative over Up{|[id||*}-BDC.
Proof. Both statements are proven in the same way, so we show only the
first. First, {[id|}-BDC is contained in S by Lemma 3. Suppose S proves
Vz(3y < t)B(z,y,c) where B is II§. Then S} proves (3y < t)B(a,y,c)

where a is free, so by Theorem 1 and the definitions of witnesses for sequents,
{lid|}-BDC will prove:

Yy(v,a,¢) D WIT (5y<yp(OUT(LAST(v,7¢),a,c¢),a,c)
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for some {]id|} choice defined function f. By the definitions of {|id|} choice
defined, {|id|}-BDC proves Jvip¢(v,a,c), where v is bounded by Parikh’s
Theorem. So combined with Lemma 8, this shows {|id|}-BDC proves (Jy <
t)B(a,y, c), and hence, Va(3y < t)B(z,y,c). U

A formula A(a ) is Ab with respect to a theory T, if there exists a Eb
formula Asx; and a Hb formula Ap and

TF A(a) & As(a) & An(a).

Corollary 2 Let T be S§ or Ry. Then T proves every Ab-formula is equiv-
alent to a Ell’-formula of the form C(a,1) and to a Hll’-formula equivalent to
—C(a,0) where C(a,b) is:

(Fw < 20D (Vi < (7)) [(Br+1 (0, w) = min(finin(a), (@) A
(tser(i, @) >0 D Byt (i 4 L, w) = min(tree( B+ (i, w), i, a),7(a))) A
(tsel(iaa) =0D 6|r+|(l + 1,11)) - M] < ‘T ‘( M( 7B|7"ﬂ(17w)’a) 0))
BIT(0, LAST(w,r(a))) = b].

where is £ := |id| when T = S}, and € is of the form ||id||* for some k when
T = RQ, and where r, tinit, teels trec, tu, OUT are Lo terms.

Proof.  In what follows ¢ will be either |id| or ||id||* for some fixed F.
Suppose A is A in T. Let Ay, € El and Ap € Hb be provably equivalent
toAin T. C0n81der B(z,y) :==

(mAn(z) ANy =0)V (As(z) Ay =1).

Then T proves (Vz)(Jy < 1)B(z,y). Further, (3y < 1)B(x,y) is equivalent
to a EYP-formula. So by Theorem 1 there is an ¢ bounded choice definable
g such that T'F 4y(z,y) D WIT 5,<1)p(7,y). This implies

T F g(z,y) D B(z, (y)1)-

Let f(x) = (g(x)):1. Since g is £ bounded choice definable, by closure under
composition and Lo terms, f will be £ bounded choice definable. Further,
the definition of B implies f(z) = 1 < B(xz,1) < A(x). To get the form
of our definition exactly as in the statement of the Corollary, we can re-
place the OUT(LAST(w,r(a)),a) = 1 in ¢-bounded choice definition of f
with BIT(0, LAST(w,r(a)),a) = 1 by tacking onto the sequence w given
with at least one more block which computes the most significant bit of
OUT(LAST(w,r(a)),a), then copies this value for the remaining blocks,
adjusting r to handle this slightly longer sequence. [
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5 Finite Axiomatizability

Next we show our finitely axiomatization results. As we mentioned in the
introduction it was previously shown by Cook and Kolokolova [9] that the
Vf]ll’—consequences of S} are finitely axiomatized. Their proof goes through
a second-order theory Vi-HORN. We will give a completely first-order ar-
gument for this as well as results concerning axiomatizations of variants of
]%% We begin by considering how to encode terms.

By Parikh’s Theorem [21], if a bounded theory T+ JyA(a,y) then T +
Jy < t(a)A(a,y) for some term t. Recall # is the fastest growing function
in our language. If ¢ does not contain #, then for some fixed n > 0 and
Yo, ai > n, tla) < 213 ail® et Cx(t) denote the number of occurences
of # in the term ¢, the smash complexity of ¢t. Then, in general, for
large enough inputs, t(a) < 2|2 ail “# O AS the # function grows more
slowly than the exponential function, we have to be a careful in defining our
encoding. We can code a fixed term ¢ as a number e; according to some
choice of encoding, and an expression like 2/ ai] F#OH would then bound
the output of ¢ based on inputs a. Moreover, for a reasonable encoding
Cy(t) +1 < |eg|. Since we would like to use encoding e in some of our
formulas as a free variable, we imagine adding a second free variable z to

our formulas. If a fixed number e; is the encoding of a term ¢, we set
z = 202 a;])# O as the value for z. Finally, the computation sequences
w that Uy{||id||*}-BDC and R} can easily manipulate involve length length
many steps, not length many steps. To get around this in a way that still
works in the fixed term ¢ and code e; case, we use a code E such that the
first decode operation is to take the length e = |E|. In this set up, we will
have Cy(t) +1 < |es| < || El].

Lemma 10 Let n € N. U,{||id||*}-BDC' can U{||id||*} bounded choice
define and{|id|}-BDC can {|id|} bounded choice define a function term(E, z, a1, .. . ay)
such that for any fized n-ary term t there is an e; = |Fy|, where if we let

|Z“1'|C#(t)+1 .

zp = 2124 % and Yierm, OUTterm be from either of these bounded
choice definitions, then S3 proves:

Vazlw S 2|et‘.|Et+2t‘wterm(w7 Et7 Zt, a, 2|Et+Zt‘) A
OUT erm (LAST (w, 21 P¢+2l) B, a, 2lPrtaly — t(a).

Proof. ~ The {|id|} bounded choice definition in {|id|}-BDC will follow
from the U {||id||¥} bounded choice definition using Lemma 4. Throughout
our proof will use e to abbreviate |E|. The rierm(F, 2,a) in the U{||id||*}
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bounded choice definition will be 2/¥+2 and we will take ¢ = ||id||. In the
choice definition, the witness string would hence be bounded by oIt i
ol E+2IE+2 where || || = ||E + z|| > ||E|| = |e|. We can use the tech-
niques of Lemma 4 to pad our computation sequences to the longer lengths
to meet this definition rather than the bound implied by generalizing the
SQO result mentioned above. To show the 520 result we develop a coding
scheme for terms in our language. First, we fix codes for 0, for the seven
function symbols of Lo, and for the variables ai,...a,. We use I around
a symbol to denote the code for that symbol. Le., [+ I is the code for +.
We choose our coding so that all codes require less than |m| bits, where
m > 10 + n. We choose 0 to code INOP!, meaning no operation, and 1
to code TNIT!, meaning initialize the computation stack. Given the code
for INOP! is 0, if one tries to project out operations beyond the end of a
code, one naturally just projects outs [INOP!’s. The code for a term t is
a number E such that e = |E| can be viewed as a sequence of blocks of
length |m| that write out ¢ in postfix order. So s; + s2 would be coded as
the three blocks Is;!lsy!T+ 1. To make our definition below a little easier
we require all term codes to have [INIT! in the first, low-order, |m| bit
block. Given this coding, we next define tierm,init, tterm,sels tterm,recs tterm,us
needed for the bounded choice definition. First, we define tierm,init := 0 and
tterm,sel *= tterm,u := 1. Since tierm e = 1, we will only make use of tierm rec
and 1ot term y, in computing a witnessing computation w for the Uy {||id||*}
bounded choice definition. The block-size |b| used in the witnessing com-
putation will be |ri, | = |E + z| > |z|. In the case of a term ¢, the value
|Et 4 2¢| > |2¢| will be greater than or equal to the number of bits needed to
represent any intermediate computation of ¢ by the discussion proceeding
the lemma. We imagine the ¢th block as coding the ¢th state of a stack
used to compute the postfix computation of term represented by e. The
total number of blocks needed to carry out this computation is less than |e|,
hence our bound on w in the statement of the lemma. We divide the stack
in turn into blocks of size QL%W’”J, with the Oth block being the top of the
stack. Using cond we can define the output of t,¢.(u, i, ¥, a,b), where we are
especially interested when u = By (i,w) and b = Term, by cases as follows:

1. If i = 0 or By,(i,e) = [INIT, tyec(u,i, E,a,b) = 0. This initializes
the stack.

2. If B|m|(2, 6) = [NOPL tterm,rec(u>i7E?a7 b) =u.

3. If By (ise) = [aﬂ, 1 < j < n, then tiermpec(u, %, E,a,b) := aj +u -
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1
ZQLQHbHJ. The effect here is to push a; onto the stack.

1
4. Tt By(ise) = 101, then tierm pec(u,i, Bya,b) = 0 4 u - 222"
effect here is to push 0 onto the stack.

5. If Byni(i,€) = [S1, then tiem,rec(u, i, E,a,b) := (B gy (0,0) + 1) +

1
MSP(u, ZL%W’HJ) 221 g pops the top of the stack, adds 1, and
pushes the result onto the stack.

The

6. If By (i, €) = #1, then tiemrec(u, i, E,a,b) :=

1 L5116l
(62L%|\b\u (Ovu)#(ﬁzt%ﬂbm (l,u)) + MSP(u, 2- QLQHbHJ) 227 .

This pops the top two elements off the stack, computes their #, and
pushes the result onto the stack.

To complete our choice definition, we define OUT e (u, a) := BQL 411611 (0,u),
which returns the top of the stack. Given these definitions, by induction on
the complexity of ¢ (a fixed finite number), S9 can show:

Vadw < 2'““'Et+zt‘¢term(w, E;, 2z, a, 2|Et+z’f‘) A
OUT torm (LAST (w, 21 P21y By a, 2lPr+=ly — t(a).

a

We next want to isolate a finitely axiomatizgd theory T' such that 5’20 CTC
R%. The idea is to use Lemma 2. Given a HB formula A, let s4 and ty4
be the terms from Lemma 2. Suppose we had a new axiom that asserts
the existence of a string y whose ith bit for i < |s4| is on if and only if
ta(i,b) > 0. Using the string y4 in the BITMIN axiom would then imply
the BITMIN,, ;, axiom and, hence, LIND 4. This new axiom together with

EBASIC and BITMIN would thus imply 5‘8 . The discussion motivates the
following axiom:

Definition 8 Let bd(E, z) = 2IEIIE+2 Define UC(E, d,a,bd(E, 2)) to be
the axiom

(Fy < 219 (3w < bd(E, 2)#(2d)) TERMCOMP(E, 2, d, a, y, w)
where TERMCOMP is:

Vk < ‘d’wterm(/@\bd(E,zﬂ (kv w): E.k,a, rterm) A
BIT(%, OUTterm(LAST(5|bd(E,z)| (k,w), Tterm), B, b,y @, Tterm)) = BIT(K, y).
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Using pairing, UC' is provably equivalent to a i]ll’—formula. Let TUC :=
EBASIC+BITMIN+4+UC. So TUC is finitely axiomatized. Moreover, we
have:

Lemma 11 S C TUC C Rj.

Proof. The discussion prior to the definition shows the first containment
where we take a substitution instance of UC with d = s4, F = E;, and
z = z,. To see the TUC C Ri, first note that by Lemma 10 and by
Lemma 4, 5'20 C R proves:

(Vk < |d))(Fw" < bA(E, 2))Yterm (W', E, k, a, Tterm )-
So by BBX®, R} proves:
(Jw < bd(E, 2)#(2d))(Vk < [d])pterm (Bpa(e,z)| (k, w), E, k, a, Tterm). (1)
Let A(j,2®:14)) be the formula

3y < 2910 (Ju < b (E, 2)4(2d)) (Vk < |d])]
wterm(/@|bd(E,z)\ (ka w)a E.k,a, Tterm) A
G<EANE<j+bAj+b<]|d]D
BIT(]{,‘, OUTterm(LAST(5|bd(E7z)| (k‘, w), Tterm), E, k, a, Tterm)) = BIT(k, y))]

Notice using pairing, A(7, me(b"d‘)) is provably equivalent in R% to a f)tl’
formula. Roughly, the formula A asserts the existence of a string whose bits
match the jth through j + bth of the string y asserted to exist by the UC
axiom. Also, A(j,2™in(0ldD) follows easily from (1). Further, A(j, 2min(b:ld))
and A(j 4 2min(ld) gmin(b.ld)) “imply A(j, 2mnS0)1d)) 5o the result follows
by $°-LLIND. O

Remark 1 By using our pairing function multiple times, we can define
terms for triples, and, in general, n-tuples. For any term t(ao,...,ay), the
term t'(u) = t((u)o, - - ., (w),) satisfies t(ag, . ..,a,) = t'((ag,...,an)). Fur-
ther, this is provable in §§ Using this idea, we can show over 5'20, and hence
over TUC, that

BDCltinit(a), tser(v,1,a), trec(v,i,a),t,(j, v, a), b]
18 equivalent to an axiom

BDC[t;nit(<a>)? t;el(U’ iv <a>), tfr‘ec(”? ia <a>)> t;;(ja v, <a>)7 b]
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where we have suitably modified the original terms. So in terms of axioma-
tizing T-BDC, it suffices to only consider BDC azioms with one free variable
(parameters i, j, v in the terms above will always be used for bound variable
in BDC azioms). This same idea can also be applied to the BDC' azioms
we will describe in a moment.

In what follows, we assume that our BDC axiom have a single parameter
a rather than a vector a. In order to get our finite axiomatization results,
we need to modify our BDC' axioms so that the way in which the pu operator
is computed is more directly recorded in the witness string. To this end, we
next formulate a variant of the BD(C' axiom:

Definition 9 Let 7 be a collection of 1-ary nondecreasing terms. Define T—
BDC" to be the theory consisting of TUC' together with BDC'[l, tinit, tsel, trec, ty, b]
azTioms:

(3w < 2°O1PhY (3" < 26011 (vi < £(b))]
(Byp| (0, w) = min(tinit(a), b) A ,6|b/|(0,w') =0)A
(tset(Bpp| (i, w),4,a) >0 D Bppy(i + 1, w) = min(trec(Bp (7, ), i, a),b) A
A B (i, w') = 0) A
(tset(Bp) (i, w), 7, a) = 0 D (ispair(By (i, w')) A
TERMCOMP (Ey,, z,,, b, (B (i, w), a), (B (i, w'))1, (B (3, w'))2) A
LEASTON (B (i + 1,w), (B (4, w")))1)))]-

where £ € 7, and teep, trec, t, are La-terms. Here E, is the fixed code for
the term t,, 2z, = 2'”‘0#(t“)+1, and b = 2% PA(Bry.20,) #2641

The clause beginning with 3 (0, w) and the one beginning with ¢ (8 (4, w), i, a) >
0 above correspond to the same clauses in a BD(C' axiom except that we also

assert a second string w’ has S (0,w’) = 0 or By (i,w') = 0. Here the
string w’ is used to store the computations related to doing a u operation,

and neither of these clauses concerns a p-operation. The third clause, be-
ginning with tsel(,é"b‘(i,w),z’,a) = 0, concerns a g computation step. In a

BDC' axiom the p-operation is over values less than |b|. Here we imagine

the 7th block of bits of w’ is a pair, the first component being a string of
length 2/ recording in its jth bit whether ¢,(j,a) > 0, and the second
component being a computation sequence of length bd(Ey,, 2, )#2b > 2lbl,
computing the value of t,(j,a). So the length of this pair is bounded by

2. |bd(Etu, Ztu)#2b| + 1.
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Define R4 to be ]%%—i— UC'. From this definition and Lemma 11, we have
RY C R} C RL. For S, since Ry C S} = S}, S1+UC = 83 = 5.

Theorem 2
1. U{]|id||*}-BDC C Ui{||id||*}-BDC".

2. R’21 18 Vfltl’—conservatz’ve over Uk{Hide}—BDC’.

Proof. For (1), TUC can prove using LIND on the f[g matrices of
BDC/H |Zd| |m, tim‘t» t86l7 treCa tua b] and BDCH |Zd’ |m’ 75im’ta tseh treCa tua b],

that when one projects out blocks of size |b| from a witness w for outer
existential in the former they match projections of size |b| bits of a witness
for existential in the latter. As part of the induction step of the LIND a
secondary LIND is used to show that the blocks of w’ give pairs correctly
computing u step of the BDC' axiom.

For (2), consider any A := BDC'[||id||™, tinits tsei, trec, tu, b]. Using pair-
ing, A is provably equivalent to a i]lf—formula. Let B(i,w,w’,a,b) be the
formula inside the (Vi < [|b||™) quantifier of A. Let A’(k,a,b) be the for-
mula where we replace B(i,w,w’,a,b) in A with i < k D B(i,w,w’,a,b).
RY proves A’(0,a,b) because w just needs to contain t;,;; and w’ can be 0.
Given witnesses for w and w’ for A’(k,a,b), then depending on the value of
tsel, we can either use t,.. or the UC axiom to concatenate on a string to
witness A’(S(k),a,b). Hence, using LLIND with speed-up of induction, RY
proves A’(||b||™, a,b) which in turn implies A. So R} contains Ug{]||id||*}-
BDC'. Now suppose Ry proves some ill’ formula C'(a). Then this proof
will involve some finite number of substitution instances of the UC axiom,
call these UC4,..., UC,,. So }AE% proves UCq,..., UC,, — C(ad) and so by
Theorem 1, there is a Ug{||id||*}-choice defined in Ug{||id||*}-BDC function
f such that:

Ue{l[id||*}-BDC + ¢ (v,w,a) A WIT pyc, (w,a) D
WITc(OUT ¢ (LAST(v,7¢),a),a).
Using the UC axiom, Uy {||id||*}-BDC’ proves that there exists a w witness-

ing WIT nyc,(w,a), from which it can prove there is a witness to WIT¢.
It then follows that Uy{||id||*}-BDC’ proves C' by Lemma 8. 0

Lemma 12 There exist 25’—f0rmulas U(E,z,a,b) and Uy(E, z,a,b), k > 0,
such that for any termt defined as a 4-tuple (tinit(a), tser(v, i, a), trec(v, 4, a), t,(j,v,a))
the following hold:
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1. TUC proves there is a code Ey € N and bound z; such that
U(Et,Zt,CL b) D BDC [|1d| tmzta sel» rec,t b]

2. TUC proves there is a code By € N and bounds z,b such that
Uk(Eta 2ty @, b) ) BDO/H|Zd| |k7 tinity tseb treca t,ua b]

Proof. Both results are proven in the same way, so we show only (2). Let
typ = min(tep, b) for op = init, sel, rec. Let t}, be defined via cond to be ¢, for
J < |b| and be 1 otherwise. Using the  variants of our original terms will help
guarantee that we bound completed computation steps by b appropriately in
what follows. Consider the 4-tuple term t := (t7 ., 5, trees 1) (i, 7,0, @, b),
where (i, j, v, a,b) list all of its parameters. Let E; denote the code for ¢ and

o Cy(t)+1
let e; abbreviate |Ey|. In Lemma 10, we would set z; = 2lititvtatb #7700
As i, j,v < b, for this lemma we will use z; = 2|4b+a|c#(t)+l. For this lemma,
E; will almost be the code for the 4-tuple you would get using Lemma 10;
however, we will slightly modify what is used for the ¢}, component of the
4-tuple as explained later. Let m be the number of distinct code symbols
as given by Lemma 10. Let fierm init, tterm,sel> tterm,recs tterm,u b€ the terms
used in the bounded choice definition of term(F, z, a1, as, as, a4, az). We will
rename the variables in ¢t as a1 = 4, ao = j, a3 = v, and a4 = a, a5 = b,
we will use ¢, j, v from now on to refer to the variables in tiermop. We
define Uy as a conjunction U;, A U;) A U;" where Uk, U” and U,’g” will all
be BDC" axioms. We define U}, as BDC”[szHk,t’ t! b'] where

init? sel7 rec’ ;u
¥ = 21P+2l and using terms tinit> tsels trees t,, Which we shall now describe.
Set u = [le|/|m|] + 2. So u — 1 is greater than the number of non-NOP
operations in a computation of e = |E|. Let ¢ ;, = 0. Using cond, we define

tiels treer Ly, by cases as follows:

1. If i <u—1, then

! /
tinit = tterm,init(F,2,0,0,0,a4,a5,b"),
tfsel = 1, and

/ . ,
trec = ttermmec(vﬂ,E,Z,O,O,O,a4,a5,b)

We will use these values of ¢ when E = FE;, z = z; to compute the

value t7 .., in the first component of the output 4-tuple.

2. If i = u—1, let out = OUTterm(ﬁw (i,w), E,z,a,t'). Soif E = Fj,
(out); computes t}.i- For this ¢, we set ¢’ := 1 and ¢}, := (0, (out)1).

mnit” rec
For higher ’s, t/... will continue to output pairs, the first coordinate
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will represent intermediate computations in computing ¢, the second
coordinate will represent the output of the last full computation of .

3. Ifu<i<wu-|[p||Fand i mod u < u — 1, then let ay = [i/u] — 1

Let v represent a pair, the first coordinate being an intermediate

computation, the second, the value of the last full computation of t.
Set a3 = (v)2, ag = a, as = b. Define

ti, = 1, recall we defined tterm,sel t0 be 1 in Lemma 10,
t;ec = <tterm,7“ec((v)1) 1, B,z a, b/), (U)2>~

So in these steps when E = E;, intermediate computations of ¢, and
tr.. are computed. It should be noted we will also be computing ¢}, .,

and ¢}, but ignoring them.

4. Ifi < u-||¥'||¥ and i mod u = u — 1, then let v be a pair as above, use
a1, az, and out for [i/u] —1, (v)2, and OUT e (B (i, w), E, 2,a,V)
respectively. Let ag = a, a5 = b. So when E = Ey, z = z, (out)s would
be the value of %, (a3, a1, a4, as) and (out)s would be t},.(a3, a1, as, as).
Define t.,, := (out)2 and ., := (out)s. To handle the case where

(out)y = 0, consider the open formula
A= () =0At,((5)2,a3,a4) >0

This formula is true when there is an ordered pair whose first coordi-
nate is 0 and whose second coordinate makes t,, nonzero. If a sharply
bounded number makes ¢, nonzero, then this pair is sharply bounded
too (albeit with slightly bigger bound). Define #), to be K-4. The
computation of t; is handled by the TERMCOMP clause of the BDC’
axiom using a separate witness string w’, the result of the computation
though is fy|(7 + 1,w) and in this case would be a pair (0, j') such
that ¢,(j’, a3, as) > 0. Recall earlier, we mentioned we would slightly
tweak the code F; for t. What we meant was, when giving the code
E; for t, we use t; rather than ¢}, in the 4-tuple.

5. If i > u - ||V||F, we don’t want the witness strings w and w’ to contain
any additional information. To ensure this we set t__;, =1, t.,. = 0,
and ), = 0.

We note when £ = Fy, z = 2

w- (W15 = (Meel /lml] + 2)I011° < lee] - [1D'1|* = leel | Er + 2|
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s0 all cases will apply in U, = BDC’[Hz'de,tgm»t,t;el,t;ec,thﬂEt“ﬂ]_ Let
Yy, be the IIg-subformula of this axiom and let ¢; be the II§-subformula
corresponding to BDC'[|[id|[*, tinit, tee, trees tu, b]. Given a witness wy to the

outer existential of U ,; and a witness wy to the outer existential of
BDC/H ’Zd’ ‘k’ Linit, tsel, trec, t,ua b}v

TUC can use length induction to prove By ((i+1)-u—1,w1) = B (i+1, wa).
By itself, this does not prove that U}, implies a witness ws for ;. However,
we can define ¢, := 0, ¢, := t}; := 1 and define t].. to be the concatenation
of the second coordinate from the (i 4+ 1) - u — 1th block of |b/| bits of w
using a block size of |b| onto whatever was the previous value. If we define
Uy = BDC'[|[id|[*, )54, t21 trees £, V], this second axiom would allow us to
prove the existence of wo from wy. We can handle the conversion problem for
the second existential of BDC'[||id|[*, tinit, tsel, tree, tu, b] in the same fashion

using one more BDC' axiom U}” completing the proof. O

Lemma 13 Si proves the formula U(E,z,a,b) and for each k > 1, RY}
proves the formula Uy(E, z,a,b).

Proof. By the proof of Lemma 12, U is a conjunction of {|id|}-BDC’
axioms so provable in {[id|}-BDC’ and, hence, by Lemma 3 provable in Sj.

Similarly, the lemma also shows Uy, is conjunction of {||id||*}-BDC’ axioms
and, hence, provable in {||id||*}-BDC’ and RY. O

Theorem 3
1. V3P(S)) can be finitely aziomatized as TUC+U.
2. VSP(RY) can be aziomatized as TUC+ULUy.

Proof. This follows from Remark 1, Theorem 2, Lemma 12, and Lemma 13.
d

6 Towards Separations
In view of Theorem 3, we know that if R} = 53, then V3P(R3) and V3P (RY)
will be finitely axiomatized. It also follows that if we could show that for

all k, there is a k' > k such that {|[id||*}-BDC" C {||id||* }-BDC", then
vEP(RY) would not be finitely axiomatized and R} C Ry C S5. If we
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define z#sy = 21#1#vl and add axioms for this symbol to our language, we
obtain theories R3, R'3, S1, and {||id||*}-BDCY%. The proof of Theorem 3
generalizes to this setting by making a few minor changes: First, let Cy,(¢)

be the number of occurrences of #3 in term ¢. In Lemma 10, we would set
s Cpa (H)+1
zr = g2l &iaill 7 to handle the higher growth rates that might occur in

intermediate computations, we would also add a clause to t,... to handle #3.
The changed value of z; would then be propagated through the remaining
lemmas and theorems of the section and, otherwise, there would be no other
substantive changes. In this language, however, there is a term ¢(z) such
|[t(z)]| = ||z||*, and so {||id||}-BDC% = Up{||id||*}-BDC% and we have:

Theorem 4 V2(RY) can be finitely aziomatized as TUC3+U, 3.

Here TUC'3 and U 3 are the generalizations of the theory TUC and the ax-
iom U; from the previous section to handle #3. That is, TUC3is EBASIC3+BITMIN+UC
and Uy 3 is obtained from U; by adding adding another clause in Lemma 10
to handle #3. In the introduction, we mentioned it is hard to express the
sharply bounded p-operator in a way that will both work in our witnessing
arguments and in our universal predicates in connection with the R% above.
This problem was dealt with in our results without #3, and hence in our
results with #3, by using the BDC’ axioms in which p-computation steps
are expanded rather than the BDC axioms.

The result above highlights that if separations exists between {||id||*}-BDC’
and {||id||*}-BDC’ for k' > k that the proof will be sensitive to the choice
of base functions.

On the other hand, our normal forms and predicate U}, are sufficient to
give us some limited diagonalization results. We generalize the notion of the
smash complexity to Corollary 2 normal form predicates A, by defining the
C4(A) to be the sum of the smash complexities of its defining terms 77,
tsels trec, and t, and the power of ||id||™ used in the normal form.

Theorem 5 For any k > 0, there is a Ab-predicate in Rl , which if it is
a Ab-predicate in Ry, then it is a AY-predicate in R} of smash complezity
greater than k.

Proof. Let C(a) be a Alf—predicate in }AE% of smash complexity k and let r,
tinits tsels trec, and £, be the terms of its normal form. Let E; be the code for
the 4-tuple computed by the terms other than r where we modify them to
compute min(typ,r) for op = init, sel, rec and for op = p to compute ¢, for
j < |r*| and 1 otherwise. By Lemma 5, Lemma 12 and the proof of Theo-
rem 2, Uy (FEy, 2, a, v (a)) implies BDC[||id||¥, tinit, tsels trec, tu, ) where e =

31



E; and z; = oldrt(a)+a # O _ olart (@) +al* ! Gince Cy(r) <k, by at most

tweaking F; slightly as per Lemma 4, we can replace r with glal**! > a and

use z; = 2'“‘(“1)2*5 > oldrt(a)+al**! iy 17, and still imply BDO||[id||*, tinit, tset, trecs tu, 7]
This same choice of z; can be used for any formula C'(a) of smash complexity

k. So we have a single formula

N 2
U(E, a) := Up(E, 20" +5 g olal*™hy

such that for any smash complexity k formula C(a), there is a term ¢ such
that U(Ey,a) implies the BDC' axiom corresponding to the normal form of
C(a). Moreover, a witness w to the outer existential of the U} component
of the Uy axiom above has blocks corresponding to each of the blocks in
the BDC axiom, and the Oth bit of w in the last block would be 1 only
if the witness to BD("’s axiom’s existential has a last block with Oth bit
equal to 1. Let A(E,a,c) be the formula which has ¢ = 1 if bit 0 of the
last block of Uj, is 0 and vice-versa. RY} proves Ay < 1A(E,a,c) and that
A(E,a,1) & —A(E,a,0), so A(E,a,1) is A} in R}. Our reasoning above
shows for any C'(a) of smash complexity of k is equivalent to —~A(Ey, a, 1) for
some term t. If A(F,a, 1) had smash complexity k, then we could find a code
for it, B ,, and the truth or falsity of A(E},, E¢,, 1) would be contradictorily
defined. OJ
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