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which it alone has access. Each ofthe p processors may read from and write into
ary of the M global memory locations; these global memory locatrons serve as
the only mechanism for communication between the processors. Computation
proceeds in a series of synchronous parallel steps. In a parallel stip, each
processor first chooses a global memory location whose contents it reads; next it
executes an instruction on the operand fetched, together with any operands in its
registers (the allowable instructions are any ofthose we allow for a conventlonal
single-processor RAM). Fiaally, the step ends with the processor writing into a
memory location of its choice. By our assumption of synchronn eyery processor
finishes executing step i before any processor begins executing step i + 1. An
instruction for the PRAM is a specification, for each processoi, of the actions
it is to pedorm in each of the three phases of a step. A parallel program is a
sequence of such instructions.

We now address the important isstrc of conflict resolution in a pRAM: our
definition of an instruction permits a number of processors to attempt to read
from or write to the same global memory location in a step. Logically, there
appears to be no problem in allowing several processors to read the contents of
the same global memory location; however, physical limitations make this action
difficult to implement in actual hardware. Of greater concern are the difficulties
that arise when several processors attempt to write into the same global memory
location; which of the (possibly differing) values is actually written into the
memory location? A number of solutions have been proposed for this problem
of concurrent writing. We will adopt the simplest of thi.", we insist that the
parallel program ensure that no execution will ever result in a concuffent write.
Thus we deal only with ex:lushse write pRAMs.

As mentioned above, the issue of whether or not to allow concurrent reads
$ a matter of attention to hardware implementation. These various read/write
models for PRAMs are abbreviated as EREW, CREW; and CRCW, where the
fust two letters denote whether reading is exclusive or concurrent and the last
two denote what is permissible for writing. In this chapter, we will only consider
EREW and CREW PRAMs.

Of particular theoretical interest is the solution of problems by pRAM
algorithms in which the number of processors p is a polynomial function of the
irput size n, and the number of pRAM steps is bounded by a polylogarithmic
function ofn- We define the classes NC and RNC to capturl these nouons.

> Definition 12.1: The class NC consists of languages t that have a PRAM
algorithm ,4 such that for any x e E.

.  xeL.>.4(x)accepts;

o x{ t  +,4(x)  re jects ;
. the number of processors used by,4 on x is polynomial in ]xl;
. the number of steps used by A ot x is polylogarithmic in x;.

For randomized PRAM algorithms, we similarly define the class ,RNC:
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We then move the splitter to P;. Each element that is smaller than the splitter is
moved to a distinct processor 4 for i < j. Each element that is larger than the
splitter is moved to a disthct processor p1 for k > j.

4, We sort the elements recursively in processors pt through p1 t, and the elements
in processors P;-;1 through p,. These recursive sorts are lndependent of each
other.

Let us study the number of CREW pRAM steps taken by each of the above
stages. Before we proceed with a detailed analysis, we make a prognosis ofwhat
we need fu order for the above algorithm to terminate in O(logn) steps. The best
we can hope for is success whenever we split. If we were fortunate enough that
this were to happen, every sequence of recursive splits would terminate within
O(logn) stages. Even so, in order for the algorithm to terminate in O(log n)
steps, we v'ould require each split to be implemented in a constant number of
steps. Unfortunately we know of no way of doing this.

The second stage in our scheme is trivial and can be implemented in a single
step of a CREW PRAM. Let us tum to Stage 3 of the above description. Our
goal is to ensure that processor P;, for i < j, contains j. distinct input element
whose rank is smaller than j, and similarly processor p1, for k > j, contains a
distinct input element whose rank is larger than j. How many pRAM steps are
taken up by this process?

Processor 4 sets a bit b; in one of its registers to 0 if its element rs greater
than the splitter, and to 1 otherwise. For all l, let S; : !r., b,.

Exercise 12.2: Devise a PRAM algorithm by which, given the bi, the Si can be
computed (with the result contained in p,) in O(logn) steps. Using this, show how
Stage 3 of the algorithm can be implemented in O(tog,) steps.

-Thus, we see that a single splitting stage can be implemented in O(logn) steps
of a CREW PRAM. In Problem 12.1 we will see that from this, we can infer
that the above algorithm terminates in O(log, n) steps with high probability.

The shortcoming of the above scheme is thai the splitting work in Stage 3,
consuming O(logn) steps, yielded a relatively small benefit it cuts the problem
size down from n to a constant fraction of n. To improve on this, we consider
a more efficient algorithm in which we invest the same amount of work in
splitting, but il the process break up the problem into pieces of size n1-. for
a fixed constant e. If we could do this, we could hope for an overall parallel
running time of O(logn) steps: at the next level of recursion, the splitting time
would be logarithmic in nr-., which is a constant fraction of the splitting time
at the fust level. Thus, the times for proceeding from one level of recursion
to the next would form a geometric series summing to O(logn). The following
two exercrses pave the way for a concrete scheme for implementine this idea.
Exercise 12.3 demoDstrales that we can indeed sorl in -rf lognt sLps if our
PRAM were endowed with many more processors than elements to be sorted.
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Note that in Step 3 we have available as many processors as elements fore1t sy!-lroltem on which we rgcur.. The sub_problems that result from they:"',l'j':: have size. rougblv f,.with gooJ p;;;'rr;;;, iits with ourparadrgrn ior progressing from a.probrem ot ,ir" n to .r" ji ,u" "r- i" oi;;;jsteps. As we will see below, wit_-h,,hi9h probability ."..y ,rUlr"of"_ resultingrrom a splitting operation is smsmarwea"ui*ir,*,il'h't'illoij,,"1j#,:::*ril#.#1rJffi i
:fff".:tlXii;'.:t"'l 

using logn proces'orq we aba-odon the re-c-ursrve approach

"o"o""rffi TBUTED ArcoRrrrrMs

Exercise 12.5: Show that a CREW PRAM with m processors can sorr /l? etementsdelerministically in O(|') steps.

Exercise 12.6: Consider m splitters chosen uniformly al random from rr2 givendistinct etements. Show that the probabitity tnat a to", i,a-s "lJl""""oing O, i" urmost mao, for a constant a < .l

Thus, when a sub-probrem size is down to logn, we can sort rt with the rognavailable processors in O(loe,?)

.w""";";;;;;;';,iL,.?H:J,i;,ffiru'r:.:i""T.i,T.1l*:oli.l*.,.*,,cart the set of elements that fall between Ji"";;;p;;#'i i|1. ,o"anatysis issimilar to the one we used in the analysis oi rando;trrd-;;;, in Section 3.3.By invoking the Chernoff bound instead of the Chebyshwiooio, ,n" folo*iogrs an easy consequence:

To complete the analvsis of the algodthm, we represent an execution of thealgorithm by a tree. Each node_of1h" ,."" l. u-'to" 
-,'#"u.nr.. 

during theexecution. For this purpose, we wilt.allo ,"g".a ,h" ,;prili#." as ibrminga box (of size n), and this is the root of ouitree. The "frifar._"f " node are the
"b,:l"r-th" 

arise when it is partitioned by random splitters. Each leaf is a box ofsze at most log n.
We are interested in rootleaf paths in this tree. In boundmg the runningtrme of algorithm, the quantitv 

_of interest is ; ,h" L;;;f such root_leafpaths, but rather the ooo,r". or pReu ,d;;; il; ":;J*" down such apath. This is because the time to p_roceed irom . r.i1"lr" "r its children islogarithmic in the size of the bo:" fue *ilf ,re* it "i-*iiirfili prouatiitty, tnesum of the logarithms of box s*ix y,"ra ;';i;;;ffi;;il::1".&,1!r,;""ur""r oath is o(rogn), ani ttus
rne rdea rs to partition the interval [1, n] into sub_intervals ln,I1,.-., and.bound the probabilitv that a box wnos" ,iz" i, - l- i* " *rlo whose size is

ih: 
r: +; To this end, let y and d be fixed ""**,r'.*n inl:t i1z. y . t ul:a1 < d < 1/y. For a positive integer k, a"n"" "o: ao,-iJ: rii Lo ,n" io,"_utIr : Ip*+r, p*l-
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its end-points in I. Equivalently, -t is independent if for all u € 1, l(u) n 1 : O.
Recall that f(o) is the set of vertices in l/ that are adjacent to, and that the
degree of a is d(u) : lf(u)|.

An independent set I is maximal if it is not properly contained in any other
irdependent set in G. Recall that the problem of findin g a maximum independent
set is NP-hard. In contrast, finding a maximal independent set (MIS) is trivial
in the sequential setting. The following greedy algorithm constructs an MIS in
O(m) time.

Algorithm Greedy MIS:

fnpu[  Graph c(y,E)  wi th V :  {1 .2, . . . .nJ-
Outpu[ A maximal independent set / q y.

1 .  t  e Q .

2 .  lo r  y :1  lo  n  do
i f  /  n  f (y )  :0  lhen /  < - /  u {y } .

Exercise 12.8: Prove that the Greedy MtS algorithm terminates in O(m) time with a
maximal independent set, if the input is given in the form ol an adjacency l ist.

A greedy algorithm such as this is inherently sequential. The output of this
algorithm is called the lexicographically frst MIS (LFMIS). It is known that the
existence of an NC (or RNC) algorithm for finding the LFMIS would imply
that P : NC (respectively, P : RNC), a consequence that appears almost as
unlikely as P: NP. Thus, we have the somewhat paradoxical situation that
the most trivial algorithm finds the LFMIS sequentially, whereas it appears
impossible to solve it fast in parallel. However, it turns out that there are simple
parallel algorithms for finding an MIS (not necessarily the lexicographically fust
MIS). We start by describing an RNC algorithm and later indicate how it can
be derandomized to obtain an NC algorithm. The problem of verifying an MIS
is relatively easy to solve in parallel.

Exercise 12.9: Devise a deterministic EREW PRAM algorithm lor veritying thal a sel
/ is an MlS, using O(.n/ log m) processors and O(log m) time.

Consider the variant of the Greedy MIS algorithm, which starts with I : 0
and repeatedly performs the followilg step: pick any vertex r:, add. u to I, and
delete o and l(a) from the graph. The algorithm teminates when all vertices
have either been deleted or added to I. Choosing, to be the lowest numbered
vertex prcsent in the graph leads to exactly the same outcome as in Greedy MIS.
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goal is to prove that the random choices in step 2.1 will ensure that the exDected
number of iterations is in fact O(logn). We leave the details of implementing
each iteration in NC as an exercise_

Exercise 12.10: Show that each iteration of the parallel MIS algorithm can be imple_
mented in O(logr) t ime using an EREW PRAM with O(nam) processors.

The analysis is based on showing that the expected fraction of edges removed
from E during each iteration is bounded from below by a constant. In fact, we
will focus only on a specific class of good ed.ges, defined as follows.

> Definition 12,3: A vertex u e V is good if it has at least d(u)/3 neighbors of
degree no more than d(u); otherwise, the vertex is bad. An edge is good if at least
one of its end-points is a good vertex, and it is bad if both end-points are bad
vertrces.

In the following discussion, we will ana.lyze only a single iteration of the
Parallel MIS algorithm. The notion of goodness is with respect to the vertices
and edges surviving at the start of that specific iteration. It siould be clear that
th€_ argument can be applied repeatedly to the successive iterattons; together
with Theorem 1.3, this implies the result.

We start with an intuitive sketch of the analysis, which is then fleshed out in
a sequence of lernmas. A good vertex is quite likely to have one of its lower
degree neighbors in S and, thereby be deleted from Z. We witt show that the
number of good edges is large, and since good. vertices are likely to be deleted,
a large number of edges will be deleted during each iteration.

Lernma 12.3: Let 1) e V be a good. Dertex with ttegree d(u) > O. Then, the
probability that some uertex w e l(u) gets marked ts at least l _ exp(_7/6\.

pRooF: Each vertex w e f(o) is marked independentl y with probability l/2d(w).
Since u is good, there exist at least dQl/3 vertices in I(u) with degtee at most
tl(t:). Each of these neighbors gets marked with probability at least 7/Zd(1)).
Thus, the probability that none of these neighbor. of , g"t. marked is at most

/ 1 \ d(')/3

{ t - - ; l  < " - ' / u .
\  2d (D )  /

The remaining neighbors of a can only help in increasing the probability under
consideration.

T.emma 12.4: During any itero,tion, if a nertex w is marked then it is selected. to
be in S with probability dt least l/2.
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: 3D@te,)-d"(u))
uevc

: 3l(e(Vs,ve) +- e(V6,V)) - (e(V6,Vt) -t e(Ve,vd\l
:  3 [e(V3,V6)  -  e(V6, f t ) ]

3. 3le(ft,V6) | e(V6,ft)l

The first and last expressions in this sequence of inequalities imply that
e(V3,Vj) 3; e(Vs,Y6) * e(V6,ft). Since every bad edge contributes to the
left side and only good edges contribute to the right side, the desired result
follows. tl

Since a constant fraction of the edges are incident on good vertices, and good
vertices get eliminated with a constant probability, it follows that the expected
number of edges eliminated during an iteration is a constant fraction of the
curent set of edges. By Theorem 1.3, this implies that the expected number of
iterations of the Parallel MIS algorithm is O(logn).

Theorem 12.7 : The Paliallel MIS algorithm has an EREW pRAM implementation
^ / .  ,  \runnrng rn expected ttme U(tog'r?J using O(n -T m) processors.

It is straightforward to obtain a high-probability version of this result.
We briefly describe the construction of an NC a.lgorithm for MIS obtained by

a derandomization of the RNC algorithm described above. The first step is to
show that the preceding analysis works even when the marking of the vertices is
not completely independent, but instead is only pairwise independent. Note that
the only part of the analysis that uses complete independence is Lemma 12.3. In
Problem 12.9 the reader is asked to prove that a marginally weaker version of
Lemma 12.5 holds even with pairwise independent marking of vertices. The key
advantage of pairwise independence is that only O(logn) random bits are re-
quired to generate the sample points in the corresponding probability space (see
the discussion in Section 3.4). In the current application, it is necessary to gen-
erate pairwise independent Bernoulli random variables that are not uniform. In
Problem 12.10, the reader is asked to modify the earlier construction of pairwise
independent probability space to apply to Bernoulli variables that take on the
value 1 with non-uniform probabilities, i.e., the marking probabilities of | /2d(x).

The final and most crucial idea is to observe that the total number of choices
of the O(log n) random bits needed for generating pairwise independent markhg
is polynomially bounded. A1l such choices can be tried in parallel to see if they
yield a good marking, i.e., a marking of vertices that leads to an appropriately
large reduction in the number of edges. Note that in each iteration, we are
guaranteed that most choices of the random bits will give a good marking; in
particular, there exists at least one setting of the O(log n) random bits that will
provide a good marking. Trying all possibilities will (deterministica.lly) identify
a good marking. Thus, each iteration can be derandomized and the entfue
algorithm can be implemented in NC.
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integer matrix. If G has a perfect matching, then vdth suitably large probability,
the determinant will be non-zero. On the other hand if G does not have any
perfect matchings, the determinant will always be zero.

The first stage of this algorithm is easily implemented in NC. Finrling the
determinant of a matrix in NC is not trivial, but at least one NC algorithm is
known (see the Notes section). Thus the problem of deciding the existence of a
perfect matching is in l?NC.

We turn to the task of actually finding a perfect matching in a graph. Once
again, the idea is to reduce the search problem to some matrix computations. We
summarize known results for parallel matrix computations without attempting
to describe the algorithms in any detail.

The (l,l) minor of a maIilx U, denoted llij , is the matrix obtained by deleting
the ith row and the jth column of U. The adjoint adj(U) of the matrix U is
the matrix I whose (j, r) entry has absolute value equal to the determinant of
the (i, j) minor of U, i.e., Ay: (-1)'+i de(U'i). It is easy to vedfy the following
rclation: Uadj(U) : det(U).

Theorem 12.9: Let IJ be an nxn mqtrix whose entrtes are k-bit integers. Then the
determinant, adjoint, and inuerse of fJ can be computed in NC. In particular, Iet
MM(n): O(n2376) ilenote the number of arithmetic operations requiied to multipty
tvno n x n matrices. Then the d.eterminant can be computed in O(1og2 n\ time.
using O(n2utu(n)) processors; further, there are RNC algorithms fir computing
the inuerse and, the adjoint running tn time O(lot n) using O(n3sk) processors.

It is instructive to attempt to search for perfect matchings using the decision
algorithm described above. It is not very hard to see that this can be done for
the special case where the graph has a unique perfect matching.

Exercise 12.11: Suppose that c has a unique perfect matching M. Analyze the etfect
of removing an edge on the determinant of the Tutte matrix, considering both the
case where the edge belongs to M and where it does not belong to M_ Using this
analysis, devise an RNC algorithm tor f inding the matching M.

As outlined in Problem 12.15, an NC algorithm is possible for finding a
unique perfect matching. In fact, it is known that there is an NC algorithm
for finding perfect matchings in graphs with a polynomial number of perfect
matchings. However, these algorithms break down when the number of nerfect
matchings in tbe grapb is large.

The problem with having a large number of perfect matchings is that it is
necessary to coordinate the processors to search for the same perfect matchins.
This is the major stumbling block h rbe parallel solution of the matchin!
problem and is perhaps the main reason why no _l{C algorithm is known. If
the number of matchings is small, then the processors can easily focus on the
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Suppose that initially x; is assigned the weight -co (actually, -2m2 w1l|
suffice). It is clear that now every ss1 sf minimgm weight musr conraln j(i.
Consider the effect of increasing the weight of x; until it reaches la (here,2m2
will suffice). At this point it is clear that no set of minimum weight contains x;.

We claim that for w(x;) < ai, every minimum weight set must contain jci,
because there exists a set containing x; of weight Wi I w(x) < I,7;, and all sets
not containing x; must have weight at Teast Wi. Similarly, we claim that for
w(x;) > a;, no minimtrm weight set contains .xr, because any set containing x;
has weight at least Wi * w(x;). > tZ,, and there exists a set not containing x; of
weigb;t'Wi.

Thus, so long as w(x;) f a;, either every minimum weight set contains x;
or none of them contains x;. We say that x1 is ambiguous when w(x;) : a,,
since then it cannot be said for certain whether x; will belong to a minimum
weight set chosen arbitrarily. The crucial observation is that since c; depends
only on the weights of the elements other than x;, and the weights are chosen
independently, the random variable a; is independent of w(x). It follows that the
probability that x; is ambiguous is no more Ihan 112m. Note that it is possible
that di I {1,...,2nr}, in which case the probability is actually zero.

While the ambiguities of the diferent elements are correlated, it is safe to say
that the probability that there exists an ambiguous element in X is at most

It follows that with probability at least a ha4 none ofthe elements is ambiguous.
But if there exist two distinct minimum weight sets, say S; and S;, there must be
an element that belongs to one of these sets but not the other, i.e., there must be
an ambiguous element. Thus, with probability at least a half there is a unique
minimum weight set.

Exercise 12.12: Determine the probabil ity that there is a unique minimum weight set
when the weights are chosen from the set {1, . . ., f}.

Exercise 12.13: Does a similar result hold for the maximum weiqht set?

The application of this lemma to the perfect matching problem is obvious.
Let X be the set of edges in the graph, and f the set of perfect matchings. It
follows that assigning random weights between 1 and 2m to the edges leads to
a unique minimum weight pefect matching with probability at least 1/2. We
now turn to the task of identifying this perfect matching.

12.4.2. The Parallel Matching Algorithm

Suppose we have chosen the random weight function w for the edges of G as
described above, and let w1; be the weight assigaed to the edge (i,j). We will

l 1
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-o have the same canonical odd cycle and -(-d) : o. The skew-symmetric

nature of the matrix B implies that val(o) : -val(-d')' while the identical

cycLe structure of the two permutations implies that sgn(o) : sgn(-o)' It

follows that their net contribution to det(B) is 0. Thus, the set of odd-cycle

permutations has a net contribution of zero toward the value of de(B)' This

value of the determinant is completely determined by the value ofthe even-cycle

permutations.
Notice that a permutation o that corresponds to a pefect matching M

has a trail consisting exactly of the set of edges in M, and each of these

edges has multiplicity 2. Also, for any perfect matching M, the value of the

permutation corresponding to it is exactly (-11tz2z*1u1, where w(M) is the

weight of the matching M. If these were the only even-cycle permutations

to consider, the result would follow immediately. However, there are even-

cycle permutations that do not correspond to any particular perfect matching,

uitttoogn as discussed below they can all be viewed as representing a union of

two perfect matchings.
An even-cycle permutation o, consists of a collection of even cycles, and

its trail can be partitioned into two pefect matchings, say M1 and Mz, by

considering alternating edges from each cycle.

(
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When the trail of o has a cycle of length greater than 2, the two per-

fect matchings M1 and M2 are distinct and, since at most one of these two

perfect matchings can be the unique perfect matching of minimum weight, it

follows that lval(o)l > 22w. On the other hand, when the trail has only cy-

cles of length 2, i.e., the permutation corresponds to a perfect matching, we

have M1 : Mz and lval(o)l : 22w(M\) > 22w B\t note that equality with

22r is achieved only when Mr : Mz is the unique minimum weight perfect

matching.
Thus, the dbsolute cortlib\ltion to det(B) from each even-cycle permu-

tation is a power of 2 no smaTlet than 22w Moreovet, exactly one of

these contributions the one from the even-cycle permutation correspond-

ing to the unique minimum weight perfect matching - is equal ro 22w T}le

determinant of B can now be viewed as a sum of powers of 2, possibly

negated, such that the exponent of every term but one is strictly greater

than 2W. Since the term of absolute valte 22w cannot cancel out, it fol-

lows that det(B) l0 and in fact the largest power of 2 dividing it is 22w '

Exercise 1 2.1 4: Verif y that lval (oll : 2 tM 1)+w \M'�)

Exercise 12.15: Observe that, after choosing the random weights, both B and det(B)

can be computed via NC algorithms. Show that the value of l 'y can also be determined

in NC.
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Algorithm Parallel Matching :

Inpul: Graph G(y.E) with at least one perfect matching.

Outpul: A perfect matching M s E

1. lor all edges (i, l), in parallel do
choose random weight wir.

2. compute the Tutte matrii B from u/.

3. compule det(8).

4. compule W such that 2'�w is the largest power ot 2 dividing det(B).

5. compule adj(B) : det(A) x B 1 whose (/. i) entry has absolute value det(Bit).

6. lor all edges (i, l) do (in parallel)
compute r' : det(Btt )2wti l22w .

7. for all edges (i,./) do (in parallet)
il ri.i is odd lhen add (l,l) to M

Exercise 12.17: Verify that each step of this algorithm can be imptemented in RNC,
implying that it is an RNC algorithm tor f inding perfect matchings.

The most expensive computations in this algorithm are those of finding the
determinant, inverse, and adjoint of an n x n mahix whose entries are O(n)-bit
integers (since the matrix entries have magnitudes that are exponential in the
edge weights).

Theoren l2.l3z Giuen a graph G with st least one perfect matching, the Par5lllel
Matching algorithm finds a perfect mqtching with probability at least If2. For a
graph G with n uertices it requires O(log'�n) time and O(n3.5m) processors.

This is a Monte Carlo algorithm with (one-sided) error probability of 1/2,
and this probability can be reduced by repetitions. The only possible error
arises when, even though the graph does have a perfect matching, the algorithm
determines a set of edges that do not form a perfect matching because the
random choice of weights did not yield a unique perfect matching. It is a simple
matter to check for this error and convert this into a Las Vegas algorithm.
Although we assumed tkoughout that the number of vertices n is even, it is
possible to apply this algorithm to the case of odd n.

Exercise 12.18: In a graph c(y, E) with n vertices, when r is odd we define a perfect
matching to be a matching of cardinality In/21. Explain how the parallet Matching
algorithm may be adapted to this case.
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in this context by showing that there is a randomized protocol which, for any
c > 0, will solve the problem using c operations with a probability of success at
least 1 - 2 o("). For simplicity we will consider only the case where n: m - 2,
although the protocol and the analysis generalize in a rather straightforward
manner,

We start by restricting ourselves to the rather simple case where the two
processors are synchronous and operate in lock-step according to some global
clock. The following protocol is executed by each of the two processors_ We
index the processors P, and the possible choices by C; for t € {0, 1}. The
processor P; initially scans the register C;. Thereafter, the processors exchange
registers after every iteration of the protocol. This implies that at no time will
the two processors scan the same register. Each processor also maintains a local
variable whose value is denoted bv -B,.

Algorilhm SYNCH-CCP:

Inpuft Registers Co and Cr init ialized to 0.

Oulputi Exactly one of the two registers has the value J.

0. P; is init ially scanning the register C, and has its local variable Bi init ialized
to 0.

1. Read the current register and obtain a bit R,.

2. Select one of three cases.

case: 2.1 [Fi : vl
halt;

caset 2.2lRi : 0, Br : 1l
Write J into the current register and halt;

case: 2.3 [otherwise]
Assign an unbiased random bit to Bi and write B, into the current
regrster;

3. Pr exchanges its current register with p1 i and returns to Step 1.

To verify the correctness of this protocol it suffices to see that at most one
register can ever have J written into it. Suppose that both registers get the value
J. We claim that both registers must have had J written into them during the
same iteration; otherwise, Case 2.1 will ensure that the protocol halts before
this error takes place. Let us assume that the error takes place during the nh
iteration. Denote by B(r) and ((t) the values used by processor fl just after Step
1 of the tth iteration of the protocol. By Case 2.3, we know that R6(r) : B1(l)
and &(4: Bo(r). The only case in which Pi writes J during the ,th iteration is
when & :0 and B; : 1; then, Rt-i : 1 and Br-i :0, and Pr_, cannot write J
during that iteration.

We have shown that the protocol terminates correctly by making a unique
choice. But this assumes that the protocol terminates in a finite number

3s6
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Theorem 12.14: For any c > O, Algorithm ASYNCH-CCP has total cost exceed-
ing c with probability at most 2-o(").

pRooF: The only real difference from the previous protocol is in Cases 2.2 and
2.3. A processor in Case 2.2 is playing catch-up with the other processor, and
the processor in Case 2.3 realizes that it is ahead of the other processor and
is thus free to make the choige. To prove the correctness of this protocol, we
consider the two cases where a processor can write J into its current cell these
are Cases 2.3 and 2.4. Whenever a processor finishes an iteration, its personal
time-stamp T; equals that of the current register f;. Further, J cannot be written
during the very fust iteration of either processor.

Suppose fl has just entered Case 2.3 with time-stamp ?i and its current cell
is Ci with time-stamp t;, where rl < Ti. The only possible problem is that pr_i
may write (or already have written) J into the register C1_;. Suppose this error
does indeed occur, and let ti_j and Ti_, be the time-stamps during the iteration
of P1 ; when it writes , into C1 ,.

Now fl comes to Ci v/ith a time-stamp of 7,', and so it must have left C1 i
with a time-stamp of the same vahrc before P1 I could write J into it. Since
time-stamps cannot decrease, t1_, > Ti . Moreover, P1_; cannot have its time-
stamp Ti_, exceeding t;, since it must go to C1_1 from C; and the time-stamp of
that register never exceeds ,i. We have established that ?i i < ti < T; < ti_i.
But P1-i must enter Case 2.2 for Ti_, < ti ,, contradicting the assumption that
it writes J into C1_; for these values of the time-stamps.

Case 2.4 can be analyzed similarln except that we fnally obtain that Ti , <
ti : T; < ti_i. This may cause a problem since it allows ?i , - ri_,, and so
Case 2.4 can cause Pr ; to wdte J; however, we can now invoke the analysis of
the synchronous case and rule out the possibility of error.

The complexity of this protocol is easy to analyze. The cost is proportional
to the largest time-stamp obtained during the execution of this protocol. The
time-stamp of a register can go up only in Case 2.5, and this happens only when
Case 2.4 fails to apply. Moreover, the processol 4 that raises the time-stamp
must have its current B; value chosen during a visit to the other register. Thus,
the analysis of the s1'nchronous case applies. n

12.6. Byzantine Agreement

The subject of this section is the classic Byzantine agreement problem in dls-
tributed computation. As in Section 12.5, we study a process by which n
processors reach an agreement. However, in the scenario we consider here, t
of the n processors are faulty processors. We further assume that the faulty
processors may collude in order to try and subvert the agreement process. A
protocol designed to withstand such strong adversaries should certainly work in
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1et L denote (5nl8) + 1, Il denote (3n14) + 7, and G denote 7nl8. (In fact, the
protocol only requires that L> (nlz)+t+ 1 and Il > l*t in order to work.)
The ith processor executes the foliowing routine, for I < i < n.

Algorithm Byzcen:

Inpul: A value b,.

Oulpul: A decision dr.

1, vote : bi;

2. For each round, do

3, Broadcast vote;

4. Receive votes lrom all other processors;

5. maj a- majority value (0 or 1) among votes received including own vote;

6, tally - number of occurrences of mal among votes received;

7, il coln : HEADS then thresho/d 'e L;
else threshold <- H:

f. il tally > firesho/d then vote <- mai;
else vote {- 0;

f. il tally > G then set d; to mal permanently;

We begin the analysis with an easy exercise:

Exercise 12.19: Show that it all the good processors begin a round with the same

initial value, they all set their decisions to this value in a constant number of rounds.

The more interesting case for analysis is when the good processors do not all
start with the same initial value. In the absence of faulty processors, a solution
would be for all processors to broadcast their values, and then set their decisions
to the majority of these values. The algorithm ByzGen implements this idea in
the face of malicious faults.

If two good processors compute different values for mai in Step 5, tally does
nor exceed threshold regardless of whether L or FI was chosen as thr eshokl. Then,
all good processors set ,ote : 0 in Step 8.2. As a result, all good processors set
their decisions to 0 in the following round. It thus remains to consider the case
when all good processors compute the same value for maj in Step 5.

We say that the faulty processors/oll a threshold x e {L,H} in a round if, by
sending different messages to the good processorsr they cause tally to exceed x
for at least one good processor, and to be no more than x for at least one good

Drocessor. Since the difference between the two possible thresholds L ar.d H is
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Motwani 1233] have used the combination of pairwise independence with the random
walk technique for recycling random bits described in Chapter 6 to conshuct an NC
algodthm for the min-cut problem. The nin-cut problem is closely related to the
matching problem an NC algorithm for nin-cut fui directed graphs would result ir an
NC algodthm for maximum matching in bipartite grapis.

The reader may refer to the survey article by von zur Gathen l4l2l for a survey of
parallel matrix algorithms. The fust NC algodtbm for matrix determinants is due to
Csanb/ [111, but it applies only to fields of characteristic zero. Borodin, von zur Gathen,
and Hopcroft [9] gave an NC algorithm for the general case (see Berkowitz [56] for a
more elegant version). The algodthm due to Chistov [95] is curently the best known
solution, and it requires only O(log2 r) time. The computation of a joints and inverses
of a matrix can be reduced to the determinant computation at the cost of an increase
in time and processor count. The randomized algorithm cited in Theorem 12.9 is due to
Pan [323].

The book by Lov6sz and Plummer [281] is an excellent source for combinatodal and
algorithmic results related to matchings, and Vazirani [405] surveys parallel matching
algorithms. Section 7.8.3 giyes a history of results establishing the connection between
matchings and matdx determinants. Israeli and Shiloach 1207] give an NC algoritbm for
firding maximal matchings. The NC algorithm ir the case of a unique pefect matching
is due to Rabin and \aztrant 1348,349], and irl the case of polynomially small number of
perfect matchings is due to Grigoriev and Karpinski 11841. The first RNC algorithm for
matchfugs was given by Karp, Upfal, and Wigderson 8421, and this was subsequently
improved by Galil and Pan [162]. This work raised seyoral interesting questions with
respect to the parallel complexity of search versus decision problems, and this theme is
explored by Karp, Upfal, and Wigderson 12501. The Isolatirg Lemma and the parallel
Matching algoritbm are due to Mulmuley, Vazirani, and Yazirani 1317). These Monte
Carlo algorithms were converted into Las Vegas algorithms by Karlofi 12371. The
best known deterministic algorithm usilg a polynomial number of processors, due to
Goldberg, Plotkir, and Vaidya [112), requires Q(n2l3) time. Ar interesting special case
for which NC algorithms are known is that of finding perfect matchings in regular
bipartite graphs. Lev, Pippenger, and Vahant 2741 deived this result by providing an
algorithm for edge coloring (which is a partition into matchings) a bipartite graph of
maximum degree A with A colors. In the non-bipartite case, Karloff and Sbmoys gave
an .RNC algodthm for approrimate edge coloring and this was derandonized by Berger
and Rompel [55] and Motwani, Naor, and Naor [313]. Some interestirg open problems
afel

> Research Problem 12.1: Devise an NC algorithm for finding a maximum match-
ing in a given graph.

> Research Problem 12.2: Devise an NC or an RNC algorithm for edge coloring a
graph of maximum degree A using at most A+1 colors (see Vizing,s Theorem p1l).

> Research Problem 12.3: Aggarwal and Anderson [4] have shown that the prob-
lem of finding a depth-first search tree in a graph can be solved in ,RNC using
RNC algorithms for finding maximum matchings; once again, the issue of an NC
aleoritbm is unresolved.
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12.7 Consider a graph c(y,E) with maximum degree A. Show that a sequential
greedy algorithm will color the vertices of the graph using at most A+1 colors
such that no two adjacent vertices are assigned the same color. Employing
the parallel algorithm for MlS, devise an nly'C algorithm for f inding a A + 1
coloring of a given graph.

12.8 (Due to M. Luby [282].) Ihe vertex partit ion problem is defined as follows:
given a graph G(V,E) with edge weights, partit ion the vertices into sets y1

and V2 such that the net weight of the edges crossing the cut (yr, Vr) is at
least a half of the total weight of the edges in the graph. Describe an RNC
algorithm for this problem, and explain how you wil l convert this into an ly'C
algorithm using the idea of pairwise independence.

12,9 (Due to M. Luby [282].) In the Parallel MIS algorithm, suppose that the
random marking of the vertices is only pairwise independent. Show that the
probabil ity that a good vertex belongs to S u T(S) is at least 1/24.

12.10 (Due to M. Luby [282].) Suppose that you are provided with a collection
of n pairwise independent random numbers uniformly distributed over the
set  {0 ,1 , . - . ,p  1 } ,  where  p  >2n.  l l  i s  des i red  to  cons t ruc t  a  co l lec t ion  o f
, pairwise independent Bernoull i random variables where the ith random
variable should take on the value 1 with probabil ity 1/t, , lor 1 < tt < a/8. Show
how you can achieve this goal approximately by constructing a collection of
pairwise independent Bernoull i random variables such that the ith variable
takes on the value 1 with probabil ity 1/Ii where for a constant c > 1, I
satisfies

T1 :! t1 1cT1.

12,11 (Due to M. Luby [282].) Combining the results of Problems 12.g and 12.10,
show that the Parallel MIS algorithm can be derandomized to yield an NC
algorithm for the MIS problem. Note that the approach in Problem 12.10 wil l
not work for marking vertices with degree exceeding n/'16, and these wil l
have to be dealt with separately.

12,12 (Due to M. Luby [282]-) In this problem we consider a variant of the Parallel
MIS algorithm. For each vertex y € V, independently and uniformly choose
a random weight w(y) from the set {1....,rn}. Repeatedly strip off an
independent sel S and its neighbors f(S) from the graph c, where at each
iteration the set S is the set of marked vertices generated by the following
process: mark all vertices in y, and then in parallel for each edge in E unmark
the end-point of larger weight. Show that this yields an fiNC algorithm for
MlS. Can this algorithm be derandomized using pairwise independence?

12.13 (Due to D.R. Karger [2311.) Recall the randomized algorithm for min-cuts
discussed in Section 1.1 (see also Section 10.2). Describe an .RNC imple-
mentation of this algorithm. (Hint While contracting the edges appears to
be sequential process, i l  can be implemented in parallel using the following
observation. Consider generating a random permutation on the edges, as
described in Problem 12.5 and using this to determine the order in which
the edges are contracted. The contraction algorithm will terminate at that
point in the permutation where the preceding edges constitute a graph with

1 2

1 2

1 2

12

12

12
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can be computed in NC, and one would hope that the random substitulion
method would preserve the rank with high probabitity. We would l ike to use
this to verify that the matching algorithm is indeed producing the maximum
matching, and thereby obtain a Las Vegas algorithm. Does this method
work?

12,20 (Due to R.M. Karp, E. Upfat, and A. Wigderson [242D tn a bipartite graph
G(U,V,E), for any set F s E define lhe rank t(F\ as the maximum size of
intersection of F with a perfect matching, i.e., r(F) is the largest number of
edges in F that appear together in some perfect matching. Devise an RNC
algorithm for computing the rank for any given set F. Can this be generalized
to non-bipartite graphs?

12.2'l (Due to R.M. Karp, E. Upfat, and A. Wigderson [242].) Assume you are grven
the algorithm from Problem 12.20. Using this, we wil l oufl ine the construction
ol an alternative R r'C atgorithm lor perfect matchings.

. Assuming thatthe inputgraph is sparse in that it has a total ofn vertices
and fewer than 3n/4 edges, devise an NC algorithm for l inding a large
set S of edges that are guaranteed to belong to every perfect matching
i n  G .

. Suppose now that the input graph has more lhan gn/4 edges. Using
the rank algorithm, devise an RNC algorithm for f inding a large set t
of edges such that there exists a perfect matching in c none of whose
edges belong to f.

Using the above tools, describe an alternative _RNC algorithm for perfect
matchings.

12,22 (Due to V.V. Vazirani [405].) prove that the Isolating Lemma holds even
when the weight of a set is de{ined to be the product (instead ot surn) of the
weights of its elements. Can you identily any general family of mappings
from the weights of elements to the weights ol sets for which the lsolating
Lemma is guaranteed to be valid?

12,25 (Due to K- Mulmuley, U.V. Vazirani, and V.V. Vazirani [3j7l.) An intriguing
application of the lsolating Lemma is to the class ot ',uniqueness,' problems,
i.e., determining whether some problem in Np has a unique solution. Con_
sider the lollowing two problems, which take as input a graph c(y, E) and a
positive integer k:

CLIQUE: Determine whether the graph has a clique ol size k.
UNIQUE CLIQUE: Determine whether there is exac y one clique of size k.

The complexity ot unique solutions has been studied with respect to ran_
domized reduciions, which are the natural generalization ot polynomial t ime
reductions to allowing randomized polynomial t ime reductions_ Devise a ran_
domized polynomial t ime reductjon from the CLIQUE problem to the UNIQUE
CLIOUE-

12.24 lDue to J. Naor.) Let c(y,E) be an unweighted, undirected graph with n
vertices and m edges. Under any weight function w : E r {0, . . .. W}, the
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710 Chapter 30 Algorithms for Pqrallel Computers

A combinational circuit is an acyclic network of combinational elements.
Each combinational element has one or more inputs, and in this section.
we shall assume that each element has exactly one output. (combinational
elements with k > I outputs can be considered to be k separate elements.)
The number of inputs is the fan-in of the element, and the number of
places to which its output feeds is its fan-oat. we generally assume in
this section that every combinational element in the circuit has bounded
(O(l)) fan-in. It may, however, have unbounded fan-out.

The size of a combinational circuit is the number of combinational ele-
ments that it contains. The number of combinational elements on a longest
path from an input of the circuit to an output of a combinational element
is the element's depth. The depth of the entire circuit is the maximum
depth of any of its elements.

Theorem 30.2 (Brent's theorem)
Any depth-d, size-n combinational circuit with bounded fan-in can be
simulated by a p-processor CREW algorithm in O(nlp + d) time.

Proof we store the inputs to the combinational circuit in the pRAM's
global memory, and we reserve a location for each combinational element
in the circuit to store its output value when it is computed. A given com-
binational element can then be simulated by a single pRAM processor in
o(l ) time as follows. The processor simply reads the input values for the
element from the values in memory corresponding to circuit inputs or el-
ement outputs that feed it, thereby simulating the wires in the circuit. It
then computes the function of the combinational element and writes the
result in the appropriate position in memory. since the fan-in of each
circuit element is bounded, each function can be computed in o( l ) time.

our job, therefore, is to find a schedule of the p processors of the PRAM
such that all combinational elements are simulatedin o(nlp+d) time. The
main constraint is that an element cannot be simulated until the outputs
from any elements that feed it have been computed. concurrent reads
are employed whenever several combinational elements being simulated
in parallel require the same value.

Since all elements at depth I depend only on circuit inputs, they are the
only ones that can be simulated initially. once they have been simulated,
all elements at depth 2 can be simulated, and so forth, until we finish with
all elements at depth d. The key idea is that if all elements from depths I
to i have been simulated, we can simulate any subset of elements at depth
i + I in parallel, since their computations are independent of one another.

our scheduling strategy, therefore, is quite naive. we simulate all the
elements at depth i before proceeding to simulate those at depth i + l.
within a given depth i, we simulate the elements p at a time. Figure 30.g
illustrates such a strategy for p : ).

Let us analyze this simulat ion strategy. For i  :1,2,. . . ,d, Iet  n;  be the
number of elements at depth i in the circuit. Thus,
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Chapter 30 Algorithms for Parallel Computers

Corollary j0.3

Any depth-d , size-n combinational circuit with bounded fan-in and fan-out

can be simulated on a p-processor EREW PRAM in O(n lp + d) time'

Proof We perform a simulation similar to that in the proof of Brent's

theorem. The only difference is in the simulation of wires, which is where

Theorem 30.2 requires concurrent reading. For the EREW simulation,

after the output of a combinational element is computed, it is not directly

read by processors requiring its value. Instead, the output value is copied

by the processor simulating the element to the O(1) inputs that require

it. The processors that need the value can then read it without interfering

with each other. I

This EREW simulation strategy does not work for elements with un-

bounded fan-out, since the copying can take more than constant time at

each step. Thus, for circuits having elements with unbounded fan-out,

we need the power of concurrent reads. (The case of unbounded fan-in

can sometimes be handled by a CRCW simulation if the combinational

elements are simple enough. See Exercise 30.3-1.)

corollary 30.3 provides us with a fast EREW sorting algorithm. As

explained in the chapter notes of Chapter 28, the AKS sorting network

can sort n numbers in O(lgn) depth using O(nlgn) comparators. Since

comparators have bounded fan-in, there is an EREW algorithm to sort n

numbers in O(lgn) time using t? processors. (We used this result in The-

orem 30.1 to show that an EREW PRAM can simulate a CRCW PRAM

with at most logarithmic slowdown.) Unfortunately' the constants hid-

den by the O-notation are so large that this sorting algorithm has solely

theoretical interest. More practical EREW sorting algorithms have been

discovered, however, notably the parallel merge-sorting algorithm due to

Cole [46].
Now suppose that we have a PRAM algorithm that uses at most p pro-

cessors, but we have a PRAM with only p' < p processors. we would

like to be able to run the p-processor algorithm on the smaller p'-processor

PRAM in a work-efficient fashion. By using the idea in the proof of Brent's

theorem, we can give a condition for when this is possible.

Theorem 30.4
If a p-processor PRAM algorithm ,'4 runs in time /, then for any p' I p,

there is an p,-processor PRAM algorithm A' for the same problem that

runs in time O(ptlP').

Proof Let the time steps of algorithm,4 be numbered 1,2,"',t ' Al-

gorithm ,4/ simulates the execution of each time step i : 1,2,' " , / in

time O(lplpll). There are / steps, and so the entire simulation takes time

O(lp lp'l t) -- O(pt lP'), since P' < P.
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