.sf){{‘ we have |u(0) —u(1)] < 1 for (G, 1) . Similarly, e(() = e(1) for {f
“and [e(0) —e(1)] < 1 for €. Consider the augmenting edges between ¢ and
I1i, 1 <1 < £ Each vertex in G is incident with an even number of such cdges.
Since v(0) = w( 1) for H;, half of these cdges are labelled O and half labelled 1,
regardless of the label on the vertex in G Hence, [e(0) —e(1)] < 1 for (3, I).
The converse can be proved in the same way. |
Note that apart from being cordial, there are no other restrictions placed on ¢7.
The subsets &y, Ga, ..., Gy are compleiely arbitrary. They do not have o be
distinct or disjoint, and their union does not have to include every verlex of 7.

In our applications of Theorem 1, we use the following graphs in the role of
/1. Ty is the trivially cordial graph consisting of 2k isolated vertices. We ke
Hy = Tag. Ty is the trivially cordial graph consisting of 4 k isolated vertices,
Here, cach of I, and H; consists of k vertices labelled 0 and k labelled 1. Ay,
1s cordial by (7). Here, H, consists of all vertices on one side of the matching
arranged so that exactly half of them are labelled 0, Hy consists of all vertices on
the ather side of the matching. Other choices of 1 will also be encountercil,

Theorem 2. Al generalized fans Fun (5cc Figure 1(g)) are cordigl,

Proal: Take ff = Tap=H).Ifm= 2k, ke G = Po=G).llm=2k+ 1, lake
G=Fand Gy = P,. Then (G, H) = Fy .. Since Py is cordial by (5) and F, is
cordial by (8), Fon m is cordial by Theorem 1, | |

Theorem 3. A bundic B, (sce Figure 1)) is cordial if and only ifn &£ 2
imod 4),

Prool: If n = 2 (mod 4), then By is Eulerian. Since its number of edges is
In=2 (mod 4), B, is not cordial according to (2),

MNow take Il = My, wilh Hy and If3 defined as before, If n = dk+ 1,1 =
1,34, wke @ = By. G, consists of one of the vertices of B; not of degree 2, and
(72 consists of the other veriex not of degree 2, Then (G, H) = B,. Itis casy o
verify that By, By and By are cordial. By Theorem 1, so is B,. I

Theorem 4. A generalized bundle B,, ,, (sec Figure I(i)) is cordial if and only if
m=0 (mod 2) ornz 2 (mod 4),

Prowd: Suppose n = 2 (mod 4), Take jf = Tar with £y and 15 delined as
elore, Wi = 2k, lake 7 = M. . Gy consisis of vertices on one side of the
watching and 7 consists of the vertices on the other side. W = 2k + 1, ke
(o = W bet @y and €23 be as in e case m = 2k, Note that the 1wo vertices
ol ot ol degree 2 are no in Oy ar s, “Then (&, 1) = B Since M, is
vemdial by (7 aod 12, i3 cordial by Theorem 3, Hy 0 18 condial by Theorem |

Suppse no= Ak + 2 amd 1y = () Comand 2y, Tuke ) = B2 ax, using the
cordial labelling obwined above, Take G = B 3, which is shown 1o be cordial in
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Figure 2. The same figure defines G and £;, 1 < 1 £ 4, inthe construction of
(G, 1) = B,, .. By Theorem 1, il is a cordial graph.

Finally,ifn=2 (mod 4) andm = 1 (mod 2),then B, ,, is Eulerian, Since
its number of cdges is 2mn+ n=2 (mod 4}, B is not cordial according 1o

(2). { |

Theorem 5. ifm =1 (mod 2), a generalized wheel W, , (see Figure I(h) is
cordial if and only itn 2 3 (mod 4y, Fm =0 Cmod 2), W, o iy coreliad i
andonly ifn 2 (mod 4).

Frool: Supposem =2k+1landn 3 (mod 4). Take §f = Tae=1H,G=W,
and Gy = C,. Then (G, ) = W,, .. Since W, is cordial by (9), Wy, is cordial
by Theorem 1.

Suppose m = 2kand n # 2 (mod 4). Take [/ = Twe = If) and G =
Ca =Gy Then (G, ) = W, . Since C, is cordial by (6), Wi is cordial by
Theorem 1,

Suppuse W, is cordial for some m = 1 (mod 2} and n = 3 (mod 4).
Consider the one for which m is minimum, and any cordial labelling of it Mole
thatm > 3 since W, is not cordial according 10 (9). Suppose lwo verlices nol on
C, have opposite labels. Then Wean = (G 01 where [ = Jfy consisis of these
lwo vertices, & = W,z 0 and ) = .. Since Wi is assumed 1o be cordial, so
is Win_2 » by Theorem 1. This contradicts the minimality assumption,

It follows that all vertices of Wian not on G, have the same label. Note that
m+ nis even, Hence, there are m more verlices an O wilh label 1 than those
with label 0, so that among the edges not on C,,, there are m? more with label |
than those with label 0. 1t follows that there are exactly Hn—m?) edges with
label T on C,. However, 3(n—m*) = 1 (mod 2) and ¢, is Eulerian. This
contradicts (1). The case m = 0 (mod 2y and n= 2 (mod 4) can be deall
with in the same way, [ |

The following result includes both (3) and (4) as special cases,

Theorem 6. A complete k-partite graph is cordial if and only if the number of
parts with an odd number of vertices is at most 3,

Proof: A complete k-partite graph with no odd parts is clearly cordial, as we can
assign the label 0 1o exactly half of the vertices in cach part. IMithas 1, 2 or 3 ol
parts, let & be a compleie graph consisting of a single vertex in cach odd part and
1 be the graph induced by the remaining vertices, Each ¢ £ consists of one verlex
in G, and the corresponding 11; consists of all vertices of ff notin the same par
ol the veriex in &y, Then the complewe k-partite graph is cqual w (G,11). By (3},
Hy is cordial il n < 3. Hence, our graph is cordial by Theorem 1.

Suppose there is a cordial complete k-partite graph with at least 4 odd [arls,
Consider onc with the smallest number of vertices, and any cordial labelling of
it. According 1o (3), K a 15 nol cordial il n < 4. Henee, the graph has at least



