On Edge-Magic (p, 3p — 1)-Graphs

Dharam Chopra,
Department of Mathematics and Statistics
Wichita State University
Wichita, KS 67260, USA

Harris Kwong
Department of Mathematical Sciences
State University of New York at Fredonia
Fredonia, NY 14063, USA

Sin-Min Lee
Department of Computer Science
San Jose State University
San Jose, CA 95192, USA

Abstract

A (p,q)-graph G in which the edges are labeled 1,2,3,...,¢ so
that the vertex sums are constant, is called supermagic. If the vertex
sum modulo p is a constant, then G is called edge-magic. Lee, Seah
and Tan [12] introduced the concept of edge-magic graphs, which is a
weaker concept than supermagic graphs. In this paper, we investigate
edge-magic (p, 3p—1)-graphs. Using edge-splitting extension on stars,
trees, cycles and (p, p + 1)-graphs, we find several infinite families of
edge-magic graphs.

Keywords and phrases: edge-magic, supermagic, edge-splitting exten-
sion, tree, partition, amalgamation.
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1 Introduction

A (p,g)-graph G in which the edges are labeled 1,2,3,...,¢, so that the
vertex sums are constant, is called supermagic. Stewart [22, 23] showed
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that the complete graphs K3, K4 and K5 are not supermagic and for n > 5,
K, is supermagic if and only if n = 0 (mod 4). Hartsfield and Ringel [4]
provided some classes of supermagic graphs. Ho and Lee [5] extended the
result of Stewart to regular complete k-partite graphs. Recently Shiu, Lam
and Cheng [16] considered a class of supermagic graphs which are disjoint
union of K33. Shiu, Lam and Lee [17] proved that the composition of
regular supermagic graph with a null graph is always supermagic. In [6]
supermagic regular multipartite graphs and supermagic cubes are charac-
terized.

Definition 1. If G is a (p, ¢)-multigraph in which the edges are labeled
1,2,3,...,q so that the vertex sums are constant, modulo p, then G is
called an edge-magic graph, or simply an EM graph.

Example 1. Figure 1 shows a non supermagic graph G; with 6 vertices
and 8 edges that is edge-magic with different constant sums. a

¢ =0 (mod 6) c=1(mod6) ¢=3(mod6) c¢=5 (mod6)

Figure 1: Edge-magic labelings of a graph.

Example 2. Figure 2 shows another graph G with 6 vertices and 8 edges
that is edge-magic with different constant sums. O

c=1(mod 6) ¢=3(mod6)

Figure 2: Edge-magic labelings of another graph.
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The concept of supermagic graphs was introduced by Stewart [21] in
1966. Edge-magic graphs was introduced by the third author, Seah and
Tan in [12]. In [2, 7, 8], other types of magic graph labelings were discussed;
but they are not related to this paper.

A necessary condition for a (p, ¢)-graph to be edge-magic is ¢(¢+1) =0
{mod p). However, there are infinitely many connected graphs such as trees
and cycles that satisfy this condition but are not edge-magic.

In [24], we introduced a general construction of multigraphs from a given
simple graph. Let N = {1,2,3,...} be the set of natural numbers. Given
a pair (G, f), where G = (V, E) is a simple graph, and an edge-labeling
f : E(G) — N, we construct a multigraph SPE(G, f) by associating to each
e € E(G) a set P(e) of f(e) parallel edges. Notice that V(SPE(G, f)) =
V(G) and E(SPE(G, f)) = Ucepq) Pe). We call SPE(G, f) an edge-
splitting extension of (G, f), and G the skeleton of SPE(G, f).

Example 3. An edge-labeling f of C, and its edge-splitting extension are
displayed in Figure 3. O

(047 f) SPE(C47 f)
Figure 3: The edge-splitting extension of (Cy, f).

Finding an EM labeling of a given graph is related to solving a system
of linear Diophantine equations. In general, it is difficult to find an EM
labeling or a supermagic labeling of a graph. Several classes of graphs had
been shown to be EM (10, 11, 12, 13, 14, 15, 17, 19, 20]. We refer the
readers to [11, 13] for more conjectures and open problems on EM graphs.

Recently, Wen, Lee and Sun [24] used edge-splitting extension to con-
struct many new supermagic multigraphs. This prompts us to investigate
the conditions under which an edge-splitting extension graph is EM. We
shall use h to denote the edge labeling of SPE(G, f). We describe h by
naming the set of numbers to be used in h{P(e)) for each e € E(G).

Definition 2. Given a simple (p, ¢)-graph G, and an integer ¢* > ¢, a
function f : E(G) — N is said to be ¢*-admissible if SPE(G, f) has q*
edges.

We observe that a (p, kp—1)-multigraph satisfies the necessary condition
for it to be EM. Consequently, we are interested in finding a graph G
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with a (kp — 1)-admissible f such that SPE(G, f) is EM. If S is a set,
we use k X S to denote the multiset composed of k copies of S. Since
{1,2,...,kp—1} = (k—1)x {0}Uk x {1,2,...,p—1} (mod p), we will label
the edges of SPE(G, f) with the multiset (k—1) x {0}Ukx{1,2,...,p—1}.
We observe that even if p divides ¢(g+1), there is no guarantee that a (p, q)-
graph is EM.

Theorem 1.1 Let G be a graph with k+1 pendant edges e;, and let f be a
(kp—1)-admissible function such that f(e;) =1 for eachi. Then SPE(G, f)
cannot be EM.

Proof. To be EM, the vertex sums must be constant. Thus each of the
k41 pendant edge must be assign the same edge-label, which is impossible
with the multiset (k — 1) x {0} Uk x {1,2,...,p — 1}. Hence SPE(G, f)
cannot be EM. O

Example 4. Consider k = 2. The two edge-labelings f, and f; of the (8,9)-
graph G depicted in Figure 4 are both 15-admissible. However, SPE(G, f)
is EM, but SPE(G, f5) is not.

O

(G, f2) SPE(G, f2)

Figure 4: Two different edge-splitting extensions of the same graph.

Lee, Chen and Tong [9] investigated (p, 2p — 1)-graphs that are EM. In
this paper, we continue the study with (p, 3p — 1)-graphs. More specifically,
we study the EM labeling of SPE(G, f) with 2x {0} U3 x {1,2,...,p—1},
where G is a graph of order p, and f is a (3p — 1)-admissible function.
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2 Preliminaries

Let the edges of G be ey, €2, . . ., €q. To describe an EM labeling A, it suffices
to name the edge labels for each P(e;). Define o; =3, P(es) P€). Then

3p(p — 1)'

;ai:3(1+2+---+(p~1)): 5

It follows that

g 0 (modp) ifpisodd,

E; £ mod p) if pis even.

In particular, when p is odd, we would attempt to find an EM labeling with
o; =0 (mod p) for all 1.

Theorem 2.1 Let G be a graph of odd order p with a (3p — 1)-admissible
f such that f(e) is even for every e € E(G), with the exception of either
none or exactly two edges. Then SPE(G, f) is EM.

Proof. Arrange the edge labels as follows:
1 pP—- lalap_ lalsp— 11231)_2’"'3(1)_ 1)/2s(p+1)/2

Fori=1,2,...,q, assign the next unused f(e;) or f(e;) — 1 labels to P(e;),
depending on whether f(e;) is even or odd, respectively. The two zeros will
be assigned to the P(e;)s that are unfilled. The result is an EM labeling
with vertex sum 0. a

Example 5. Figures 5 and 6 display, respectively, the EM labeling of the
edge-splitting extension of a tree and a unicyclic graph as they are described
in Theorem 2.1. g

{1,8,1,8}

27|27 27

(3.6, 4,5,4,\ A,S,0,0}

(T,.f,p=94q=8 SPE(T, f),p=9,q=26

{3,6,3,6}

Figure 5: An EM labeling of SPE(T, f), where f(e) is even.
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{34}

SPE(G, f),p=7,q=8

{3,4,3,4}

(Gvf)vp:77q:8

Figure 6: Labeling of SPE(G, f), where f(e) is odd for exactly two edges.

3 The Edge-Splitting Extension of Trees

Recall that the star St(n) is a tree of diameter 2 with n + 1 vertices.

Theorem 3.1 The edge-splitting extension SPE(St(n), f) is EM for any
(3n + 2)-admissible f if and only if n=1,2,3.

Proof. The case of n = 1 is obvious. There are four non-isomorphic 8-
admissible functions f when n = 2. They are listed in the following table
along with the EM labelings of their respective edge-splitting extensions.

| E(5(2) E(SPE(St(2), f))

| fler) | fle2) | h(P(e1)) h{P(e2))
1 7 {0} {0,1,1,1,2,2,2}
2 6 (1,2} {0,0,1,1,2,2}
3 5 | {0,1,2} {0,1,1,2,2}
4 4 [{0,0,1,2} {1,1,2,2}

The EM labelings of SPE(St(3)) with constant vertex sum 2 (mod 4) for
all 11-admissible functions f are listed below.

E(St(3)) E(SPE(St(3), f))

flex) | flea) | fes) | h(P(e1)) | h(P(e2)) h(P(e3))

1 1 9 12} 2} {0,0,1,1,1,2,3,3,3}
1 2 8 2} 10,2} 10,1,1,1,2,3,3,3}
1 3 7 2} {0,0,2} {1,1,1,2,3,3,3}
1 4 6 2} 10,0, 1,1} 11,2,2,3,3,3}
1 | 5 | 5 2} |{0,0,1,2,3} | {1,1,2,3,3}
2 2 7 {0,2} 10,2} {1,1,1,2,3,3,3}
2 3 6 {0,2} {0,1,1} {1,2,2,3,3,3}
2 4 5 0,2y | {0,1,2,3} {1,1,2,3,3}
3 3 5 | 10,0,2} | {1,2,3} {1,1,2,3,3}
3 4 1 | {0,0,2} | {1,1,1,3} 12,2,3,3}
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For n > 4, consider f with f(e;) = 1ifi < n, and f(e,) = 2n+ 3. Because
of Theorem 1.1, we only need to look at n = 4. The vertex sums of the
four pendant vertices must be the same:

¢ = h(e1) = h(ez) = h(ez) = 04 (mod 5).

The vertex sum at the center is 4¢ = ¢ (mod 5); hence ¢ = 0 (mod 5). This
means h(e;) = h(ep) = h(eg) = 0, which is impossible because only two
zeros are available. O

Theorem 3.2 Let T be a tree of odd order p with a (3p — 1)-admissible f
such that |f~1(1) U f~1(2)| < 1. Then SPE(G, f) is EM.

Proof. Assume p =2k+1. For 1 <1i <k, define Sy; 1 = {i,%,p—~ 21} and
So; = {p —1,p — 1,2i}. Most of the edges in G will split into three edges,
so we would try to assign as many S;’s as possible to these edges, and
then regroup the remaining labels so that the edge sum in each modified
subset is still 0. For example, we can regroup Sp,_3 = {k — 1,k — 1,3},
Sok—2 ={k+2,k+2,2k—2}, Sor—1 = {k,k,1} and Sax = {k+1,k+1, 2k}
into X ={k—1,k—1,k+2,k+2},Y = {k,k,k+1,k+ 1} and Z =
{3,2k — 2,1,2k}. In some occasions, we use Sox—1 U Sox = Y U {1, 2k}.

There are ten cases, we identify them by the notation 11272 ..., where n;
is the number of edges e with f(e) = j. In each case, we list below the
subsets to be used as h(P(e;)) that yield o; =0 (mod p). O
3%k-242 51,82, ..., S2k—2, Sax—1 U {0}, Sax U {0}
32k_151 Sla 521 RN S2k—11 S2k U {05 0}

2132k—143 81,S89,...,5%-4,X,Y,Z,{0,0}

2132k=34151 51,82, ...,82k-3,Sok—2 U {0, 0},Y, {1, 2k}
213%k—2¢1 S1, Sz, cee, Sok_2,82%_1 U S, {0, 0}

1132k—544 S1,82,...,82k_5,50k_4 U {0}, X,Y,Z,{0}
1132k-44251 Sl, Sz, ey Szk_5, Sok—4,X,Y,Z U {0}, {0}
113% 34161 [ 5, 5,,..., Sak—3, Sak—2 U Sa2k—1, S2i U {0}, {0}
1132k_352 Sl, Sg, Ve ,Szk_5, S2k..4, S2k—3 ] {k, k+ 1},
Sok—2 U {k,k+ 1}, {1, 2k, 0}, {0}

1132271 S, Sg, ceey Szk_g, Sok_9,S2_1U Sor U {0}, {0}

Example 6. Some cases are vacuous when p = 3,5; we have all ten cases

starting with p = 7. The non-vacuous cases are listed below. 0
p=39=38 h{P(ei))
4?2 {1,1,1,0},{2,2,2,0}
3i5! {1,1,1},{2,2,2,0,0}
2161 {1,1,1,2,2,2},{0,0}
1171 {1,1,1,2,2,2,0}, {0}
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p=>54q=14 h(P(e:))
3242 {1,1,3},{4,4,2},{2,2,1,0}, {3,3,4,0}
3357 {1,1,3},{4,4,2},{2,2,1},{3,3,4,0,0}
2143 {1,4,1,4},12,3,2,3}, {3,2,1, 4}, {0, 0}
21374151 {1,1,3},{4,4,2,0,0},{2,3,2,3},{1,4}
213267 {1,1,3},14,4,2},{2,2,1,3,3,4}, {0, 0}
174251 {1,4,1,4},{2,3,2,3},{3,2,1,4,0}, {0}
11374761 {1,1,3},{4,4,2,2,2,1}, {3, 3,4, 0}, {0}
113152 {1,1,3,2,3},{4,4,2,2,3}, {1,4,0}, {0}
(113271 {1,1,3},{4,4,2},{2,2,1, 3,3,4,0}, {0}
p=7,q=20 h(P(ei))
3742 {1,1,5},16,6,2},{2,2,3},{5,5,4}, {3,3,1,0}, {4,4,6,0}
3°51 {1,1,5},{6,6,2},{2,2,3}, {5,5,4}, {3, 3,1}, {4,4,6,0,0}
213243 {1,1,5},{6,6,2},{2,5,2,5}, {3,4, 3,4}, {3,4, 1,6}, {0, 0}
21334151 {1,1,5}, {6,6,2},{2,2,3}, {5, 5,4, 0,0}, {3,4, 3,4}, {1, 6}
213761 {1,1,5},{6,6,2}, {2,2,3}, {5,5,4}, {3,3,1, 4,4, 6}, {0,0}
113747 {1,1,5},{6,6,2,0},{2,5,2,5}, {3,4, 3,4}, {3,4, 1,6}, {0}
11324257 {1,1,5},{6,6,2},{2,5,2,5}, {3,4, 3,4}, {3,4,1,6,0}, {0}
11334761 {1,1,5},{6,6,2},{2,2,3},{5,5,4,3,3,1}, {4,4,6,0}, {0}
113352 {1,1,5},{6,6,2},{2,2,3,3,4}, {5, 5,4, 3,4}, {1, 6,0}, {0}
113971 {1,1,5},{6,6,2},{2,2,3},{5,5,4}, {3,3,1,4,4, 6,0}, {0}

When p = 2k, preliminary data suggest that it is possible to partition
the edge labels so that o, = k for each i; consequently, SPE(T, f) would
be EM if the degrees of T are all odd. The partitions appear to be rather
complicated, and seem to depend on k (mod 3). We leave the following
open problem for further investigation.

Open Problem 1 Let T be a tree of even order p such that all its degrees
are odd. Then SPE(G, f) is EM for any (3p — 1)-admissible function f :
E(T) - N with |f~1 (1)U f~1(2)] < 1.

4 The Edge-Splitting Extension of Cycles

Let the vertices of C, be vi,vs,...,v, so that e; = v;v;41. Since ¢; is
incident to e;_; and e;41, if SPE(C,,, f) is EM, we must have

g1 =o3=--- (modn) and oa=04=--- {modn).
If n is odd, we also have a,, = g2 (mod n), hence o; is a constant (mod n).

Theorem 4.1 The graph SPE(C,,, f) is EM for any f : E(C,) — N with
the property that f(e*) = 2 for a specific edge e* and f(e) = 3 for all e # e*,
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Proof. When n = 2k + 1, assume e* = e,, and partition the edge labels
into (U?:l S;) U {0,0}, where S; is defined in Theorem 3.2. Then o; =0
(mod n) for all ¢, thereby producing an EM labeling of SPE(C,, f) with
constant vertex sum 0.
For n = 2k, our goal is to find o; such that
~_ Ja (mod 2k) ifiisodd,
TC=1b (mod 2k) if i is even,
so that the vertex sum is always a + b. This requires

2k—-1

k{a +b) = ZU,——BZ]~—3k2k—1)

=1
which in turn implies that
a+b=32k—-1)=-3 (mod 2k).

We now describe a labeling witha=k—1and b=k — 2.
When k is odd, define for each i,
_ Jk—1~2 (mod2k) ifiiseven,
Ti=1k—-2-2 (mod2k) ifiisodd.
When k is even, define z; the same way if 0 < i < k — 1; but define
_ Jk—2-2i (mod2k) ifiiseven,
Ti=1k—1-2 (mod 2k) ifiis odd,

ifk<i<2k—1. LetT; = {i,i,z;} ifz; #0,and T; = {4,3} if; = 0. It is
not difficult to verify that the nonzero values among z;’s are distinct, hence

?EO !T; forms a partition of the edge labels that meets the requirement. O

Example 7. Let f be a function described in Theorem 4.1. The EM

labeling of SPE(C,, f) for n = 4, 6,8, 10 are described below. O
n=4 |o n=6 |o n=8 |o n=10 | o
0 0 11 0 0 212 0 0 33 0 0 44
1 1 20 11 51 11 2 11 13
2 2 0 2 2 4)2 2 2 713 2 2 4
3 3 3|1 3 3 1|1 3 3 4|2 3 3 713
4 4 2 4 4 212 4 4 6|4
5 5 3|1 5 5 1|3 5 5 33
6 6 6|2 6 6 2|4
7 7 5|3 7 7 9|3
8 8 8|4
9 9 5|3
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Example 8. Let f be a function described in Theorem 4.1. An EM labeling
of SPE(Cs, f) is obtained when the edges are labeled {1,1,1}, {2,2,2},
{0,0}. Likewise, labeling the edges of SPE(Cs, f) with {1,1,3}, {4,4,2},
{2,2,1}, {3,3,4}, {0,0} yields an EM labeling. All the EM labeling has 0
vertex sum. O

Theorem 4.2 Assume [ : E(Czx+1) — N has the property that f(esg+1) =
2, and for 1 < ] < k, f(ezj._l) =z and f(ezj) =Y. Then SPE(CQk+1,f)
is always EM when {z,y} = {3,3},{2,4}; but when {z,y} = {1,5},
SPE(Cak+1, f) is EM if and only if k < 3.

Proof. When z = y = 3, label P(egx 1) with {0,0}, and for 7 < 2k + 1,
label P(e;) with S; that was described in the proof of Theorem 3.2. When
{z,y} = {2,4}, the result follows immediately from Theorem 2.1. Since all
the edges e with f(e) = 1 must be assigned the same edge label, it is clear
that we need k¥ < 3 when {z,y} = {1,5}. We now describe the labels for
P(e) when k=1,2,3:

k=1: {1},{0,1,2,2,2},{0,1}.
k=2: {1},{0,2,3,3,3},{1},{2,2,4,4,4},{0,1}.
k=3: {1},{0,2,3,5,5},{1},{0,3,4,4,4},{1},{2,3,5,6,6},{2,6}.

In each case, we always have o; = 1, which yields an EM labeling with
vertex sum 2. a

What happens when n = 2k? The cases are similar to that of Theo-
rem 4.2. However g;_; and 03; need not be the same. In fact, it can be
shown that o) + 03 = 1 (mod 2). The cases of k = 2,3 are easy, but larger
k requires more analysis. We once again invite the readers to study the
possibilities.

5 The Edge-Splitting Extension of (p,p + 1)-
Graphs

In this section, we study the edge-splitting extension of (p,p + 1)-graphs
where f(e*) = p — 1 for a specific edge e* and f(e) = 2 whenever e # e*.

Theorem 5.1 Let G be a (p,p + 1)-graph of odd order. Then SPE(G, f)
is EM for any f : E(C,) — N with the property that f(e*) = p -1 for a
specific edge €* and f(e) = 2 for all e # e*.

Proof. This result follows from Theorem 2.1 because p — 1 is even. O

Example 9. Figure 7 illustrates the EM labelings on a (p, p + 1)-graph of
odd order as they are described in Theorems 5.1 and 2.1. O
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{0.0} {2,3,0,0}

Figure 7: Three EM labelings of a (p,p + 1)-graph of odd order.

The solution is more complicated when p is even. We study three fam-
ilies of (p,p + 1)-graphs:

o Assume the vertices of C,, are vy, v2,...,v,. The theta graph C,(r)
is obtained by adding the chord v,v,. The skeleton of the edge-
splitting extension graphs in Figure 7 is C5(3). The graphs displayed
in Figure 8 are Cg(3) and Cg(4).

Figure 8: The theta graphs Cs(3) and Cg(4).

¢ The one-point union of C,, and C,,, denoted C(m,n), is the graph
obtained by identifying one vertex of C,, to another vertex in Cj;
that is, C{m,n) = Amal(C,, Cy, (u,v)). Note that forp=m+n—1
to be even, m and n must have different parity. See Figure 9.

&

Figure 9: The one-point union C(4,5).
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o The dumbbell graph D(m,n) is obtained from C,, and C,, by con-
necting a vertex from each cycle with an edge. Note that for p = m+n
to be even, m and n must have the same parity. See Figure 10.

Figure 10: The dumbbell graphs D(4,6) and D(3,5).

All three families share a common property. We can label the edges of
all these graphs with 0 and 1 such that the vertex sum is 1. See Figures 7-9
for some illustrations. In addition, we claim that the edges can be labeled in
such a way that the numbers of 0- and 1-edges are k+ 1 and k respectively:

o For C,(r), label the edges on the cycle alternately with 0 and 1, and
the chord with 0. See Figure 8.

e For C(m,n), one cycle is odd, the other is even. Label their edges
alternately with 0 and 1 such that the two adjacent 0-edges on the
odd cycles are incident to the even cycle. See Figure 9.

o For D(m,n), the two cycles must be both even or both odd. Label the
edges of two cycles alternately with 0 and 1. If m and n are even, the
bridge connecting the two cycles must be an 0-edge. If both m and n
are odd, use the bridge to connect the two pairs of adjacent 0-edges
from the two cycles; and label the bridge with 1. See Figure 10.

More interestingly, the fact that their edge-splitting extensions are EM can
be established with the same proof!

Theorem 5.2 Let G be Cp(r), C(m,p+1—m) or D(m,p — m), where p
is even. Then SPE(G, f) is EM for any f : E(Cn) — N with the property
that f(e*) = p — 1 for a specific edge ¢* and f(e) =2 for all e # e*.
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Proof. Let p=2k. Define S; = {i,p—1} and T; = {j,p+ 1 — j}, reduced
modulo p whenever necessary, so that their edge sum is 0 and 1 respectively.
Let R={1,2,...,k—1,k+1,...,p— 1}; note that the edge sum of R is 0.
Find an edge-labeling of G with 0 and 1 with constant vertex sum 1, and
the property that the numbers of 0- and 1-edges are k+1 and k respectively.
We now describe the labeling h on E(SPE(G, f)).

o If e* is an 0-edge, label P(e*) with {0} U R, and for e # e*, label
P(e) with S; and T}, where 1 < ¢,j < k, depending on whether e is
an O-edge or an 1-edge, respectively.

o If ¢* is an l-edge, label P(e*) with {1} U R, and for e # ex, label
P(e) with S; and T;, where 0 <17 < k and 2 < j < k, depending on
whether e is an 0-edge or an 1-edge, respectively.

It is straightforward to verify that the resulting labeling of SPE(G, f) is
EM with vertex sum 1. a

Example 10. We depict in Figure 11 the two EM labelings described
in Theorem 5.2 on SPE(Cg(3), f) for two different f. These labelings are
based on the edge-labeling of Cg(3) given in Figure 8. a

{2,4} {1,5}

Figure 11: Two EM labelings of Cg(3).
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