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ABSTRACT

In this paper we show a relationship between the edge-graceful and
the edge-magic conditions of the Cartesian product of edge-graceful
graphs. If G is a (p,q) graph in which the edges are labeled 1,2,3,...q so
that the induced vertex sums are distinct, mod p, then G is edge-
graceful. If such a labeling may be done so that the induced vertex sums
are identical, mod p, then G is edge-magic. In 1989 the authors showed
that the Cartesian product of even-regular, odd order edge-graceful
graphs is also edge-graceful. In this paper we show that in many cases
the Cartesian product of these graphs is also edge magic. In particular,
the product C X C, of two cycles is always edge-magic. We consider

only simple graphs, with no loops or multiple edges.
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A graph G=(V,E) with p vertices and q edges is called edge-magic if

there is a bijection f: EA12..qf such that the induced mapping

m+“<in? givenby ff(u) = ¥ fuy) [modn)is a constant mapping. It is
ve N{u}

edge-graceful if f*jsa bijection. Anecessary condition for an edge-

magic labeling is:

q(q+1)= 0, (mod p), (1)
while a necessary condition for an edge-graceful labeling is (Lo[1]);
-1
q(q+1)=F ﬁmx ! (mod ) 2)

This latter condition may be more practically stated as q(q+1) =0 or p/2
(mod p} depending on whether p is odd or even, respectively.



Another condition is (Lee,Lee, Murthy [2])
p= 2 {(mod 4) implies G is not edge gracetul. (3

One of the authors has conjectured that
Conjecture {Lee[3]): the Lo condition (2} is sufficient for a connected
graph to be edge-graceful.

A sub-conjecture of this has also not been proved:
Conjecture (Lee): All odd-order trees are edge-graceful.

Hartsfield and Ringel [4] also call a graph magic if its edges can be
labeled with 1,2,..,q such that the vertex sums are identical in Z, and
anti-magic if the sums are distinct in Z. Because vertex sums may be
identical mod p, but not in Z, magic is thus the stronger concept and
implies edge-magic, Edge-graceful is similarly stronger than, and
implies, anti-magic.

The authors investigated the edge-gracefulness of cartesian products of
connected regular graphs in a paper presented at the Second China-
United States Graph Theory Conference in 1989 [5],[6], in which they
proved that the product of two odd-order edge graceful graphs is also
edge graceful. In particular any product of odd cycles is edge-graceful.
S.Wilson and A. Riskin have also presented this result [7] more
recently. In this paper we extend that result to edge-magic graphs,
using a labeling similar to the edge-graceful case, and present some
related results for products of cycles.

The Cartesian product of G and H, G X H, is the graph:

VIG X H) = V(G) X V(H) .

E(G X T = {(v,v),{u,v'), such that either u=u' and (v,v") is in E(H), or
v=y'and(u,u’) is in E(G)).

Figure 1 shows that the edge-gracefulness or non edge-gracefulness of G
and H do not by themselves determine the edge-gracefulness of G X H.
Similarly, figure 2 shows that the edge-magicness of G and H also do
not determine the edge-magicness of G X H. (As an example of the
connections between these concepts, notice that in the edge-graceful
labeling of P4 X C3, the subgraph induced by the two central columns of
vertices has an induced edge-magic labeling, when 12 is subtracted from
each of the edge labels, and the vertex sums are considered in Zg.)
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Edge-magicness of products
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Tet G be a c-regular graph with m vertices :ﬁ:m..:}._%m n‘mn_mmv .

o, e.,..e ,and H be a d-regular graph with n vertices j;.m.:; o .r. J
) m MMW _M f . We can consider GXH to be composed of m isomorp F. J
Mwwwmw Mm wI Mmgm? the subgraphs Zh. induced by the .aﬁwlﬁ.wwmﬂ_ww _mmn;u
i is leld constant and k ranges ocmhrw..‘:.:\ together wit H.D H” . <w, o
_nwvﬁﬁm of G, namely the subgraphs G_. induced by the ver #nm, mrmd_ﬁ: N
k=1,2,...m. For ease of reference we BM\ _,,mm.,_m_ﬂ MM MMWMM_‘MEH M.a m?m o
;:lc_}.._.v. Similarly, the kth edge of ; wi ik

{ . - . m-
edge of D.w will be called ey {See figure 5.)
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when labels are considered to be in Z - Whenboth G and H are odd-
order, even-regular, GXH will be (c+d}-regular, and an edge-graceful or

. . d
edge-magic labeling of GXH wil utilize nIJNr! copies of {0.1,2,...mn-1} in

mn’

The main results are the following related theorems, The second gives a
sufficient condition for edge magicness. Although the first has becn
presented before {5],[7], we give a version of it here to show its
connection to the second. In general, the Cartesian product of edge-
graceful graphs need not be edge-magic. For example, although K4 and
Cz are both edge-graceful, K4 X C3 does not meet the congruence in

condition (1) H,mﬁm:.:m the number of edges, 30, to the number of vertices,
12.

Theorem 1: If G and H are edge-graceful, odd order, regular graphs,
then GXH is edge-graceful.

Theorem 2: f G and H are edge-graceful odd-order regular gra phs,
where G is c-regular and of order m, and H is d-regular and of order n,
then GXH is edge-magic if the following condition holds:

() mm&?bﬁdnm&a\gvnﬁ

The first requires a lemma:
Lemma: For any integer k, and for n odd, we can find an arrangement
mob_t:mzi‘_ of the n products hor\‘;\mw,.:A:l:E so that the sums a
+i are distinct, mod n.
Proof of the lemma: Let r=ged(k,n) and QH\JIJJJ where d and r must
god(k,n)
also be odd. The list DFHFNF::?ICW consists of r copies of each of
o\ﬁwﬁ..:a-:ﬁ since the products 0k,1k,... begin repeating at dk=(
(mod n). An arrangement which establishes the lemma is
oumaHmHH:.Hwa ﬂnmﬂu...ummT_\.:,alzanmaacwu:.um:L. To see
why this arrangement works, note that every integer from {} to n—1 is
expressible uniquely in the form kr+ b, where 0 k<d and 0 b<r. Then
the sums in question are of the form kr+b+kr. If k'r+b'+k'r = kr+b+kr
(mod n), then 2{k-K)r=b"-b (mod n). This congruence can only be true if
rdivides b-b, since 1 is a factor of n and of the left side of the
congruence; since b and b’ are both between 0 and r-1, this is passible
only if b'=b. Now 2(k-k)r = (mod n) implies that k=k', since n, being



odd, is not divisible by 2, and k and k' are both non-negative and less
than d. For example, for n=15, k=6, the products 6{0},6(1),...,6(14) are
0.6,12,3,9,0,..9, (mod 15).
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Both theorems may be proved by constructions which begin the same
way:

(We will use the examples in figures 6 and 7, of Kz X C3, to illustrate
the argument.)

Step A: Let g and h be edge-gracefui labelings of G and H, respectively.

Every edge e of GXH will receive a label of the form n- vie) + x(e),
where x:E(GXH)-—=1{0,1,....n-1}, and y:E(GXH)—{0,1,...,m~-1). The
function x will be edge-graceful when restricted to the cdges of the H.,

and y will be edge-graceful when restricted to the edges of the OH.. We

define x and y by extending the edge graceful labeling h of H to the
edges of each H,, letting imwynwﬁrv\ where we recall that the edges of

H are labeled £ and similarly extend g to the edges of O_. by letting

imw_vnm?rv. The E_ are now each edge-gracefully labeled by x, with
respect to mod n, and the function y edge-gracefully labels the edges of

sach Q_. with multiples of n, so that y contributes a distinct multiple of
n, with respect to mod mn, to each vertex of O_. The vertices of GXH thus

have distinct sums (so far), mod mn, as each "row" mf contributes

distinct sums, mod n. to each column's vertices, and each "column” Q_.

contributes distinct multiples of n to each row's vertices. The edges of

d
the H; do not neccesarily yet include 5 copies of the labels 0,1,...,mn-1.

For example, in tigures 6 and 7, each edge label is shown as a sum of two
terms, the first a multipie of 3 from 13 to 10-3, and the second either 1,2,
or 3. At this point the copies of Kg have received the first term of their
edge labels, consisting of multiples of 3, with each multiple of 3
constant "horizontally,” that is on the same edge of each K5 copy. The
copies of Cg have received the second term of their labels, consisting of
either 1,2, or 3, with that term constant “vertically," that is on the
same edge of each C3 copy. These portions of the labels are the same in
figure 6, the edge-graceful case, as in figure 7, the edge-magic case.
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that is congruent, mod n, to the sum :+A<Av. The t.'s are distinct, The

: : ——— . [ ] .
EBMEO% X 5:: be set so that it takes the same value on each edge of a
mH. H - 4. E - . . —_ [«
Particular O_\ and thus, using the ¢-regualrity of G, we can apply the

lemma to rearrange D\n\mn‘..;?iin as a,,a B 4, 50 that the sums

mmi.m. are distinct, mod n. For every k, and thus every edge mE. of ﬂﬂ let

xﬁmzvnmﬁ_x ﬂrmgm&mmmorrmmozmn:?sow alln Oww now run through

the values {0,1....mn—1} a total of w times, mod mn, and the vertex sums

are still distinct, mod mn. In fiugre 6 this step supplies the second term
for each edge in the copies of Ks. Finally, apply the lemma to

rearrange 0,d,2d,...,(m-1)d as .Uo\wﬂ:;_u:,_i\ so that the sums Fi are

distinct mod m. For every edge mr. of Ew let Emrvuwef\ where as with
the t's, w, is congruent, mod m, to the sum m.J:_.v. In figure 6, this

supplies the first term for each edge in the coptes of C3. Up to this point
the edge labels of the H; had run a total of n times through the values

ol
oxu\...\wﬁgvfﬁ.ﬂrm mn edges of the collection of Em_m now also run

through the values {0.1,...,mn~1} a total! of mzﬁmm\ mod mn, and the
vertex sums in GXH are still distinct, mod mn, as well.
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Step B2 (Edge-magic labeling): Completing the edge-magic labeling of
GXH after step A, in the cases where condition (I} of theorem 2 is met,
i3 less complex than the edge-gaceful case. For simplicity we choose 0,
mad mn, to be the final magic sum at each vertex, Again, the function x
will be constant on the edges of the .;.__m: and y will be constant on the
edges of the E__m. The congruence QN+W+?L =0 (mod m} has a unique
solution z, as d is relatively prime to m; we assign that value to %?:Av
for alf k. In figure 7, this supplies the first term, the multiple of 3, for
each edge of cach C3 copy. For example, for the vertex at the top left of
tigure 7, the congruence to be solved is 27 + 20 =0 (mod 5), and the
solution is z= 0, so all edges in the first (top) copy of C3 receive first
term 0(3). The sums contributed by ny are now 0, mod mn. Because c is

relatively prime to mn, the congruence equation nm+r+3v )=0 (mod mn)

has a unique solution z; we assign that solution to xﬁcw_.v‘ for all k, and

the uniqueness, mod n, of the sums rﬂﬁ.v guarantees that x will not
assign the same value to o O“._m. Now the sum at each vertex of GXH is

0, mod mn. Also, the edge assignments within the collection of ('s run
through (0,1, .mn-1) ; S times i _
gh {0,1,...mn-1) a tota] of 5 tumes, and the assignments within

the Imm run :d.o:mr {1,...mn-1} 4 total of % times, as required.
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Corollary: lfm m,, .., m, are odd, then ﬁz: XX OE_ is edge-

graceful, ] . < m
Note that Theorem 2 also shows that many Cartesian products of sets o

odd cycles are edge-magic; it may be seen that the wgmﬁmmw such
product not covered by this theorem would be C3XHC )
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Emchm 8 Magic sum is 1, mod (2m}{2n+1)

C, XC . is edge-magic.

Theorem 3: The Cartesian product of two cycles, MAC N .
The cartesian product of two cycles is edge-graceful if and only if they

are odd order.
It either M or N is even, the Lo condition prectudes edge-gracefulness.

The result may now be shown in three parts:
(i) When M and N are odd, theorems 1 and 2 show how to construct

edge-magic msa.mamm-mﬁmnmm:_ labelings,.

vamm,\mﬂmm”g W\W Hmﬂ%d%”% MM m_mM.MQm_ ﬂw._m *nc:mwzw__n:.cﬁ_,bg figure 8 mro«.,\m how
Cy). This result will e mm:cwm:WmQ %_%_.M o Frample G X

: orem 4.
(ifi) When both M and N are even, the result follows from the
:mlmmma\abmmw result on the decomposition of O?MXOZ into two

Hamiltonian cycles, as pointed out earljer.

The authors have also proved, in a similar manner:

Theorem 4: IfH s odd-order, d-regular, edge-graceful, and mnaﬁm =1,
then OmBXI is edge-magic. (Examples: C4 X C3, in figure 2, and also
figure 8.}

Proof: Since d is even, m must be odd. As in step A, let h be an edge-
graceful labeling of H. Label the edge fi of H; with x{fik} = 2h(fi) + (i~
n, where, as before, f| is the kth edge of H. Let xi::.v be the induced
mapping which gives the vertex sum of the edges incident to uj; within

Hj Lach H; layer has m: edges, and there are 2m such layers, so the

edge labels run 1 through 2mn a total of m times within the Hj layers.

Note that the edge labels of the Hpyj are odd, and the edge labels of the
Hjyi.1 are even. The d-regularity of H will force each vertex uj,q j of
Hj1to have vertex sum dn more than the vertex sum of the

. . . od.
corresponding vertex ujj in Hj. We choose the magic sumw as 1 if 5 is

odd, 0 if even. For each vertex uyj, label the edge A:N:S\_.\::v by z, and

d
label the edge A::\:Nﬁ by z-5n, where z is a solution of the congruence z

+ ?fm:v +X*(uy) = w (mod 2mn), or

2z = <<!X+m£:.v+m5 {mod 2mn)

The vertex sums x+?:.v n Hy are distinct, mod n, because they are twice
the numbers 1,2,...n, and n is odd. Therefore the solutions of these n
congruences are distinet, mod 2mn. Note that since x* sums an even
number of vertex labels, all of which are either even or odd, x+?:,v must
be even; therefore the right hand side of the congruence is even, and has
two solutions. We choose either one for z. For the other edges within G,

; . .d .
label the edge AE._.L:+.~ j) with z — _W:_ The total sum at vertex Uiy s
now

d

d SN+ x+?:.v =w (mod 2mn)

(z-i3) + (2~(i+1)3n) + X*(uy) +Hdn =2z -



d . . . ol \
Because 5 1s relatively prime to m, the edge labels within one column's

copy of Comp do not repeat.
P} mn P 22=d+]

$ A\ 26454115
13=14]2 =1 +6
+ i3
! 1950+ 418 5 =d+[+18

Theorem 5: Suppose G is odd-regular, edge-graceful, has even order m, =i 16=4+12
. 2224 4224012
— (1 20=0+2+18 P

30=8+d+18

If H is even-order and d is odd, then the cartesian product of theorem 4
does not satisfy condition (1). The other cases may yet be edge-magic.
Certain cartesian products of even-order edge-graceful graphs with
cyles may also be edge-gracefully labeled by ad hoc methods. For

—{s
=3

example,

m is not divisible by 3, and G may be partitioned into 1-factors. Then G

X C_ is edge-graceful. In particular, MAE_A.IF X O_mr.l and HAG._Q,m X Hsii2418

Clap g are edge-graceful.
1735+12

122646 113§+ 660
A l-actor of a graph is a set of edges such that each vertex of the ¥
graph is incident with exactly one of the chosen edges. The edges of the .
: 1=043418 7 25=443+18
; A
. u
2
12 12 6
12

I-factors in the Gj have additional multipes of r added to them, where
r is the number of edges in G. See for example the labeling of K4 X C3, in

figure 9.
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Decomposition into 1-factors used to add multipes of § Figure 9




Figure 10 summarizes the results on labellings of Cartesian products of
regular edge-graceful graphs.

G and H both edge-graceful

GXH
n order
H Odd-order, Even o
G even-regular odd-regular even-regular
: Edge-graceful .
Odd-order, sometimes
even-regular | sometimes edge-graceful

edge-magic

_recilar| sometimes
odd-regular edge graceful

Even Not edge-graceful
order by Lo condition
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Figure 10
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Abstract
In this paper we obtain some results on orthogonal arrays (O-arrays)
with two symbols and of strength six by deriving some inequalilies on the
existence of some balanced arrays (B-arrays) of strength six with index
set p' = (p— Logey oy g e, g2, o+ 1) which we call as Near O-arrays. Con-
mmﬁ#ﬂ,::% we demonstrate thal we get better bounds on the number of

constraints for some O-arrays when compared to the oues given by Hao
{1947).

1. Introduction and Preliminaries.

For ense of reference, we provide here the definition of a balanced Array
(B-array). A B-array with m rows {coustraints), ¥ cohunns (runs, ireatment.-
combinations), two symbols isay, 0 and 1}, and of strength ¢ with index set
1'={p, Bieegie) s an (m x N matrix 7 with elements O and | such that
in every subemalrix 77 (¢ =V ¢ < m) of T, every (t x 1) vector a of weight
i (the weight of @ is the number of i's in it; i=0,1,.....¢) appears as a column
of T exactly g times. The B-array is sometimes denoted by BA (m, NV, 2.t

I3
Ho, pypty). Clearly N = (e
i=0
The above definition can be casily extended Lo B-arrays with ¢ (> 3) symbols
by requiring that every {t x 1) vector o and its permutation {a) appear the
same munber of times in every {£ % ¥) sub-matrix T,
A B-array in which y; = s for cach i is cailed an orthogonal array {O-array).
Furthermore, there arc other combinatorial structures {e.g., balanced incom-
plete block designs, doubly balanced designs, ete.) closely related to certin



