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Abstract

For a simple path P, on r vertices, the square of P, is the graph Pr2 on the same set of vertices of P, and where every pair
of vertices of distance two or less in P, is connected by an edge. Given a (p, g)-graph G with p vertices and g edges, and a
nonnegative integer k, G is said to be k-edge-graceful if the edges can be labeled bijectively by k, k + 1, ...,k + g — 1, so that
the induced vertex sums (mod p) are pairwise distinct, where the vertex sum (mod p) at a vertex is the sum of the labels of all
edges incident to such a vertex, modulo the number of vertices p. We call the set of all such k the edge-graceful spectrum of G,
and denote it by eg/ (G). In this article, the edge-graceful spectrum eg/ (Prz) for the square of paths P,2 is completely determined
for odd r.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries

Given an integer k > 0, a graph G = (V, E) with p vertices and g edges is called k-edge-graceful, if there
exists a bijection f : E — {k,k+ 1,k +2,...,k + g — 1} such that the induced vertex sum f+ 2V o= Zy,
where fT(u) = Y .{f(uv) : uv € E} (mod p), is also a bijection. Such a labeling is called a k-edge-graceful
labeling. The study of the class of 1-edge-graceful graphs was initiated by Lo [17], and such a class of graphs are also
known as edge-graceful graphs. Edge-graceful labeling can be viewed as a dual concept of the well-known graceful
labeling. A good account on graceful labeling problems and other types of graph labeling problems can be found in
the dynamic survey of Gallian [2]. Fig. 1 shows that K4 is k-edge-graceful for k = 1, 2, 3, 4. We have the following
necessary condition for a graph to be a k-edge-graceful graph, which is a generalization of Lo’s condition in [17]: if a
(p, g)-graph G is k-edge-graceful, then it satisfies the condition that g(q + 2k — 1) = w (mod p). A conjecture
similar to the well-known graceful tree conjecture is that the above mentioned necessary condition is also sufficient for
1-edge-graceful graphs, particularly restricted to the class of trees [7]. However, the theory of 1-edge-graceful graphs
is completely different from that of other k-edge-graceful graphs. For example, trees of order 4 are 2-edge-graceful but
not 1-edge-graceful (please see Fig. 2). Some classes of 1-edge-graceful graphs are investigated in [1,3-23]. Certain
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Fig. 1. Various k-edge-gracefulness of Ky.

Fig. 2. Trees that are 2-edge-graceful but not 1-edge-graceful.
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Fig. 3. The edge decomposition of an outer cycle and an inner path in P,z.

properties of k-edge-graceful graphs are considered in [4,9,16]. We denote the set of all integers k > O such that G is
k-edge-graceful by egl (G). This set is called the edge-graceful spectrum of G. In [4,9], the edge-graceful spectra of
wheels and some (p, p + 1)-graphs are studied.

For a graph G, the square of G is the graph G on the same set of vertices of G, and where every pair of vertices
of distance two or less in G is connected by an edge. For the sake of convenience, the graph square of paths P,2 can
be treated as an edge disjoint union of an inner path with an outer cycle (please see Fig. 3 for an example).

In this paper, we completely determine the edge-graceful spectrum of square of paths, P,z, for odd r. Further we
investigate the edge-graceful spectrum of square of paths, Prz, for some special cases of even r and finally we discuss
related problems.

2. Main results

Here we determine the edge-graceful spectrum of square of paths, Prz, for odd r. Notice that since we are
considering the concept modulo the number of vertices p, therefore it is clear that the calculation of the edge-graceful
spectrum of graphs can be reduced to a finite set. We state the fact as a lemma as follows:

Lemma 1. Let G be a (p, q)-graph with the edge-graceful spectrum egl (G). If k € egl (G), thenk+1t-p € egl (G)
for any nonnegative integer t.

We prove the necessary conditions for a graph to be k-edge-graceful, for the square of paths first:

Theorem 2. If the graph P,2 is k-edge-graceful, then the following conditions on k hold good.
(1) For an odd integer r > 3,

(@) if 3| r, thenk =2 (mod 3), or

(b) if 31r, thenk =2 (mod r).
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Fig. 4. An edge labeling on the outer cycle of Pr2 and the associated vertex sums.

(2) For an even integerr > 2,
(@ () if r=0(mod 4)and3 |r, thenk = {5 +2 (mod %), or
(i) if r =0 (mod 4) and 3 { r, then k = 7 + 2 (mod 3), or
(b) if r =2 (mod 4), then egl (P?) = ¢.

Proof. The necessary condition for a graph to be a k-edge-graceful graph is g(g + 2k — 1) = w (mod p).
Note that the graph P,2 has r vertices and 2r — 3 edges. Therefore, the necessary condition becomes —3(2k — 4) =
r(r — 1)/2 (mod r), and the calculations are as follows:

(1) r is odd. Then the necessary condition becomes 3k = 6 (mod r).
(a) If 3| r, thenk =2 (mod 3).
(b) If3 4 r, then k = 2 (mod r).
(2) r is even. Then the necessary condition becomes 6k = % + 12 (mod r).
(a) If r = 0 (mod 4), that is, r = 4n for some n € Z, then the necessary condition is 3k = n + 6 (mod 2n).
() If3 | r, thenk = 5 + 2 (mod 27”). That is, k = 75 + 2 (mod ).
(ii) If 3 { r, then k = n 4 2 (mod 2n). That is, k = 7 + 2 (mod 7).
(b) If r = 2 (mod 4), that is, r = 4n + 2 for some n € Z. Then the necessary condition becomes 6k =
2n 4 13 (mod 4n + 2). But this equation is incompatible by considering the parity. O

We show that the necessary condition in Theorem 2 is also sufficient for the graph P,2, where r is odd. To determine
the edge-graceful spectrum of Pr2 for odd r, by Lemma 1 and Theorem 2, we show that

(1) if 3 { r, then P? is 2-edge-graceful,
(2) if 3 | r, then Pr2 is 2-edge-graceful, (n + 2)-edge-graceful, and (2n + 2)-edge-graceful, where n = 7.

Theorem 3. Pr2 is 2-edge-graceful, where r is odd.

Proof. Let the path P, be the graph with vertex set {vy, v2, ..., v,} and the edge set {v;v;4+| : 1 <i <r—1}. Suppose
that e; ; denotes the edge v;v; € E(P,z). Then the outer edges e 2, e, ,—1, and ¢; j 42, where 1 <i <r — 2, form an
odd cycle, and the inner edges ¢; ;+1, where 2 < i < r — 2, form an even path (please see Fig. 3). To show that the
graph Pr2 is 2-edge-graceful, we label the integers 2, 3, ..., 2r — 2 to the 2r — 3 edges. Since the set {2, 3, ..., 2r —2}
is congruent (mod r) to the multi-set {1,2,...,r} U {2,3,...,r — 2}, we assign 1,2, ..., r to the r edges of the
outer cycle in P,z, and 2,3,...,r — 2 to the r — 3 edges of the inner path in P,2 in the following way. We label
1,2,3,..., % % # # ...,r to the edges e1 2, €24, €46, .., €r—3 r—1, €r—1.rs €r—2.rs €r—br—2,...,€13
as in Fig. 4. Therefore the outer odd cycle is edge-graceful on its own and the vertex sums of the vertices vy, v,
V4, ..., Vp—1, Ur, Up—2, Ur_4, ..., 03 induced from this labeling are 1, 3,5,...,7,2,4,6,...,r — 1 (mod r).

Then we assign 2,3,...,r — 2 to the edges of the inner path in P,z, by assigning 2,4,...,r — 3 to the
edges €23,€45,...,e,—3,—2, and assigning 3,5,...,r — 2 to the edges e,—2 1, €,—4,,—-3, ..., €3 4 respectively,
as in Fig. 5. Hence the vertex sums of vertices vz, v3, v4, Vs, ..., Ur_3, Vr—_2, Ur—1 induced from this edge labeling
are 2,0,2,0,...,2,0,3 (mod r). Notice that the vertices vy, vy, ..., v,_3, V-_1 have nonzero contributions, and the
vertices v3, vs, . . ., Ur—2 have zero contributions from the vertex sums given by the edge labeling of the inner path.

Therefore, to show that the vertex sums of the graph Pr2 are pairwise distinct with the above assigned labels, it
suffices to show the invariance of the vertex sums over the vertices vy, v4, ..., v,_3, Ur_1. The contribution of vertex
sums obtained from the inner path are 2, 2, ..., 2, 3. Hence the vertex sums of the vertices vs, vy, ..., Uy—3, Up—1 in
P,2 are 5,7,...,r,3 (note that r = 0), which are exactly the set of vertex sums 3,5, ...,r — 2, r restricted on the
outer cycle, with the same elements cycling around. Hence the proof is complete. [
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Fig. 5. An edge labeling on the inner path of Pr2 and the associated vertex sums.

Fig. 6. P72 is 2-edge-graceful.

Please see the Fig. 6 for an example that P72 is 2-edge-graceful. Therefore we have obtained the edge-graceful
spectrum of P,Z, where r is odd and 3 1 r. But if we would like to get the edge-graceful spectrum of Pr2, where r is odd
and 3 | r, we must prove in addition that P,2 is also (n + 2)-edge-graceful and (2n + 2)-edge-graceful, where r = 3n.
These statements are proved in the following Theorems 5 and 6. Theorem 4 will be useful for proving Theorem 5.

Theorem 4. The set {1,2,...,3n}—{n—1,n,n+ 1}, wheren = 3,5, ..., can be partitioned into (n — 1) 3-element
subsets such that the sum of the elements in each subset is 0 (mod 3n).

Proof. If it can be shown that there is such a partition for a set {1, 2, ..., 3n} which includes the set {n — 1, n, n + 1},
then we are done. Hence we divide the problem into three cases as follows:

(1) n =0 (mod 3).
Assign S; = {3j —1,3i,3j+1: (G €{1,3,5,...,n},i+2j=n)or (i € {2,4,6,...,n—1},i +2j = 2n)}
with —1 = 3n — 1 (mod 3n). Also S% ={n—-1,nn+1}.
(2) n =1 (mod 3).
Assign S; ={3i,3j+1,3j+2:( €{2,4,6,....,.n—1},i+2j=n—1)or(@ e{l,3,5 ...,n},i+2j =
2n — 1)}. Also S% ={n—-1,n,n+1}L
(3) n =2 (mod 3).
Assign §; ={3j—2,3j—1,3i: (i € {2,4,6,...,n—1},i+2j=n+1or(ie€{l,3,5...,n},i+2j =
2n + 1)}. Also S% ={n—1,n,n+ 1}

Itiseasy toseethat| JS; = {1,2,...,3n}, S; NS; =@ foralli # j, and the sum of elements in each §; is 0 (mod 3n).
O

Theorem 5. Pr2 is (n 4 2)-edge-graceful, where r = 3n is odd.

Proof. As in the proof of Theorem 3, we let the path P, be a graph with vertex set {vy, vy, ..., v.}, and the edge set
{vivig1 : 1 < i <r — 1}. Assume that e; ; denotes the edge v;v; € E(Pr2). We partition the edges of the graph P,2
into the following sets: A = {e1,2, €13, €23, €24, €34, €45}, Aj = {€) 12, €j11,j435 €j42,j43> €j42,j+4> €j+3, j+4»
€ji4,j+5}, where i ranges from2ton — land j =3(G — 1), and A, = {e,—3—1,€r—2,r» €r—1,1}-

To show that the graph Pr2 is (n 4 2)-edge-graceful, we must label n +2,n 43, ..., 7n — 2 to these 2r — 3 edges.
Note that the set {n +2,n+3, ..., 7n — 2} is congruent to the multi-set {n — 1, n,n + 1} U ({1,2,...,n =2} U{n +
2,n+3,...,3nHhU{1,2,...,n—=2}U{n+2,n+3,...,3n}). Theset {1,2,...,n—2}U{n+2,n+3,...,3n}can
be partitioned into n — 1 disjoint subsets a; = {x;, y;, z; : xi + yi +2; =0 (mod r)}, wherei =1,2,...,n — 1. Let
a; ={x1 =3n,y1, 21}, an—1 = {Xn—1, Yn—1, Zn—1 = 2n},and a, = {x, = n, y, = n+1, z, = n—1}. Then we assign
the integers of a; to the edges of A;, where i ranges from 1 to n, by labeling the integers x1, y1, 21, 1, X1, 21 to the
edges e 2, €13, €23, €2 4, €3 4, 4 5, labeling the integers x;, y;, zi, yi, Xi, z; to the edges e j12, €j11,j+3, €j42,j+3
€42, j+4» €j43, j+4> €j+4, j+5, Where j = 3(i — 1) and i ranges from 2 to n — 1, and labeling the integers x;,, y,, 2 to
the edges €,-3,,—1, €a—2.n, €n—1,n, respectively.
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Fig. 8. P92 is 8-edge-graceful.

Therefore the induced vertex sums f*+ : V(P?) — Z ,, defined by f*(u) = Y. (f(uv) : uv € E(P?)} (mod r),
can be calculated as follows modulo r:
) =xi+y =
ffo)=x1+y+z2=0=x.

Foralli,2 <i <n — 1, we have:

Frsg—1) = (i1 + yie1 +zic1) + X = x;
Frsi—ne) = Gict +yic1 +zic) +yi =i
Frsi—n+2) = i +yi +20) +zim1 = zi-1-

The remaining vertex sums are:

FT@3n-3) = Gact + a1 + 2n-1) + Xn = Xy
f+(v3n72) =1+ Y1 +2—1)F+F I =n
fTW3n—1) = (n + 20-1) + 2n = 2n
f+(v3n) =y t+zn =2n=2z4-1.
It is clear that all the vertex sums are pairwise distinct, hence we are done. [l

Please see the Fig. 7 for an example that P,2 is (n 4 2)-edge-graceful, where » = 3n is odd. From the above, we
know that Pr2 is (n +2)-edge-graceful, where r = 3n is odd. The (2n + 2)-edge-graceful labeling is basically obtained
by shifting n over the (n + 2)-edge-graceful labeling. We show below how to get such a (2n + 2)-edge-graceful
labeling.

Theorem 6. Pr2 is (2n + 2)-edge-graceful, where r = 3n is odd.

Proof. Since Pr2 is (n + 2)-edge-graceful, when r is odd and r = 3n. We have the disjoint sets a; = {x;, yi, z; :
xi +yi+z = 0 (modr)}, where i = 1,2,...,n — 1. The (2n + 2)-edge-graceful labeling can be made
by shifting the (n 4 2)-edge-graceful labeling. Let the partite subsets be a; = {x; + n, y; + n, z; + n}, where
(xi+n)+(yi+n)+(zi+n) =0 (mod r = 3n),fori =1,2,...,n—1,and a, = {x, = 2n, y, =2n+1,z, =2n—1}.
Then we denote a; = {x1 = 3n, y1, 21}, an—1 = {Xn—1, Yn—1, Zn—1 = n}. Such assignment in a; to the edges in A;,
when 7 ranges from 1 to n, is similar to the one in Theorem 5, hence it is (2n + 2)-edge-graceful. [

Please see the Fig. 8 for an example that P,2 is (2n+2)-edge-graceful, where r = 3n is odd. By the above theorems,
we completely determine the edge-graceful spectrum of graph P,2 for odd r. However the case of r being a multiple
of 4 still remains open. We will give the labeling of the first few special cases in the following section.

In this study, we have observed the close connection between the edge-graceful labeling and particular types of
integer sequences. In fact, the partition of the finite sets described in the Theorem 4 corresponds to a certain type of
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edge partition of the graph Prz. Again these facts provide us with more evidences of intrinsic relationships among
graph labeling, graph partitioning, and number theoretical properties.

3. Edge-graceful spectra of square of paths on even vertices
Here we study the edge-graceful spectrum of P,Z, where r is a multiple of 4, with special cases of few vertices.

Theorem 7. egl(P) = {1+2t:1=0,1,2,3,...}.

Proof. It suffices to show that P42 is 1-edge-graceful and 3-edge-graceful by the Lemma 1 and Theorem 2. Fig. 9
shows that P42 is 1-edge-graceful and 3-edge-graceful. Therefore we have 1 + 4t and 3 + 4¢ as the spectrum for all
integers ¢ > 0. Thus the edge-graceful-spectrum egI(P42) ={14+2t:t=0,1,2,3,...}. O

Theorem 8. egI(PSZ) = {81,448t : t =0 ort € N}, where N is the set of positive integers.

Proof. The graph Pg2 has 8 vertices and 13 edges. From the necessary condition for a graph to be a k-edge-graceful
graph, we have the equation (12 + 2k)13 = 8%7 (mod 8) = 4 + 2k = 4 (mod 8) = k = 0 (mod 4). Again
by the Lemma 1, it suffices to show that P82 is 0-edge-graceful and 4-edge-graceful, and Fig. 10 provides these two
labeling. [

Theorem 9. egl (P}) = {2t +1:1=0,1,2,...}.
Proof. Note that by the Lemma 1 and Theorem 2, it suffices to show that P122 is k-edge-graceful, where k =
1,3,5,7,9, 11. Fig. 11 provides the required labeling. [

The edge-graceful spectra of the first few Pr2 are given, where r is a multiple of 4. However the general labeling for
the square of paths has still not been found. It is needed for completing the problem of determination of edge-graceful
spectra of the square of paths.

4. Conclusion and open problems

In this paper we completely determine the edge-graceful spectrum of Pr2 for odd r, while the problem of
determining the edge-graceful spectrum of P,z, where r is a multiple of 4, remains open. Moreover, the problems
to determine the edge-graceful spectrum of higher power of paths P, or other classes of graphs are also interesting
and worth exploring further.
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