On Computing the Balance Index Sets and the
Product-Cordial Index Sets of Cubic Trees

Ping-Tsai Chung
Department of Computer Science
Long Island University

Brooklyn, NY 11201, USA

Sin-Min Lee
Department of Computer Science
San Jose State University
San Jose, CA 95192, USA

In memory of our colleague - Prof. Michael L. Gargano.

Abstract Let G be a graph with vertex set V(G) and edge set E(G), a labeling
f:V(G) — Z, induces an edge partial labeling £* : E(G) = Z, defined by f*(xy)
= f(x), if and only if f(x)=f(y) for each edge xy € E(G). Fori e A, let v(i) =
card{v € V(G): f(v) = 1} and en(i) = card{e € E(G) : *e)= i}. A labeling fof
a graph G is said to be friendly if | v(0) —v{1) | < 1. If | ed0) —ed1) | < 1 then
G is said to be balanced. The balance index set of the graph G, BI(G), is
defined as {|e{0) —e{1)| : the vertex labeling fis friendly}.

A labeling f': V(G) - Z, induces an edge labeling * : E(G) — Z, defined
by f*(xy) = fix)® fly), for each edge xy € E(G). Fori € Z,, let v(i) = card{v ¢
V(G) : f(iv) =1} and ep(i) = card{e € E(G) : f*(e) =1}. A labeling f of a graph G
is said to be friendly if | v{0) — v{(1)| < 1, and G is said to be product-cordial if,
in addition, | ed0) — e{1) | < 1. The product-cordial index set of the graph G,
PCI(G), is defined as {|ed0) — ef1)| : the vertex labeling fis friendly}. A tree is
called cubic if all its internal vertices have degree 3. Analytic results parallel to
the concept of computing the balance index sets, the product-cordial index sets
of cubic trees are presented.
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1. Introduction

S. M. Lee et al [17] considered a new labeling problem of graph theory in
1992. Let G be a graph with vertex set V(G) and edge set E(G). A vertex
labeling of G is a mapping f from V(G) into the set {0, 1}. For each vertex
labeling f of G, we can define a partial edge labeling £* of G in the following
way. For each edge (u, v) € E(G), where u, v € V(G), we have f*(u, v) = 1 if
fluy=1f(v)=1,and =0 if f(u)=f(v)=0. Note that if f{u) # f(v), the edge (u, v)
is not labeled by £*. Thus f* is a partial function from E(G) into the set {0,1},
and we shall refer to f* as the induced partial edge labeling. Fori= 0, 1, let v{(i)
=|{v € V(G)| f(v) = i}| and e(i) = |{e e E(G) | P¥(e) =i}

With these notations, we now introduce the notion of a balanced graph in
Definition 1 and Definition 2.

Definition 1.1. A graph G is said to be a balanced graph or G is balanced if
there is a vertex labeling f of G satisfying |[v{0) — vi(1)| < 1 and |e{0) — ed1)
<l

Remark 1.1: We will use v(0), v(1), e(0), e(1) instead of the more complicated
vi(0), vi(1), e0), e 1), when the context is clear. A graph G is said to be
strongly vertex-balanced if G is balanced and v(0) = v(1). Similarly, a graph G
is strongly edge-balanced if it is balanced and e(0) = e(1). 1f G is a strongly
vertex-balanced and strongly edge-balanced graph, then we say that G is a
strongly balanced graph.

Definition 1.2. The balance index set of a graph G, BI(G), is defined as
{led0) — e(1)|: the vertex labeling fis friendly}.

Example 1. BI(G) = {0,1,2}, and G is balanced since 0 € BI(G).
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le(1)-e(0)| =0 le(1)-&(0)| =1 le(1)-e(0)|=2
Figure 1.

Balanced labeling problem is similar to the cordial labeling of graphs which was
introduced by Cahit [2]. Let G be a graph with vertex set V(G) and edge set

E(G), a labeling f : V(G) > Z, induces an edge partial labeling f* : E(G) — Z,
defined by f*(xy) = f(x),if and only if f(x)=f(y) for each edge xy € E(G). For
i € A, let v{i) = card{v € V(G): f(v) =i} and ex(i) = card{e € E(G) : f*(e) =1}.
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A labeling f of a graph G is said to be friendly if | v{0) — v{(1)| < 1. If |e{0) -
ed1)| < 1 then G is said to be balanced. The balance index set of the graph G,
BI(G), is defined as {|ed0) — e{1)| : the vertex labeling f is friendly}.

A labeling f: V(G) — Z, induces an edge labeling f* : E(G) — Z; defined
by f*(xy) = f(x)®f(y), for each edge xy € E(G). Fori € Z,, let v{i) = card{v
V(G) : f(v) =1} and ep(i) = card{e € E(G) : f*(e) =i}. A labeling f of a graph G
is said to be friendly if |[v{0) — v{1)| £ 1, and G is said to be product-cordial if ,
in addition, |e{0) — e{1)| < 1. The product-cordial index set of the graph G,
PCI(G), is defined as {|ed0) —ef1)| : the vertex labeling f is friendly}.

Example 2. The graph P, UC; is not product-cordial, for its PCI(P, WC3)

= (2,4},
1 © 0 QO
O—@ 0& 0,0
@@ @@

Figure 2.

Example 3. K;;is balanced since BI(K;3) = {0}.

le(1)-e(0)| =0
Figure 3.

However, K3 ; is not product-cordial since PCI(K;3) = {5,9}.

Figure 4.
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A vertex in a tree with degree one is called a pendant vertex or a leaf. A
tree is called cubic if all its internal vertices are of degree 3. We determine the
BI, PCI sets of cubic trees in this paper. Results parallel to the concept of
balance index sets, product-cordial index sets of cubic trees are presented.

2. Balanced Index Sets of Cubic Trees

Shiu and Kwong [26] introduced an algebraic approach for finding
balance index sets. Given a vertex labeling /:¥ — {0,1} of a graph G = (V,

E), define an associated vertex labeling g:¥ — {~0.5,0.5} by g = f—-0.5. It
induces an edge labeling g~ : £ — {~1,0,1} defined by g (uv) = g(u) + g(v) for
every uve E . In this way, every edge is labeled under g.

Let v, (i) be the number of vertices of G that are labeled iunderg and e, (i) be
the number of edges of G that are labeled i under g, where i € {0,1} . Then
g'(e)=-1 means f'(e)=0, g'(e)=1 means f (e)=1, and g'(e)=0
means the edge ¢ is balanced Nok that f'is friendly (i.e,, g is a friendly
vertex labeling of G)if and only if ‘vg(—O.S)-vg(O.S)‘sl (i.e.,

‘vf(())—vf(l)‘ <1).

The balance index set of the graph G under f; BI(G) = BI (G), is defined
as {ief (0)—e, (1)‘ : the vertex labeling f'is friendly}. The balance index set of G

under g, Blg(G), is defined as {| eg(1) —eg(—1)| : the vertex labeling g is
friendly}. Thus G is balanced if and only if there is a friendly labeling
g such that [BIg(G)| = 1. That is, G is balanced if and only if Blg(G)
N {—1,0,1} # O. Agraphiscalled strongly balanced if [Blg(G)| = {0} for
any friendly labeling g.

Lemma 2.1. [26] Let g be any friendly labeling of a graph G = (V, E), then
BI(G)= Y g'(e) = deg(u)g(u), where deg(u)is the degree sequence

eck ueV

ofuel.

A graph is (r, s)-regular (r = s) if the degree of each vertex is either »
or s. A graph is biregular if it is (r, 5)-regular for some distinct integers » and s.
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The simplest biregular graphs are paths and stars. Each of them is (+, /)-regular
for some > 2. A cubic tree is (v, /)-regular, where r=3. Let G = (V, E) be (r, s)-
regular graph and g a labeling of G. From Lemma 2.1, we could find

BI(G)=r Y, gu)y+s D, g (2.1)
g:g’(u)ﬂ gigy(v)q

For any friendly labeling g of a graph G, and let v, = v, (0.5) and v, , =
v, (=0.5) be the number of vertices of degree k in G that are assigned positive

label 0.5 and negative label -0.5, respectively. Therefore, for computing balance
index sets of cubic trees, we have

BI(G)=3 3 g+ Y g 2.2)
g\fg(u):} sigy(v)ﬂ
3 . _ 1, ., _
= }[E(V&”} —vg‘3)+5(vg., —vgj)} s

1 . - Lo,
Where VZ g(u) zi(vgj _vg,3) and VZ g(v) :E(Vg,l —vg,]) :
;eeg(u):3 t‘:’hfg(v):l

Remark 2.1, For any friendly labeling f of a graph G, and let v,, = v, (1) and
vﬁ‘k = v, ,(0) be the number of vertices of degree & in G that are assigned
positive label 1 and negative label 0, respectively. Then we define an associated
vertex labeling g:V — {—0.5,0.5} ,by g =/ —-0.5,whichis also a friendly

labeling of G, and let v;, = v _,(0.5) and v, = v, ,(~0.5) be the number of

vertices of degree & in G that are assigned positive label 0.5 and negative label -
0.5, respectively. Therefore,

0 - | o+
Vi =Vey and v, =v., (2.3)

and by (2.2) we have
BI(G)= BI (G)= ‘[%(v;,J —v;’3)+%(v;“ ~Vg )}[

= B[/ @)= '{%(v’/3 - v?a) + %(v_lf,l - v3,1 )}( (2.4)

Lemma 2.2. If T is a cubic tree with n internal vertices, then the number of
leaves of T,L(T), is n+2,
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Proof. We use the prove by Induction method to show the Lemma.

Basis. If n=1, then T is St(3), it has n+2 = 3 leaves. Suppose that T is a cubic
tree with n-1 internal vertices, then L(T)= (n-1)+2=n+1.

Induction Step: We consider T°, which is transformed from T by converting one
leaf to an internal vertex with degree three, has (n-1)+1=n internal vertices, then
L(T")=[(n+1)-1]+2=n+2.1}

For the following, we develop four data structures for computing BI sets of
cubic trees. There are two main purposes for our discussion.

First, we would like to compare the relationships between the BI
computations ( in section 2) and the PCI computations ( in section 3); For each
algorithm, it generates all possible bi’s (or pci’s) and their corresponding edge
labeling information.

Second, we would like to set up a framework so that we could extend the
computation work for any arbitrary graph topology easily.

Data Structures —

(1) An adjacency matrix, Adj, for the graph G=(V,E) is an nx(2n+ 2) matrix
such that Adj(i,j) =1 if (ij) € E and Adj(i,j) =0, otherwise.
(2) A vertex labeling list, Vertex-Labeling, for the graph G=(V,E) is an array
of size 2n+2 such that Vertex-Labeling(i) =1 if the vertex specified by the ith
position of Vertex-Labeling has a label 1 and Vertex-Labeling(i) =0, if the
vertex specified by the ith position of Vertex-Labeling has a label 0.
(3) An edge labeling matrix, Edge-Labeling, for the graph G=(V,E) is an
nx(2n+ 2) matrix such that Edge-Labeling(i,j) =1 if Adj(i,j) =1 and both the
Vertex-Labeling(i) = Vertex-Labeling(j)=1; Edge-Labeling(i,j) =0 if Adj(i,j) =1
and both the Vertex-Labeling(i) = Vertex-Labeling(j)=0; Edge-Labeling(iJ) is
not defined, if Adj(i,j) =1 and the Vertex-Labeling(i) # Vertex-Labeling(j).
(4) A Friendly Vertex Labeling Matrix with size (2n+2)x C,, where

2n+2 !
C =C " __@n+2)! which is the maximum number of Friendly

n+l (n+Dl(n+1)!

Vertex Labelings of T since T has 2n+2 vertices, a friendly labeling fof T
when | v(0) —v(1) | < 1.
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Example 4.
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Figure S.
For the following, we list some data structures for
computing BI sets of cubic trees in Figure 5:

X1 X2 | X3 | X4 Yu Y12 Vo | V3 Ya Y42
X, 0 1 0 0 1 1 0 0 0 0
X2 1 0 1 0 0 0 1 0 0 0
X3 0 1 0 1 0 0 0 1 0 0
X4 0 0 1 0 0 0 0 0 1 1

Table 1. Adjacency matrix Adj 40,
.S X2 I X3 X4 Yu Y2 \#) Vs | Yau Y42
1 1 1o 0 1 0 0 1 0 1
Table 2. Vertex labeling list Vertex-Labeling,,

.S X3 X3 Xs | Yu | Y V2 \&] Ya1 Ya
X1 1 1
X, 1
X3 0
X4 0 0

Table 3. Edge labeling matrix Edge-Labeling 44 based on BI computation.

For the following, we provide a BI Algorithm, for computing BI(T) of
Cubic Trees.

BI Algorithm — for computing BI(T) of Cubic Trees and generates all
possible bi’s and their corresponding edge labeling information.

Input: An Adjacency Matrix Adj for a Cubic Tree T=T(V,E) and a set
BI(T)«O.

Output: 4 sequence of balanced index bi’s and for each bi, it print an Edge-
Labeling matrix; Finally, it prints out BI(T).
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Basic Idea:
Given a Cubic Tree T, we encode the n internal vertices of T into n-bit

binary number (x,,x,,! ,x,),=X,,, where each x, is either O or I; X, is the
equivalent decimal value of (x,,x,,! ,x,),. Note that the maximum decimal
number of X,,is2" —1. Similarly, we encode the given n+2 leaves of Cubic Tree
T into an n+2-bit binary number. That is, (¥,,¥,,! Yps Yoers Voer )2 = Yo » where
each y, is either 0 or 1; Y, is the equivalent decimal value of

(Vs Var ! VosVoers Vaer )y - Let wy, be the number of I's in (x,,x,,1 ,x,), and z,

be the number of 1's in (¥, Y5, Yy Voers Yoez )o -

Based on the information of w, and z,, we could first determine each

Friendly Vertex Labeling of T, and Keep it into the Friendly Vertex Labeling
Matrix. For each Friendly Vertex Labeling of T, we compute (1)
A=wy —(n—w,) for the internal vertices of T, (2) B:=z, —[(n+2)~z,] for

34 B}
._+_
s

Labeling of T and Count ef1), e0); then print results.

the leaves of T ; and (3) — BI(T), finally, we compute Edge-

Main Procedure:
(H)forK=0t02" -1 do

begin
(2) Convert XK, into (x,,x,,! ,x,), ; Compute w, ;
(3) forI=0to 2™ -1 do
begin
4) Convert J,, into (3, Y5, Yys Vauis Vura )2 s Compute z,;
(5) if n<w,+z,< (2n - 2} =n+1 then /*A4 Friendly Vertex Labeling
of T found */
Move (x,,%,,1 ,X,, Y5 Y5: " Yor Visrs Yuez)o 100 the Friendly Vertex
Labeling Matrix;
end;
end;

(6) while the Friendly Vertex Labeling Matrix = do

remove a Friendly Vertex Labeling of T in the Friendly Vertex Labeling
Matrix into the Vertex Labeling List of T /*

(X, %, 0 X,V Y5 Vs Voars Vaer ) =2 Vertex Labeling List of T */
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begin
@) A=w, —(n-wg); /* Compute 4= (v, —vy;)*/
(8) B=z,-[(n+2)-z,]; /* Compute B = (v, —v} ) */

) Compute bi =

[3—A—+£J’——>BI(T);
2 2

(10) Compute Edge-Labeling of T;

(1D Count ed1), ef0);

(12) Print Edge-Labeling of T;
end;

(13) Print BI(T).

Lemma 2.3. If T is a cubic tree with n internal vertices, the time complexity for
2n+2)  (2n+2)!

J (D)
The BI Algorithm computes BI(T) of Cubic Trees and generates all possible bi’s
and their corresponding edge labeling information.

the BI Algorithm in O(C,n*) , where C, = C,(n) = C[ |
n+

Proof. For step (1) to step (5) in the BI algorithm, the outer loop
iterates 2" times, step (2) needs O(n) ; the inner loop iterates 2™ times, step (4)

needs O(n+2), step 5 needs O(2n + 2) ; however, the BI computation in the
2n+2

inner loop took place only if n <w; +z, s[ ] =n+1, (e, when a

Friendly Vertex Labeling of T found), we could calculate that the Bl
2n+2 2n+2)! .
= ——— 1terations

] (n+Dl(n+1)!
since T has 2n+2 vertices, a friendly labeling f of T when [v{0) — v{1)| < 1.
Thus, the time complexity for the step (1) to step (5) is inO(C,#) . From Step (6)
to step (12), the while loop iterates at most C, times. Inside the while loop, step
(7), (8), (9), each needs only a constant time. To compute Edge-Labeling of T
in step (10), we need O(n*(2n+2))=O02n* +2n) ~O(2n") and to count eq1),
e(0), we need O(|E]) = O(2n+1) ; finally, it takes O(2n’) to print out the Edge-
Labeling matrix of T; Therefore, it takes about O(4C,»n”) in total. Thus, the BI
algorithm is in O(C,n+4Cn’*) ~ O(C,n*) , where
2n+2j n+2)!  _ 2n+2)2n+D)! (n+2)

computation loops mainly at most C, = C[ |
n+

S (n+D)(n+1)! (n+1)1 *2x]

Cl :CI(n):C[
n+l
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Remark 2.2. A faster BI Algorithm could be developed as follows:

(1) Using an Adjacency List Representation (instead of using an Adjacency
Matrix) for the Tree, especially, for the sparse graphs. Therefore, we could build
two Adjacency Lists, one for the tree configuration (or topology), the other one
for the edge labeling purpose. Furthermore, we could apply a Depth First
Search procedure to traverse (i.e., search) the tree structure. Therefore, to
compute BI(T), Edge-Labeling of T, and count e1), e{0), and print out the

Edge-Labeling of T, we only need O([¥|) = 0(2n+2) ~ O(n) . !

(2) We could develop a faster procedure for finding a friendly labeling fof T
when [v(0) — v{(1)] < 1. So that we could reduce the cost of

[2n+2j
¢ =C(nm=C .
n+l

Lemma 2.4. If T is a cubic tree with n internal vertices, the time complexity for

2n+2
the faster BI Algorithm is inO(C,n) , where C, = C,(n) = c[ § 1 j
n+

_ @n+2)
S+ D+ D!

Trees and generates all possible bi’s and their corresponding edge labeling
information.

. Note that the faster BI Algorithm computes BI(T) of Cubic

Theorem 2.5. If T is cubic tree with n internal vertices, then BI(T) is
(1) {0,2,...,n-2,n}, if nis even, and
) {1,3,...,n-2,n}, if n is odd.

Proof. By Lemma 2.3, we see that T has 2n+2 vertices and 2n+] edges. If T is
a cubic tree with n internal vertices, then L(T)= n+2. Then by (2.4), we could

3 1
|:5(v'f’3 - V;J) +E(VIN - v}, )}

For the following, let 4= (v}, —v},) and B=(v}, -} ), we list all

possible indexes in BI(T) for friendly labelings of T in Table 1 if n is even.
Note that the first row of Table | shows that if we label ali the internal vertices

by I (i.e., x = n since v'ny =n and V;,: =0) and label one leaf of T by 1 and all

compute BI(T) by

the other leaf vertices by 0, (i.e., y = -n since v'ﬁI =1 and v}i =n+1), we see
that this is friendly labeling and e(0)= 0 and e(1)=n. Thus max(BI(T))=n. The

184



remaining rows of Table | show that when, n is even. BI(T) = n-2k is achieved

for k=1,2,3,....

A B ei(1) — ed0) BI(T) = |ef(0) — e(1)|
n -n n n
n-2 -(n-2) n-2 n-2
n-4 -(n-4) n-4 n-4
2 -2 2 2 ]
0 0 0 0
-2 2 -2 2
-(n-4) n-4 -(n-4) n-4
-(n-2) (n-2) -(n-2) n-2
-n n -n n

Table 4. All possible indexes in BI(T) for friendly labelings of T, if n is even.

We now list all possible indexes in BI(T) for friendly labelings of T in Table 2
when n is odd. It shows that BI(T) = n-2k is achieved for k=0,1,2,3,.... !

A B er(1) —eq0) BI(T) = |e(0) -
ef1)|
n -n n n
n-2 -(n-2) n-2 n-2
n-4 -(n-4) n-4 n-4
3 -3 3 3
1 -1 1 1
-3 3 -3 3
-(n-4) n-4 -(n-4) n-4
-(n-2) (n-2) -(n-2) n-2
-n n -n n

Table S. All possible indexes in BI(T) for friendly labelings of T, if n is odd.
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Example 5. Figure 6 depicts the cubic tree T, with 4 internal vertices and BI(T)
= {07274}'

Y va v

®
©

3

e(0)=4. e(1)=0
[e(0)-e( 1) =4

X5

e(0)=3. e(1)=1
le(0)-e(1)] =2

e(0)=2. e(1)=2
fe(0)-e(1)f =0

Figure 6.

Example 6. Figure 7 depicts the cubic tree T, with 5 internal vertices and BI(T)
= {1,3,5}.

e(0)=5. e(1)=0

le(0)-e(1)] =3

e(0)=3. e(1)=0

le(0)-e(1)] =3
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e(0)=2. e(1)=1

le(0)-e(1)] =1

¥s2

Figure 7.

3. Product-Cordial Index Sets of Cubic Trees

In this section, we generalize the computing approach for finding balance
index sets of cubic trees in Section 2 to the case of computing the product-
cordial index sets of cubic trees.

Note that any cubic tree T with n internal vertices has 2n+2 vertices. Thus
all cubic trees have even order.

Lemma 3.1. For any (p,q)-graph G, all elements of PCI(G) have the same
parity as q.

Proof. By definition, all edges will be labeled under the edge-labeling f. The
number, e{0) le(1), in fact, is equal to q. Therefore, the element of PCI(G),"

e(0)—eq1), has the same parity as q by algebraic reason. !

Lemma 3.2. If T is cubic tree of order 2n+2, with n internal vertices, then the
maximum product-cordial index of T, max(PCI(T)), is 2n+1.

Proof. We see that T has 2n+2 vertices and 2n+1 edges. If we label all the
internal vertices by 0 and one leaf of T by 0 and all the other leaf vertices by 1,
we see that this is friendly labeling and e(0)=2n+1 and e(1)=0. Thus
max(PCI(T))=2n+1. !

Corollary 3.3. If T is cubic tree of order 2n+2, with n internal vertices, for any
friendly labeling f of T, (i.e., | v{0) — v{(1) | < 1), then max(BI(T)) <
max(PCI(T)).

Proof. The result immediately follows from Theorem 2.4 and Lemma 3.2. !

Lemma 3.4. If T is cubic tree of order 2n+2, with n internal vertices, then the
minimum product-cordial index of T, min(PCI(T)), is 1.
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Proof. If we label all the internal vertices by 1 and one leaf of T by 1 and all the
other leaf vertices by 0, we see that this is friendly labeling. Note that all the
internal vertices are connected in a subtree with n-1 edges; all these n-1 edges
must be labeled by 1. Since only one leaf is labeled by 1, the edge connected
with this leaf with the internal vertex must be labeled by 1. Therefore, we have
e(1) =n-1+1 =n and all the remaining n+1 edges of T must be labeled by 0 (i.e.,
e(0)=n+1). Thus, min(PCI(T))=| e(1)-e(0) | =1. !

Also, we show the following result.
Theorem 3.5. If T is cubic tree of order 2n+2, with n internal vertices, then
PCI(T)= {1,3,...,2n+1}.

Proof. By Lemma 3.2, we have max(PCI(T))= 2n+1, where we labeled all
internal vertices by 0 and one leaf of T by 0 and all the other n+1 leaf vertices by
1, then it is a friendly labeling with e(0)=2n+1 and e¢(1)=0. That all 2n+1 edges
are labeled 0.

Also, by Lemma 3.4, we know that min(PCI(T))= 1. We now show that
2n+1-2k is achieved for k=1,2,3,... , n-1. First, we pick up a “root node”
(i.e., the "root of subtree of internal vertices”) in the subtree of all the internal
vertices.
For case k=1, we start by labeling root node by 1 and all other n-1 internal
vertices by 0. We then label one leaf, connected to the root node, by 1 and n-1
other leaves by | and the remaining 2 leaves by 0. We see that this is friendly
labeling and ¢(0)=2n and e(1)=1.Thus, pci =| e(1)-e(0) | = |1-2n| =2n-1, for the
case k=1.

For case k=2, we start by labeling 2 internal vertices (i.e., the root node and its
child) by 1 and all other n-2 internal vertices by 0. We then label one leaf,
connected to the root node, by 1 and n-2 other leaves, connected with 0 label
internal vertices, by 1 and the remaining 3 leaves by 0. We see that this is
friendly labeling and e(1)=2, (since the edge, connected root node and its child,
1s labeled 1 and the leaf, connected to the root node, is labéled by 1). Clearly,
e(0)=2n-1. Therefore, pci = | e(1)-e(0) | =|2-(2n-1)|=2n-3, for the case k=2.

For case k=i, where i >2, we start by labeling the root node and its i-1
immediate descendants by 1 and all other n-i internal vertices by 0. Note that
all the k=i internal vertices are connected in a subtree with k-1=i-1 edges; all
these k-1=i-1 edges are labeled by 1. We then label one leaf, connected to the
root node, by 1 and label another (n-i) leaves, each connected with a label 0
internal vertex, by 1, and label ali other i+1 leaves by 0. We see that this is
friendly labeling and e(1)= k=i and e(0) = [(2n+1)-i]. Therefore, pci =

| e(1)-e(0) | =|i-[(2n+1)-i] | = 2n + (1-2i), for the case k=n-1.
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For case k=n-1, we start by labeling the root node and its n-2 immediate
descendants by 1 and the other one internal vertex by 0. Note that all the k=n-1
internal vertices are connected in a subtree with k-1=n-2 edges; all these k-1=n-2
edges are labeled by 1. We then label one leaf, connected to the root node, by 1
and label another one leaf, connected with the label 0 internal vertex, by 1, and
label all other leaves by 0. We see that this is friendly labeling and e(1)= n-1

and e(0) = n+2. Therefore, pci = | e(1)-e(0) | = |(n-1)- (n+2)| =3, for the

case k=n-1. !

Example 7. Figure 8 shows cubic tree T, has 4 internal vertices and 6 leaves and
PCI(Ty)= {1,3,5,7,9}.
yl,l VZ \'3 Y4,|

®
0 0 0
O—50—7—¢
‘2 X} X4
0
Y12 Yaz ¥y, Va2
e(0)=9, e(10 e(0)=8, e(1)=1
le(0)-e(1)] =9 le(0)-e(1)] =7

e(0)=7. (12 e(0)=6, e(1=3
le(0)-e(1)| =5 le(0)-e(1)| =3

5 A Yan

e(0)=5, e(1y=4
le(0)-e(1)] =1
Figure 8.
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Example 8. Figure 9 shows a cubic tree T has 4 internal vertices and 6 leaves
and PCI(T)= {1,3,5,7,9}.

e(0=9, e(1F0 e(0y=8. (1 1 e(0)=7, e(1F 2
le(0)-e(1)|=9 le(0)-e(1)| =7 le(0)-e(1)] =5

e(0)=6, e(1)=3 e(0)=5. e(1)=4
le(0)-e(1)| =3 le(0)-e(1)| =1
Figure 9.
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Example 9:
Consider the Cubic Tree T in Figure 5, if its adjacency matrix Adj 4,10 and the

vertex labeling list Vertex-Labeling;o are shown in Table 1, Table 2,
respectively. The edge labeling matrix Edge-Labeling 40 based on PCI
computation is shown in Table 6.

Xy X2 X3 X4 Yu Y2 V2 V3 Ya Y42 J
Xy 1 1 0
X, | 1 0 0 |
X3 0 0 0 |
Xe 0 0 0 |

Table 6. Edge labeling matrix Edge-Labeling 4,0 based on PCI computation.

For the following, we provide a PCI Algorithm, for computing PCI(T) of
Cubic Trees.

PCI Algorithm - for computing PCI(T) of Cubic Trees, which generates all
possible pci’s and their corresponding edge labeling information.

Input: An Adjacency List Adj for a Cubic Tree T and a set PCI(T) « O
Output: 4 sequence of balanced index bi’s and for each bi, it print an Edge-
Labeling matrix, Finally, it prints out PCI(T).

Main Procedure:

Note that step (1) — step (6) are exactly the same as step (1) — step (6) specified
in the faster BI Algorithm (See the, Lemma 2.3, Lemma 2.4 discussions in
Section 2.)

/* Based on the information of w, and z,, we could first determine each
Friendly Vertex Labeling of T, and Keep it into the Friendly Vertex Labeling
Matrix, */

/*The following while loop (i.e., step (6) — step (10)) computes pci. */

(6) while the Friendly Vertex Labeling Matrix < do

remove a Friendly Vertex Labeling of T in the Friendly Vertex Labeling
Matrix into the Vertex Labeling List of T

I (X, %y, 0 X, Y0 Vel Vs Yars Yaea )a 2 Vertex Labeling List of T */

begin
N Compute Edge-Labeling of T;
8 Count ed1), ed0) for computing pci;
® Print Edge-Labeling of T;
end;
(10) Print PCI(T).
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Lemma 3.5. If T is a cubic tree with n internal vertices, then the time
complexity for the faster PCI Algorithm is in O(C n) , where

2n+2j (2n+2)!

C =C|(n)=C[ = .
(n+DI(n+ D!

n+l

Remark 3.1. The PCI Algorithm, using the adjacency Matrix and Edge-
Labeling matrix, needs O(C,n*) .

Both the faster PCI Algorithm and the PCI Algorithm compute PCI(T) of
Cubic Trees and generate all possible pci’s and their corresponding edge

labeling information.
Proof. The analysis is similar to the results from Lemma 2.3, Lemma 2.4, !
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