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Assignment FOUR

Problem 1

Suppose we build a “random” binary search tree on nodes 1,...,n, in the
following manner. Generate a random permutation 7 of {1,...,n}, and build
the desired binary search tree by means of successively inserting 7(1),. .., 7(n).
(To perform an insertion, first search for the specified value, and then insert
the new node as the “correct” child (left or right) of the leaf node where the
search terminated unsuccessfully.) Call this tree T'(m).

a)

b)

e)
f)

For n = 4, write out all possible trees T'(m) (note that they are not all
distinct).
Given a binary search tree 7' on n nodes, we define C(T) to be the

average number of nodes examined in searching for a node in the tree 7.
Show that

C(T) = % - " depth(v),

veT
where the sum is taken over all nodes v in the tree 7'
For all 24 trees in a), calculate C'(T)). What is the average value of
c(T)?
Define D(T) = n - C(T). Then, define C(n) (resp. D(n)) to be the
average value of C(T') (resp. D(T)) over all n! trees T'(7), where 7 is a

permutation of {1,...,n}. Show that D(n) satisfies the recurrence:
1 n
D = —- Di—1)+D(n—1 ifn>2
(n) - ;( (1—1)+D(n—i)+n), ifn=>
D(1) = 1.

Solve the above recurrence, obtaining the solution for D(n) in terms of
the Harmonic number H,,.

What is the growth rate of C'(n)?

Problem 2
Given keys a,b,c,d,e, f (in this order) having frequencies 10, 3,4,7,15,4,

1



respectively, use dynamic programming to find the optimal binary search
tree. Draw the resulting tree. What is the average access time for this tree?

Problem 3

Solve the following instance of the 0 — 1 knapsack problem using dynamic
programming. Also, find the contents of the optimal knapsack from the table.
The weights are 1, 2, 3, 5, 6, and 8, the profits are 3, 6, 7, 9, 11, and 18
respectively, and the knapsack capacity is 15.

Problem 4

Use Floyd’s algorithm to solve the all-pairs shortest path problem for the
instance given by the following matrix of edge costs:

0 35 7 4
3016 8
51 06 3
76 6 0 2
4 8 3 20

Also, write out all 10 shortest paths.

Problem 5

Solve the following instance of the TSP using backtracking with branch-and-
bound:

[0 4 6 8 7 3]
4 oo 5 3 6 5
6 5 oo 1 5 4
8 3 1 oo 2 7
7T 6 5 2 oo 3
|3 5 4 7 3 o
Problem 6
For two given sequences A = (ai,das,...,a,) and B = (by, by, ..., by) of
characters from some alphabet, a sequence C = (ci,...,¢) is a common

supersequence if A and B are both subsequences of C. For example, MOD-
ULARITY is a common supersequence of OLATY and MULRY. Give
a dynamic programming algorithm that finds a shortest common superse-
quence of two given sequences A and B. Analyze the running-time of your

algorithm. Use the algorithm to compute a shortest common supersequence
of OLATY and MULRY.



Problem 7

Read Section 15.4 Longest Common Subsequnce, pages 350 to 356. Use the
algorithms explained in the section to find the longest common subsequence
of ALGORITHM and PARACHUTE. Show all your work.



