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0LFKDHO -� %HHVRQ

'HSDUWPHQW RI 0DWKHPDWLFV DQG &RPSXWHU 6FLHQFH

6DQ -RVH 6WDWH 8QLYHUVLW\

6DQ -RVH� &$ �����

EHHVRQ#XFVFF�XFVF�HGX

$EVWUDFW�

$ WULDQJOH LV FDOOHG HPEHGGDEOH LQ =
Q LI LW LV VLPLODU WR D WULDQJOH ZKRVH YHUWLFHV KDYH LQWHJHU FRRUGLQDWHV

LQ 5Q� ,W ZDV DOUHDG\ NQRZQ WKDW D WULDQJOH LV HPEHGGDEOH LQ =� LI DQG RQO\ LI DOO LWV DQJOHV KDYH UDWLRQDO

WDQJHQWV� :H VKRZ WKDW D WULDQJOH LV HPEHGGDEOH LQ VRPH =Q LI DQG RQO\ LI LW LV HPEHGGDEOH LQ =�� DQG

LI DQG RQO\ LI DOO LWV DQJOHV KDYH WDQJHQWV ZLWK UDWLRQDO VTXDUHV� :H UHGXFH WKH SUREOHP RI HPEHGGDELOLW\

WR D FHUWDLQ 'LRSKDQWLQH HTXDWLRQ� :H JLYH D FRPSOHWH FKDUDFWHUL]DWLRQ RI WKH WULDQJOHV HPEHGGDEOH LQ =Q

IRU HYHU\ Q� ,Q SDUWLFXODU� WKHUH DUH WULDQJOHV HPEHGGDEOH LQ =� EXW QRW =�� DQG LQ =� EXW QRW =�� EXW

VXUSULVLQJO\� WKH VDPH WULDQJOHV DUH HPEHGGDEOH LQ =� DV DUH HPEHGGDEOH LQ =�� $ WULDQJOH LV HPEHGGDEOH LQ

=
� LI DQG RQO\ LI WKH WDQJHQWV RI LWV DQJOHV DUH DOO UDWLRQDO PXOWLSOHV RI

S
N IRU VRPH LQWHJHU N ZKLFK LV D VXP

RI WKUHH VTXDUHV� 7KH SURRIV XVH RQO\ HOHPHQWDU\ QXPEHU WKHRU\ DQG TXDWHUQLRQV�

7KHVH UHVXOWV FDQ EH HTXLYDOHQWO\ IRUPXODWHG LQ WHUPV RI HPEHGGDEOH DQJOHV UDWKHU WKDQ HPEHGGDEOH

WULDQJOHV� $Q DQJOH LV HPEHGGDEOH LQ =Q IRU Q w � Lm LWV WDQJHQW LV D UDWLRQDO PXOWLSOH RI
S
N IRU VRPH N�

,W LV HPEHGGDEOH LQ =Q IRU Q  � RU Q  � Lm N LV D VXP RI WKUHH VTXDUHV� ,W LV HPEHGGDEOH LQ =� Lm N LV D

VTXDUH� WKDW LV� WKH WDQJHQW LV UDWLRQDO� 7KH QXPEHU N GHSHQGV RQO\ RQ WKH SODQH RI WKH DQJOH� VR DOO DQJOHV

RI D WULDQJOH KDYH WKH VDPH N�

,QWURGXFWLRQ

7KH VLPSOHVW TXHVWLRQ FRQFHUQLQJ HPEHGGDELOLW\ LV WKLV� LV WKH HTXLODWHUDO WULDQJOH HPEHGGDEOH LQ =�"
7KDW LV� DUH WKHUH ODWWLFH SRLQWV LQ WKH SODQH IRUPLQJ WKH YHUWLFHV RI DQ HTXLODWHUDO WULDQJOH" $V LW WXUQV RXW�
WKHUH DUH QRW� 2I FRXUVH� WKH HTXLODWHUDO WULDQJOH LV HPEHGGDEOH LQ =�� ZLWK YHUWLFHV DW WKH SRLQWV RQH XQLW
DORQJ HDFK RI WKH WKUHH D[HV� 7KLV LOOXVWUDWHV WKDW PRUH WULDQJOHV PD\ EH HPEHGGDEOH LI PRUH GLPHQVLRQV DUH
DOORZHG� 7KH JHQHUDO SUREOHP DGGUHVVHG LQ WKLV SDSHU LV WR FKDUDFWHUL]H WKH WULDQJOHV HPEHGGDEOH LQ =Q IRU
HDFK Q� :H JLYH D FRPSOHWH VROXWLRQ RI WKLV SUREOHP� DV GHVFULEHG LQ WKH SUHFHGLQJ DEVWUDFW�

7KH SUREOHP VROYHG LQ WKLV SDSHU KDV D VXUSULVLQJO\ ORQJ KLVWRU\� DQG LV FRQQHFWHG WR WKH ZRUN RI VHYHUDO
RWKHU DXWKRUV� 7KHVH SRLQWV DUH GLVFXVVHG LQ D VHSDUDWH VHFWLRQ QHDU WKH HQG RI WKH SDSHU�

'LPHQVLRQ 7ZR

7KH IROORZLQJ SURSRVLWLRQ LV LQFOXGHG DV DQ LQWURGXFWLRQ WR WKH VXEMHFW� �,Q WKH SURSRVLWLRQ� LQnQLW\ FRXQWV
DV D UDWLRQDO WDQJHQW��

3URSRVLWLRQ �� �-� 0F&DUWK\� $ WULDQJOH LV HPEHGGDEOH LQ =� LI DQG RQO\ LI DOO LWV DQJOHV KDYH UDWLRQDO
WDQJHQWV�

3URRI� /HW WULDQJOH $%& KDYH LWV YHUWLFHV RQ ODWWLFH SRLQWV LQ =�� $VVXPH IRU WKH PRPHQW WKDW QHLWKHU OHJ

RI DQJOH $ LV SDUDOOHO WR WKH \�D[LV� /HW $3 EH D OLQH WKURXJK YHUWH[ $ SDUDOOHO WR WKH [�D[LV� 7KHQ DQJOH $

LV WKH GLmHUHQFH RI WKH DQJOHV %$3 DQG &$3 � 7KHVH WZR DQJOHV HYLGHQWO\ KDYH UDWLRQDO WDQJHQWV� %XW QRZ

ZH PD\ XVH WKH IRUPXOD

�,W ZDV -RKQ 0F&DUWK\ ZKR SRLQWHG RXW WKH UHVXOW RQ HPEHGGDELOLW\ LQ 5� DQG DVNHG IRU D JHQHUDOL]DWLRQ WR 5Q� 7KDQNV

DUH GXH WR 5� $OSHULQ� IRU SRLQWLQJ RXW /HPPD ��

7\SHVHW E\ $06�7(;

�
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WDQ�mb n�  
WDQmb WDQn

� � WDQm WDQn

WR FRQFOXGH WKDW DQJOH $ DOVR KDV D UDWLRQDO WDQJHQW� ,Q FDVH RQH OHJ RI DQJOH $ LV SDUDOOHO WR WKH \�D[LV�
ZH LQWHUFKDQJH WKH UROHV RI WKH [�D[LV DQG \�D[LV LQ WKLV DUJXPHQW� 7KLV ZLOO EH SRVVLEOH XQOHVV DQJOH $ LV D
ULJKW DQJOH� LQ ZKLFK FDVH WKH FRQFOXVLRQ LV LPPHGLDWH�
&RQYHUVHO\� VXSSRVH DOO WKH DQJOHV RI WULDQJOH $%& KDYH UDWLRQDO WDQJHQWV� ,I RQH RI WKH DQJOHV LV D ULJKW

DQJOH� WKH HPEHGGDELOLW\ LV LPPHGLDWH� VR ZH DVVXPH WKDW QRQH RI WKH DQJOHV LV D ULJKW DQJOH� 'URS DQ DOWLWXGH
$3 IURP YHUWH[ $ WR VLGH %& �SRVVLEOH H[WHQGHG�� VR WKDW 3 LV RQ OLQH %&� 7KHQ WKH UDWLRV $3 %3 DQG
$3 &3 DUH UDWLRQDO� EHLQJ WKH WDQJHQWV RI DQJOHV % DQG & UHVSHFWLYHO\� ([SUHVV WKHVH WZR IUDFWLRQV RYHU D
FRPPRQ GHQRPLQDWRU DV $3 %3  X 1 DQG $3 &3  Y 1 � $VVXPH IRU WKH PRPHQW WKDW 3 OLHV EHWZHHQ
% DQG &� 7KHQ WULDQJOH $%& LV VLPLODU WR WULDQJOH ��� XY�� �b1Y���� �1X���� VLQFH WZR FRUUHVSRQGLQJ DQJOHV
KDYH WKH VDPH WDQJHQW� 7KH FDVHV ZKHUH 3 OLHV WR WKH OHIW RI $ RU WKH ULJKW RI & DUH VLPLODU� e

5HPDUN� 7KH FULWHULRQ LQ 3URSRVLWLRQ � GRHV QRW H[WHQG WR KLJKHU GLPHQVLRQV� )RU H[DPSOH� WKH HTXLODWHUDO
WULDQJOH LV HPEHGGDEOH LQ =� EXW QRW LQ =��

(PEHGGDELOLW\ RI $QJOHV DQG 7ULDQJOHV &RPSDUHG

)RU WKH UHFRUG� ZH GHnQH DQ DQJOH WR EH HPEHGGDEOH LQ =Q LI LW LV RQH RI WKH DQJOHV RI D WULDQJOH HPEHGGDEOH

LQ =Q�

3URSRVLWLRQ �� ,I DQ DQJOH t LV HPEHGGDEOH LQ =Q �IRU DQ\ Q�� WKHQ WDQ� t LV UDWLRQDO�

3URRI� /HW WULDQJOH $%& OLH LQ =Q ZLWK LWV YHUWLFHV RQ ODWWLFH SRLQWV� &RQVLGHU VLGHV $% DQG $& DV YHFWRUV�
DQG WDNH WKHLU GRW SURGXFW� $% c$&  M$%MM$&M FRV t� ZKHUH t LV WKH DQJOH DW YHUWH[ $� +HQFH

FRV� t  
�$% c$&��

M$%M�M$&M�

7KH H[SUHVVLRQ RQ WKH ULJKW KDQG VLGH LV D UDWLRQDO IXQFWLRQ RI WKH FRRUGLQDWHV RI $� %� DQG &� 6LQFH
WKRVH FRRUGLQDWHV DUH LQWHJHUV� LW IROORZV WKDW FRV� t LV UDWLRQDO� +HQFH VLQ� t  � b FRV� t LV DOVR UDWLRQDO�
DQG KHQFH WDQ� t  VLQ� t FRV� t LV UDWLRQDO WRR� e

7KH IROORZLQJ OHPPD FRQQHFWV WKH HPEHGGDELOLW\ RI D WULDQJOH ZLWK WKH HPEHGGDELOLW\ RI LWV DQJOHV FRQ�
VLGHUHG VHSDUDWHO\� �:H FRXQW LQnQLW\ DV D UDWLRQDO WDQJHQW� DQG DV D UDWLRQDO PXOWLSOH RI

S
N��

/HPPD �� �L� ,I WKH VTXDUH RI WKH WDQJHQW RI HDFK DQJOH RI D WULDQJOH 7 LV UDWLRQDO� WKHQ WKHUH H[LVWV D

�VTXDUH�IUHH� SRVLWLYH LQWHJHU N VXFK WKDW HDFK WDQJHQW LV D UDWLRQDO PXOWLSOH RI
S
N�

�LL� 0RUHRYHU� N GHSHQGV RQO\ RQ WKH SODQH RI WKH WULDQJOH� L�H� DQ\ WZR WULDQJOHV LQ WKH VDPH SODQH KDYH
WKH VDPH N�

�LLL� 6WLOO PRUH JHQHUDOO\� DQ\ WZR ODWWLFH DQJOHV LQ WKH VDPH SODQH KDYH WKH VDPH N�

3URRI� $G �L�� /HW WKH DQJOHV RI WKH WULDQJOH EH m� n� DQG o� ,Q FDVH RQH RI WKH DQJOHV LV D ULJKW DQJOH� VD\
o� WKHQ WDQm LV WKH UHFLSURFDO RI WDQn� VR WKH FRQFOXVLRQ LV WULYLDO� :H PD\ DVVXPH WKHUHIRUH WKDW QRQH RI
WKH DQJOHV LV D ULJKW DQJOH� ,Q SDUWLFXODU� �b WDQm WDQn LV QRW ]HUR� 7KHQ

WDQ o  b
WDQm� WDQn

�b WDQm WDQn

6XSSRVH WDQm  D
S
M DQG WDQn  E

S
N ZKHUH N DQG M DUH VTXDUH�IUHH SRVLWLYH LQWHJHUV� DQG D DQG E DUH

QRQ�]HUR UDWLRQDOV� 7KHQ

WDQ o  b
D
S
M � E

S
N

�b DE
S
MN

5DWLRQDOL]LQJ WKH GHQRPLQDWRU RQ WKH ULJKW� ZH KDYH

WDQ o  b
�� � D�M�E

S
N � �� � E�N�D

S
M

�b D�E�MN
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+HQFH WDQ� o LV D UDWLRQDO SOXV D UDWLRQDO PXOWLSOH RI
S
MN� ZKLFK LV LUUDWLRQDO XQOHVV M  N� 7KLV FRPSOHWHV

WKH SURRI RI SDUW �L� RI WKH /HPPD�
3DUW �LL� HYLGHQWO\ IROORZV IURP SDUW �LLL�� VLQFH WKH VL[ GLmHUHQW DQJOHV RI WZR WULDQJOHV DUH VSHFLDO FDVHV

RI DQJOHV LQ WKH SODQH�
1RZ IRU SDUW �LLL�� /HW WZR QRQ�ULJKW ODWWLFH DQJOHV m DQG n EH JLYHQ LQ WKH VDPH SODQH� 8QOHVV WKHUH DUH

SDUDOOHO VLGHV� XSRQ H[WHQGLQJ WKH VLGHV RI WKH DQJOHV WZR WULDQJOHV ZLOO EH IRUPHG� ZLWK D FRPPRQ YHUWH[ 3

RSSRVLWH DQJOH m LQ RQH WULDQJOH DQG RSSRVLWH DQJOH n LQ WKH RWKHU WULDQJOH� �,W PD\ EH QHFHVVDU\ WR UHSODFH
RQH DQJOH ZLWK LWV YHUWLFDO DQJOH RU D VXSSOHPHQWDO DQJOH� ZKLFK ZRQ
W DmHFW WKH VTXDUH RI WKH WDQJHQW��
5HVFDOLQJ WKH nJXUH LI QHFHVVDU\� WKH LQWHUVHFWLRQ SRLQWV RI WKH VLGHV� RQH RI ZKLFK LV 3 � FDQ EH PDGH ODWWLFH
SRLQWV� $VVXPLQJ WKHUH DUH QR SDUDOOHO VLGHV� LW ZLOO EH SRVVLEOH WR FKRRVH WKH YHUWH[ 3 VR WKDW WKH DQJOH DW
3 LV QRW D ULJKW DQJOH� �2WKHUZLVH WKH nJXUH PXVW EH D VTXDUH ZLWK m DQG n GLDJRQDOO\ RSSRVLWH�� :H DSSO\
SDUW �L� RI WKH OHPPD VXFFHVVLYHO\ WR WKH WZR WULDQJOHV FRQWDLQLQJ m DQG n WR VKRZ WKDW m DQG n KDYH WKH
VDPH N�
7KH SURRI LV QRW TXLWH nQLVKHG� EHFDXVH ZH VWLOO PXVW FRQVLGHU WKH FDVH LQ ZKLFK QR WULDQJOHV DUH IRUPHG�

L�H� WZR DQJOHV m DQG n LQ WKH VDPH SODQH ZLWK RQH VLGH RI m SDUDOOHO WR RQH VLGH RI n� ,Q WKLV FDVH ZH
FDQ WUDQVODWH WKH DQJOHV XQWLO WKH\ KDYH D FRPPRQ YHUWH[ DQG D FRPPRQ VLGH� $VVXPH IRU GHnQLWHQHVV WKDW
WKH FRPPRQ VLGH LV EHWZHHQ WKH WZR DQJOHV� 7KHQ WKH VXP m� n LV HPEHGGDEOH� 7KHUHIRUH WDQ��m� n� LV
UDWLRQDO� 8VLQJ WKH VDPH DUJXPHQW DV ZH XVHG WR SURYH SDUW �L�� L�H� WKH IRUPXOD IRU WKH WDQJHQW RI D VXP�
ZH FDQ VKRZ WKDW m DQG n PXVW KDYH WKH VDPH N� 6LPLODUO\� XVLQJ WKH IRUPXOD IRU WDQ�mb n�� ZH FDQ WUHDW
WKH FDVH RI SDUDOOHO VLGHV LQ ZKLFK RQH DQJOH OLHV LQVLGH WKH RWKHU� e

2QH RI WKH UHIHUHHV SRLQWHG RXW WKDW WKH LQWHJHU N LQ /HPPD � LV UHODWHG WR WKH DUHD RI WKH ODWWLFH WULDQJOH�
3XWWLQJ WKH PDWWHU VLPSO\�

S
N LV D UDWLRQDO PXOWLSOH RI WKH DUHD� 7KLV REVHUYDWLRQ \LHOGV DQRWKHU SURRI RI

SDUW �L� RI /HPPD �� 7KH FRPSXWDWLRQ LV D OLWWOH VLPSOHU� EXW ZH FDQ
W JHW SDUW �LLL� ZLWKRXW WKH FRPSXWDWLRQ
JLYHQ DERYH� 6LQFH WKH REVHUYDWLRQ DERXW WKH DUHD LV LQWHUHVWLQJ LQ LWV RZQ ULJKW� ZH JLYH WKDW FRPSXWDWLRQ
WRR� /HW D DQG E EH ODWWLFH SRLQWV GHnQLQJ WZR DGMDFHQW VLGHV RI D WULDQJOH ZLWK DQJOH t DW RULJLQ� 7KHQ WKH
SHUSHQGLFXODU IURP D WR E LV JLYHQ E\

X  Db �D c E�E
MEM�

7KH DUHD 6 LV WKXV JLYHQ E\ �6�  MXM�MEM�  MDM�MEM� b �D c E��� :H KDYH

WDQ t  
MXMMEM
D c E  

�6

DFGRWE

7KH IRUPXOD VKRZV WKDW �6� LV DQ LQWHJHU� :ULWH �6�  P�N ZKHUH N LV VTXDUH�IUHH� 7KHQ WDQ t LV D UDWLRQDO
PXOWLSOH RI

S
N�

7KH 7ULDQJOH (TXDWLRQV

'HnQLWLRQ� 7KH WULDQJOH HTXDWLRQV (�N� Q� DUH

N�D�� � D�� � � � �� D�
Q
�  X�� � X�� � � � � X�

Q

D�X� � D�X� � � � � DQXQ  �

7KURXJKRXW WKH SDSHU� ZH FRQVLGHU RQO\ QRQ�WULYLDO VROXWLRQV LQ LQWHJHUV DL DQG XL RI WKHVH HTXDWLRQV�

3URSRVLWLRQ �� ,I D WULDQJOH ZLWK DQ DQJOH ZLWK WDQJHQW w
S
N LV HPEHGGDEOH LQ =Q� ZKHUH w LV UDWLRQDO�

WKHQ WKH WULDQJOH HTXDWLRQV (�Q�N� KDYH D QRQ�]HUR VROXWLRQ� LQ ZKLFK WKH YDULDEOHV KDYH QR FRPPRQ IDFWRU�

&RQYHUVHO\� LI (�Q�N� KDV D QRQ�]HUR VROXWLRQ� DQG LI WULDQJOH $%& KDV DOO LWV WDQJHQWV RI WKH IRUP w
S
N

IRU UDWLRQDO w� WKHQ WULDQJOH $%& LV HPEHGGDEOH LQ =Q�

5HPDUN� 2I FRXUVH WKHUH DUH PDQ\ QRQ�HPEHGGDEOH WULDQJOHV ZLWK RQH WDQJHQW RI WKH VSHFLnHG IRUP� DV
\RX FDQ n[ WZR YHUWLFHV DQG OHW WKH WKLUG PRYH DORQJ RQH VLGH RI WKH WULDQJOH� +HQFH WKH VHFRQG FRQGLWLRQ LQ
WKH WKHRUHP LV QHHGHG�

3URRI� )LUVW VXSSRVH WKH WULDQJOH $%& KDV LWV YHUWLFHV RQ ODWWLFH SRLQWV LQ =Q� $V LQ WKH SUHYLRXV SURRI�
ZH GURS WKH DOWLWXGH IURP YHUWH[ % WR SRLQW 3 RQ VLGH $&� $V LQ WKDW SURRI� 3 KDV UDWLRQDO FRRUGLQDWHV�
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DQG HQODUJLQJ WKH WULDQJOH LI QHFHVVDU\� ZH PD\ DVVXPH 3 KDV LQWHJHU FRRUGLQDWHV� 3HUIRUPLQJ D WUDQVODWLRQ�
ZH PD\ DVVXPH 3 LV WKH RULJLQ� :H QRZ KDYH YHFWRU $ RI PDJQLWXGH $3 � DQG YHFWRU % RI PDJQLWXGH %3 �
ZKLFK DUH RUWKRJRQDO� 7KH UDWLR %3 $3  WDQ$  w

S
N E\ K\SRWKHVLV� :H WKXV KDYH

�WDQ�$�M$M�  NM�w$�M�  M%M��

7KXV �w$�%� VROYHV WKH WULDQJOH HTXDWLRQV (�Q� N��

&RQYHUVHO\� VXSSRVH JLYHQ D VROXWLRQ �D�X� RI WKH WULDQJOH HTXDWLRQV� DQG D WULDQJOH $%& VXFK WKDW

WDQ$  w
S
N ZLWK w UDWLRQDO� $V EHIRUH GURS DQ DOWLWXGH %3 IURP % WR VLGH $&� &RQVLGHU nUVW WKH FDVH LQ

ZKLFK 3 OLHV EHWZHHQ $ DQG &� 7KHQ WKH WULDQJOH ZLWK WZR YHUWLFHV DW bwb�D� DQG X ZLOO KDYH WKH FRUUHFW
WDQJHQW WDQ$ DW YHUWH[ D� %\ K\SRWKHVLV� WKH WDQJHQW DW YHUWH[ & KDV WKH IRUP x

S
N IRU VRPH UDWLRQDO x�

7DNLQJ WKH WKLUG YHUWH[ WR EH xb�D \LHOGV WKH FRUUHFW WDQJHQW WDQ% DW WKLV YHUWH[� 7KHUHIRUH WKH WULDQJOH LV
VLPLODU WR WKH JLYHQ RQH� 7KH FDVHV LQ ZKLFK 3 GRHV QRW OLH EHWZHHQ $ DQG & DUH WUHDWHG VLPLODUO\� e

'LPHQVLRQ )LYH RU 0RUH

/HPPD �� ,I Q w � WKHQ WKH WULDQJOH HTXDWLRQV KDYH D QRQ�]HUR VROXWLRQ IRU DQ\ N�

3URRI� ,W VXpFHV WR FRQVLGHU Q  �� VLQFH ZH FDQ DOZD\V OHW WKH YDULDEOHV XL DQG DL IRU L ! � EH ]HUR� /HW N
EH JLYHQ� 7KHQ N FDQ EH ZULWWHQ DV WKH VXP RI IRXU VTXDUHV �VHH H�J� +DUG\ DQG :ULJKW� S� �����

N  X
�

� � X�� � X�� � X��

/HW X�  �� DQG OHW D�  �  D�  D�  D�� DQG D�  �� e

5HPDUN� 6LPLODUO\� LI N LV D VXP RI Q b � VTXDUHV� WKHQ WKH WULDQJOH HTXDWLRQV (�Q� N� KDYH D QRQWULYLDO
VROXWLRQ�

7KHRUHP �� 7KH IROORZLQJ DUH DOO HTXLYDOHQW�

q 7ULDQJOH 7 LV HPEHGGDEOH LQ =Q IRU VRPH Q�

q $OO WKH WDQJHQWV RI WKH DQJOHV RI WULDQJOH 7 KDYH UDWLRQDO VTXDUHV�

q )RU VRPH N� DOO WKH WDQJHQWV RI WKH DQJOHV RI WULDQJOH 7 DUH RI WKH IRUP w
S
N IRU UDWLRQDO w�

q 7KH WULDQJOH HTXDWLRQV (�Q� N� KDYH D QRQ�]HUR VROXWLRQ DQG DOO WKH WDQJHQWV RI WKH DQJOHV DUH RI WKH

IRUP w
S
N IRU UDWLRQDO w�

q 7ULDQJOH 7 LV HPEHGGDEOH LQ =��

3URRI� :H VKRZ WKDW HDFK FODLP LQ WKH WKHRUHP LPSOLHV WKH QH[W� VLQFH WKH ODVW RQH LV D VSHFLDO FDVH RI WKH
nUVW� WKDW ZLOO VXpFH� 6XSSRVH WULDQJOH 7 LV HPEHGGDEOH LQ =Q� %\ 3URSRVLWLRQ �� WKH WDQJHQWV RI DOO WKH
DQJOHV RI 7 KDYH UDWLRQDO VTXDUHV�

1RZ VXSSRVH DOO WKH WDQJHQWV RI DQJOHV RI 7 KDYH UDWLRQDO VTXDUHV� %\ /HPPD �� WKHUH LV D SRVLWLYH
VTXDUH�IUHH LQWHJHU N VXFK WKDW DOO WKH WDQJHQWV RI DQJOHV RI 7 DUH UDWLRQDO PXOWLSOHV RI

S
N�

1RZ VXSSRVH DOO WKH WDQJHQWV DUH UDWLRQDO PXOWLSOHV RI
S
N� %\ 3URSRVLWLRQ �� WKH WULDQJOH HTXDWLRQV

(�Q� N� DUH VROYDEOH�

1RZ VXSSRVH (�Q�N� LV VROYDEOH DQG WKH DQJOHV RI D WULDQJOH KDYH WDQJHQWV ZKLFK DUH UDWLRQDO PXOWLSOHV

RI
S
N� %\ /HPPD �� WKH HTXDWLRQV DUH VROYDEOH DOUHDG\ ZKHQ Q  �� %\ WKH VHFRQG KDOI RI 3URSRVLWLRQ ��

WKH WULDQJOH LV HPEHGGDEOH LQ =�� e

4XDWHUQLRQV DQG 2UWKRJRQDO 7UDQVIRUPDWLRQV RI 5�

%DFNJURXQG LQIRUPDWLRQ RQ TXDWHUQLRQV FDQ EH IRXQG LQ +DUG\ DQG :ULJKW� S� ���� :H DVVXPH WKH UHDGHU
NQRZV WKH EDVLF SURSHUWLHV RI TXDWHUQLRQV� $ IRXU�YHFWRU �[�� [�� [�� [�� FDQ EH UHJDUGHG DV D TXDWHUQLRQ
[�� [�L�[�M� [�N� 7R n[ VRPH QRWDWLRQ� ,I [  [��[�L�[�M�[�N� WKHQ WKH FRQMXJDWH [e LV GHnQHG E\
[e  [�b[�Lb[�Mb[�N� WKH QRUP LV GHnQHG E\ M[M

�  [�
�
�[�

�
�[�

�
�[�

�
� :H KDYH [[e  M[M���L��M��N

ZKLFK ZH VKDOO LGHQWLI\ ZLWK WKH VFDODU M[M�� 7KH PXOWLSOLFDWLYH LQYHUVH RI [ LV [b�  [ e  M[M��
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/HPPD �� *LYHQ D n[HG TXDWHUQLRQ m� DQ RUWKRJRQDO WUDQVIRUPDWLRQ 7m RQ 5� LV GHnQHG E\ 7m[  [m�

ZKHUH RQ WKH ULJKW ZH PHDQ TXDWHUQLRQ PXOWLSOLFDWLRQ� 7KDW LV� 7
m
SUHVHUYHV RUWKRJRQDOLW\ DQG PXOWLSOLHV

OHQJWKV E\ D FRQVWDQW IDFWRU�

3URRI� $ VLPSOH FDOFXODWLRQ� /HW [  [��[�L�[�M�[�N� \  \��\�L�\�M�\�N� DQG m  m��m�L�m�M�m�N�

1RWH WKDW WKH GRW SURGXFW RI WZR YHFWRUV [c\ LV WKH UHDO SDUW RI WKH TXDWHUQLRQ SURGXFW [\e� +HQFH �[m�c�\m�
LV WKH UHDO SDUW RI �[m��\m�e  [mme\e  [MmM�\e  MmM�[\e� ZKRVH UHDO SDUW LV MmM�[c\� +HQFH RUWKRJRQDOLW\
LV SUHVHUYHG� 7DNLQJ [  \ ZH VHH WKDW OHQJWKV DUH PXOWLSOLHG E\ MmM�� e

'LPHQVLRQ �

:H nUVW FKDUDFWHUL]HG WKH WULDQJOHV HPEHGGDEOH LQ =� E\ XVLQJ D FRPSXWHU WR VKRZ WKDW FHUWDLQ WULDQJOHV
DUH QRW HPEHGGDEOH LQ =�� 7KLV SURRI VKRZHG E\ GLUHFW VHDUFK WKDW WKH WULDQJOH HTXDWLRQV (��� N� KDYH QR
VROXWLRQV PRG �� LQ ZKLFK WKH YDULDEOHV KDYH QR FRPPRQ IDFWRU� ZKHQ N  ����������� ,W LV SRVVLEOH WR
SURYH 7KHRUHP � EHORZ IURP WKLV UHVXOW� 7KH SURJUDP ZH XVHG� ZULWWHQ LQ WKH & ODQJXDJH� UDQ IRU VHYHUDO
KRXUV RQ DQ ,%0 3&�$7� /DWHU ZH IRXQG WKH PRUH LQVLJKWIXO SURRI JLYHQ KHUH�

7KHRUHP �� 7KH WULDQJOH HTXDWLRQV (��� N� DUH VROYDEOH Lm N LV D VXP RI WKUHH VTXDUHV� *HRPHWULFDOO\

VWDWHG� $ WULDQJOH LV HPEHGGDEOH LQ =� LI DQG RQO\ LI DOO RI LWV WDQJHQWV DUH UDWLRQDO PXOWLSOHV RI
S
N� ZKHUH

N LV D VXP RI WKUHH VTXDUHV�

3URRI� ,I D WULDQJOH LV HPEHGGDEOH LQ =Q� IRU DQ\ Q� WKHQ WKHUH LV D N VXFK WKDW WKH WDQJHQWV RI LWV DQJOHV DOO
OLH LQ 4�

S
N�� DV KDV EHHQ SURYHG DERYH� +HQFH WKH PDLQ FODLP RI WKH WKHRUHP IROORZV IURP WKH HTXLYDOHQFH

RI WKH nUVW WZR SURSRVLWLRQV�

,I N LV D VXP RI WKUHH VTXDUHV� WKHQ (��� N� LV DXWRPDWLFDOO\ VROYDEOH� DV UHPDUNHG DIWHU /HPPD �� 7KXV
LW ZLOO VXpFH WR VKRZ WKDW LI (��� N� LV VROYDEOH� WKHQ N LV D VXP RI WKUHH VTXDUHV� 6XSSRVH WKDW D DQG X

DUH IRXU�YHFWRUV VROYLQJ (��� N�� WKDW LV NMDM�  MXM� DQG D c X  �� &RQVLGHU WKH IRXU�YHFWRUV DV TXDWHUQLRQV�
/HW E  DDe �FRQVLGHUHG DV D IRXU�YHFWRU RU TXDWHUQLRQ� QRW DV D VFDODU�� DQG OHW Y  XDe� ZKHUH ZH PHDQ
TXDWHUQLRQ PXOWLSOLFDWLRQ RQ WKH ULJKW� 6LQFH TXDWHUQLRQ PXOWLSOLFDWLRQ SUHVHUYHV RUWKRJRQDOLW\� ZH KDYH
E c Y  �� :H KDYH

NMEM�  NMDM�
 MDM�NMDM�
 MDM�MXM�
 MDM�XXe
 XDD e Xe
 XD�XD�e
 YYe
 MYM�

+HQFH E DQG Y DUH D QHZ VROXWLRQ WR WKH WULDQJOH HTXDWLRQV (��� N�� %XW E  DDe KDV RQO\ LWV nUVW FRPSRQHQW
QRQ�]HUR� 6LQFH Y LV RUWKRJRQDO WR E E\ /HPPD �� Y OLHV LQ WKH WKUHH�GLPHQVLRQDO VXEVSDFH RI YHFWRUV ZLWK
]HUR nUVW FRPSRQHQW� +HQFH ZH KDYH NMEM�  Y�� � Y�� � Y��� +HQFH NMEM� LV D VXP RI WKUHH VTXDUHV�
1RWH WKDW VLQFH E  DDe� ZH KDYH MEM�  MDM�� VR MEM  MDM� LV DQ LQWHJHU� ,W LV ZHOO�NQRZQ �VHH H�J� /H9HTXH

S� ���� WKDW D QXPEHU IDLOV WR EH D VXP RI WKUHH VTXDUHV LI DQG RQO\ LI LW LV D SRZHU RI � WLPHV D QXPEHU
FRQJUXHQW WR � PRG �� ,I N ZHUH RI WKLV IRUP� WKHQ NMEM� ZRXOG DOVR EH RI WKLV IRUP� VLQFH HYHU\ RGG VTXDUH
LV FRQJUXHQW WR � PRG �� +HQFH LW IROORZV IURP WKH IDFWV WKDW NMEM� LV D VXP RI WKUHH VTXDUHV DQG MEM LV DQ
LQWHJHU WKDW N LV DOVR D VXP RI WKUHH VTXDUHV� e

$QRWKHU SURRI RI 7KHRUHP �� -� 0F&DUWK\ KDV SRLQWHG RXW WKDW WKH IDFW WKDW WKH WDQJHQWV DUH UDWLRQDO
PXOWLSOHV RI

S
N ZKHUH N LV D VXP RI WKUHH VTXDUHV FDQ EH SURYHG ZLWKRXW XVH RI WKH WULDQJOH HTXDWLRQV� DV

IROORZV� E\ /HPPD �� LW VXpFHV WR FRQVLGHU RQO\ RQH DQJOH t� ZLWK YHUWH[ DW RULJLQ DQG VLGHV JLYHQ E\ YHFWRUV



�0,&+$(/ -� %((621 '(3$570(17 2) 0$7+(0$7,&6 $1' &20387(5 6&,(1&( 6$1 -26( 67$7( 81,9(56,7< 6$1 -

[ DQG \� :H KDYH

WDQ� t  VHF� tb �

 
M[M�M\M�

�[ c \��
b �

 
M[M�M\M� b �[ c \��

�[ c \��

7KHUHIRUH WDQ t LV D UDWLRQDO PXOWLSOH RI

N  M[M�M\M� b �[ c \��

 �h[�
L
��h\�

L
�b �h[L\L�

�

7KH SURRI ZLOO EH FRPSOHWHG E\ REVHUYLQJ DQ LGHQWLW\ ZKLFK H[SUHVVHV WKH ODVW H[SUHVVLRQ DV D VXP RI WKUHH
VTXDUHV�

�h[�
L
��h\�

L
�b �h[L\L�

�

 �[�� � [�� � [�� � [����\
�

� � \�� � \�� � \���b �[�\� � [�\� � [�\� � [�\��
�

 �[�\� b [�\� � [�\� b [�\��
�

� �[�\� b [�\� b [�\� � [�\��
�

� �[�\� b [�\� � [�\� b [�\��
�

0F&DUWK\ IRXQG WKLV LGHQWLW\ E\ JHQHUDOL]LQJ WKH FRUUHVSRQGLQJ WKUHH�GLPHQVLRQDO LGHQWLW\

M[M�M\M�  �[ c \�� � M[d \M�

,W LV UHDOO\ MXVW WKH LGHQWLW\ H[SUHVVLQJ WKH PXOWLSOLFDWLYLW\ RI WKH TXDWHUQLRQ QRUP� DSSOLHG WR WKH WZR
TXDWHUQLRQV [ DQG \e�
7KLV DOWHUQDWH SURRI LV LQWHUHVWLQJ EHFDXVH LW VKRZV D XQLIRUPLW\ LQ WKH GHULYDWLRQ RI WKH QHFHVVDU\ FRQGLWLRQ

RQ N IRU GLmHUHQW GLPHQVLRQV� WKH WZR�GLPHQVLRQDO FDVH RI WKLV LGHQWLW\ LV

WDQ� t

�[ c \��
 �[�

�
� [�

�
��\�

�
� \��

� b �[�\� � [�\��
�

 �[�\� b [�\��
�

ZKLFK H[SODLQV ZK\ WKH WDQJHQW LV UDWLRQDO LQ WZR GLPHQVLRQV�

&RUROODU\ �� 7KHUH DUH WULDQJOHV HPEHGGDEOH LQ =� EXW QRW =�� )RU H[DPSOH� WKH LVRVFHOHV WULDQJOH RI EDVH

� DQG KHLJKW
S
��

'LPHQVLRQ �

7KH IROORZLQJ YHU\ VKRUW SURRI WRRN D ORQJ WLPH WR nQG� VHH WKH 3RVWVFULSW�

7KHRUHP ��� ,I N LV D VXP RI WKUHH VTXDUHV� WKHQ (��� N� LV VROYDEOH LQ LQWHJHUV� +HQFH WKH VDPH WULDQJOHV

DUH HPEHGGDEOH LQ =� DV LQ =�� DQG (��� N� LV VROYDEOH LI DQG RQO\ LI N LV D VXP RI WKUHH VTXDUHV�

3URRI� %\ RXU UHVXOWV RQ HPEHGGDELOLW\ LQ =�� LW VXpFHV WR SURYH WKH nUVW FODLP� 6XSSRVH N  [� � \� � ]��
'HnQH

D  �]� ]�b\ b [�

�

X  �\� � [\ � ]�� [� � [\ � ]�� [] b \]�
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2QH FDQ HDVLO\ FKHFN WKDW D DQG X �UHJDUGHG DV TXDWHUQLRQV ZLWK ]HUR UHDO SDUW� DUH REWDLQHG E\ PXOWLSO\LQJ
WKH NQRZQ VROXWLRQ ������� �� DQG ��� [� \� ]� RI (��� N� RQ WKH ULJKW E\ WKH TXDWHUQLRQ ��]L�]M��b\b[�N�

+HQFH� E\ /HPPD �� WKH WUDQVIRUPHG YHFWRUV DUH VWLOO RUWKRJRQDO DQG KDYH WKH VDPH UDWLR
S
N RI OHQJWK� VR

D DQG X VROYH WKH WULDQJOH HTXDWLRQV (��� N�� e

5HPDUN� 2QH FDQ SURGXFH D DQG X GHXV H[ PDFKLQD DQG YHULI\ E\ D VLPSOH GLUHFW FRPSXWDWLRQ WKDW WKH\
GR VROYH WKH WULDQJOH HTXDWLRQV� ZLWKRXW HYHU PHQWLRQLQJ TXDWHUQLRQV� )RU H[DPSOH� W\SH WKH WKUHH HTXDWLRQV
IRU N� D� DQG X LQWR 0DWKHPDWLFD DQG WKHQ DVN 6LPSOLI\>D�X@ DQG 6LPSOLI\>N�D�D� � X�X@�

(PEHGGDELOLW\ RI UHJXODU SRO\JRQV LQ SODQH ODWWLFHV

:H VKRZ WKDW DQ ROG UHVXOW LV D FRUROODU\ RI RXU PDLQ WKHRUHP� 7KH RULJLQDO SURRIV �WKHUH DUH WZR
LQGHSHQGHQW RQHV LQ WKH OLWHUDWXUH� DUH PXFK HDVLHU WKDQ WKH SURRI RI RXU PDLQ WKHRUHP� VR WKH IDFW WKDW LW
LV D FRUROODU\ RI RXU WKHRUHP LV RQO\ RI LQWHUHVW IRU WKH FRQQHFWLRQ� DQG QRW IRU WKH UHVXOW LWVHOI� 7KH RULJLQDO
SURRIV DUH GLVFXVVHG LQ WKH QH[W VHFWLRQ�

7KHRUHP� �6FKRHQEHUJ >����@� 6FKHUUHU >����@� 6XSSRVH D UHJXODU Q�JRQ LV HPEHGGDEOH LQ =
N IRU VRPH N�

7KHQ Q  ���� RU ��

3URRI� ,I ZH KDYH DQ HPEHGGHG Q�JRQ� WKHQ WKHUH LV DQ HPEHGGHG LVRVFHOHV WULDQJOH ZLWK RQH DQJOH RI �{ Q�
7KH RWKHU WZR DQJOHV DUH HDFK { � b { Q� 7KHLU WDQJHQWV DUH WKXV FRW{ Q� 7KH QRQ�HPEHGGDELOLW\ RI DQ

Q�JRQ LQ DQ\ =N ZLOO WKHQ IROORZ IURP RXU WKHRUHP ZKHQ FRW��{ Q� LV LUUDWLRQDO� 6LQFH

FRW� t  
� � FRV �t

�b FRV �t

ZH KDYH

FRV �t  
FRW� t b �

FRW� t ��

VR FRV �t LV UDWLRQDO LI DQG RQO\ LI FRW�t LV UDWLRQDO� +HQFH DQ HPEHGGHG Q�JRQ LV SRVVLEOH LI DQG RQO\ LI
FRV��{ Q� LV UDWLRQDO� 7R FRPSOHWH WKH SURRI� ZH KDYH WR VKRZ WKDW FRV��{ Q� LV UDWLRQDO H[DFWO\ ZKHQ
Q  �� �� RU ��
/HW r  H�{L Q� 7KHQ WKH PLQLPDO SRO\QRPLDO RI r KDV GHJUHH ��Q�� ZKHUH � LV WKH (XOHU ��IXQFWLRQ�

�6HH IRU H[DPSOH %RUHYLFK DQG 6KDIDUHYLFK >����@� S� ����� 6LQFH � FRV��{ Q�  r � � r� ZH KDYH I�r�  �
IRU D TXDGUDWLF SRO\QRPLDO I ZLWK FRHpFLHQWV LQ 4�FRV��{ Q��� +HQFH WKH GHJUHH RI WKH nHOG H[WHQVLRQ
>4�r� � 4�FRV��{ Q�@ LV DW PRVW �� 2Q WKH RWKHU KDQG LW LV DW OHDVW �� VLQFH FRV��{ Q� LV UHDO� +HQFH WKH
GHJUHH RI FRV��SL Q� RYHU WKH UDWLRQDOV LV ��Q� �� 7KLV FDQ EH RQH LI DQG RQO\ ��Q�  �� WKDW LV� Q  �� �� RU
�� e

+LVWRU\ DQG 5HODWHG :RUN

7KH nUVW SURRI WKDW WKH HTXLODWHUDO WULDQJOH LV QRW HPEHGGDEOH LQ =� ZDV JLYHQ �VR IDU DV , NQRZ� E\ (�
/XFDV >����@� /XFDV
 SURRI LV SHUKDSV PRUH DFFHVVLEOH LQ 3uRO\D DQG 6]HJ�R >����@� SDJH ��� �SUREOHP �����
6LQFH LW LV RQO\ D IHZ OLQHV� DQG QRW SXEOLVKHG HOVHZKHUH LQ (QJOLVK� LW VHHPV ZRUWK UHSULQWLQJ�
3XW RQH FRUQHU RI WKH K\SRWKHWLFDO HTXLODWHUDO WULDQJOH DW RULJLQ� WKH RWKHU FRUQHUV DW �D� E� DQG �[� \�� DQG

VXSSRVLQJ WKDW [� \� D� E KDYH QR FRPPRQ IDFWRU� 7KHQ ZH KDYH

[� � \�  D� � E�  �[b D�� � �\ b E��

DQG KHQFH
��[D� E\�  [

� � \
�  D

� � E
�

[� � \� � [� � E�  ��[D� \E� z � PRG �

6LQFH ZH KDYH H[FOXGHG WKH FDVH RI [� \� D� E DOO GLYLVLEOH E\ �� WKH\ PXVW DOO EH RGG� ,Q WKDW FDVH� KRZHYHU�
WKH HTXDWLRQ

[� � \�  �[b D�� � �\ b E�� PRG �
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LV LPSRVVLEOH� FRPSOHWLQJ WKH SURRI�
6R IDU DV , FDQ GHWHUPLQH� -RKQ 0F&DUWK\ ZDV WKH nUVW WR VWDWH DQG SURYH �DOWKRXJK KH GLG QRW SXEOLVK�

WKH JHQHUDOL]DWLRQ RI /XFDV
 WKHRUHP WR SODQDU SRO\JRQV �3URSRVLWLRQ � RI WKLV SDSHU�� 2QH RI WKH UHIHUHHV
VXJJHVWHG WKDW WKLV WKHRUHP ZDV SDUW RI WKH ?IRONORUH� RI WKH VXEMHFW� DQG VKRXOG QRW EH FUHGLWHG WR 0F&DUWK\�
EXW /XFDV
 SURRI LV YHU\ VSHFLDO� DQG ZKHQ 3uRO\D DQG 6]HJ�R JLYH LW� DV UHFHQWO\ DV ����� WKHUH LV QR KLQW RI D
JHQHUDOL]DWLRQ� QRU LV WKLV JHQHUDOL]DWLRQ PHQWLRQHG LQ DQ\ RI WKH RWKHU UHODWHG SDSHUV GLVFXVVHG EHORZ� DQG
WKHVH DUH DOO WKH SDSHUV , FRXOG nQG RQ WKH VXEMHFW�
5DWKHU WKDQ DVN DERXW DUELWUDU\ SODQDU WULDQJOHV� SHRSOH VHHPHG WR KDYH JHQHUDOL]HG /XFDV
 WKHRUHP LQ

DQRWKHU GLUHFWLRQ� DVNLQJ DERXW DUELWUDU\ UHJXODU SRO\JRQV�
6FKRHQEHUJ >����@ SURYHG WKDW D UHJXODU Q�JRQ ZLWK Q GLmHUHQW IURP ���� DQG �� LV QRW HPEHGGDEOH LQ =N�

RU LQGHHG DQ\ �SRVVLEO\ REOLTXH� UDWLRQDO ODWWLFH LQ N�VSDFH IRU DQ\ N� $OWKRXJK LW UHIHUV WR N GLPHQVLRQV
LQVWHDG RI D SODQH� LW DFWXDOO\ VXpFHV WR FRQVLGHU RQO\ SODQDU ODWWLFHV� VLQFH LI D SRO\JRQ ZHUH HPEHGGDEOH LQ
=
N� WKHQ WKH LQWHUVHFWLRQ RI WKH SODQH RI WKH SRO\JRQ ZLWK =N ZRXOG EH D SODQDU ODWWLFH� 6FKRHQEHUJ
V SURRI
LV VKRUW� /HW $�%�DQG & EH WKUHH FRQVHFXWLYH YHUWLFHV RI D UHJXODU ODWWLFH Q�JRQ ZLWK FHQWHU DW RULJLQ� /HW
3  $� &� 7KHQ M3 M  �M%M FRV��{ Q�� VR FRV���{ Q� LV UDWLRQDO� 7KHQ ZH FDQ nQLVK WKH SURRI DV LQ WKH
SUHYLRXV VHFWLRQ� H[FHSW WKDW WKH FDVHV Q  � DQG Q  �� VWLOO QHHG DWWHQWLRQ� �6FKRHQEHUJ >����@� S� ���
MXPSV WRR TXLFNO\ IRU PH WR IROORZ WR WKH FRQFOXVLRQ WKDW FRV��{ Q� LV UDWLRQDO��
6FKHUUHU >����@� DSSDUHQWO\ XQDZDUH RI 6FKRHQEHUJ >����@� JDYH DQRWKHU SURRI RI WKLV WKHRUHP� +LV SURRI

LV D JHP� 6XSSRVH ZH KDG DQ HPEHGGHG Q�JRQ �IRU Q ! ��� &RQVLGHU WKH ODWWLFH YHFWRUV IRUPHG E\ WKH VLGHV�
7UDQVODWH WKHP� SXWWLQJ WKHLU WDLOV DOO DW RULJLQ� 7KHQ WKHLU KHDGV IRUP D VPDOOHU ODWWLFH Q�JRQ� LQ IDFW VPDOOHU
E\ DW OHDVW D FHUWDLQ IDFWRU� QDPHO\ � VLQ�{ Q�� ,WHUDWLQJ WKLV FRQVWUXFWLRQ OHDGV WR DUELWUDULO\ VPDOO ODWWLFH
Q�JRQV� D FRQWUDGLFWLRQ� 7KLV SURRI ZRUNV HYHQ IRU QRQ�VTXDUH ODWWLFHV� ZKLFK ZH KDYH QRW FRQVLGHUHG LQ WKLV
SDSHU� 6FKHUUHU DOVR VKRZHG WKH FDVH Q  � LV LPSRVVLEOH� E\ D VLPLODU FRQVWUXFWLRQ� 1XPEHU WKH VLGHV RI D
SHQWDJRQ� FRQVLGHUHG DV YHFWRUV� E\ ���������� 7KHQ WDNLQJ WKHP LQ WKH RUGHU ���������� SODFH WKH WDLO RI HDFK
DW WKH KHDG RI WKH SUHYLRXV RQH� <RX ZLOO JHW D nYH�SRLQWHG VWDU� &RQQHFWLQJ WKH SRLQWV� \RX JHW D VPDOOHU
ODWWLFH SHQWDJRQ WKDQ \RX VWDUWHG ZLWK� )RU VTXDUH ODWWLFHV� 6FKHUUHU FRXOG KDYH UXOHG RXW Q  � DQG Q  �
E\ /XFDV
 WKHRUHP�
7KH PDLQ SRLQW RI 6FKRHQEHUJ >����@ LV QRW SRO\JRQV� EXW UDWKHU QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU

WKH HPEHGGDELOLW\ RI D UHJXODU Q�VLPSOH[ LQ =Q �LW LV DOZD\V HPEHGGDEOH LQ =Q��� IRU H[DPSOH WDNLQJ DOO
WKH SRLQWV ZLWK RQH FRRUGLQDWH � DQG WKH UHVW ��� $OWKRXJK WKH HTXLODWHUDO WULDQJOH LV QRW HPEHGGDEOH LQ
=
�� WKH WHWUDKHGURQ LV HPEHGGDEOH LQ WKH XQLW FXEH� IRU H[DPSOH DW �������� �������� ����� ��� DQG ����� ���
6FKRHQEHUJ VKRZHG WKDW� IRU Q HYHQ� WKH HPEHGGLQJ LV SRVVLEOH LI DQG RQO\ LI Q � � LV D SHUIHFW VTXDUH� IRU
Q z � PRG �� LW LV DOZD\V SRVVLEOH DQG IRU Q z � PRG �� LI DQG RQO\ LI Q�� LV D VXP RI WZR VTXDUHV�
7KH IDFW WKDW WKH ��VLPSOH[ LV QRW HPEHGGDEOH LQ =� UHIXWHV WKH LGHD WKDW SHUKDSV D SRO\KHGURQ LV

HPEHGGDEOH LI DOO RI LWV WULDQJOHV DUH HPEHGGDEOH�
1RERG\ VHHPV WR KDYH FRQVLGHUHG WKH TXHVWLRQ RI WKH HPEHGGDELOLW\ RI DUELWUDU\ WULDQJOHV XQWLO WKH ����
V�

/DQGDX DQG &UHPRQD >����@ FRQVLGHU WKH IROORZLQJ TXHVWLRQ� JLYHQ WKDW D WULDQJOH LV HPEHGGDEOH LQ =Q� ZKDW
LV WKH VPDOOHVW HPEHGGLQJ" 7KDW LV� nQG WKH VPDOOHVW WULDQJOH VLPLODU WR WKH JLYHQ RQH ZKLFK KDV LWV YHUWLFHV RQ
ODWWLFH SRLQWV LQ Q�VSDFH� 7KH\ DQVZHU WKH TXHVWLRQ LQ GLPHQVLRQV � DQG � XVLQJ WKH JUHDWHVW�FRPPRQ�GLYLVRU
DOJRULWKP LQ WKH TXDWHUQLRQV� 6LQFH QRZ ZH NQRZ WKDW WULDQJOHV HPEHGGDEOH LQ =� DUH DOVR HPEHGGDEOH LQ
=
�� ZH PLJKW ZRQGHU LI D VPDOOHVW HPEHGGLQJ FDQ DOZD\V EH IRXQG LQ =�� 7KH DQVZHU �DFFRUGLQJ WR D OHWWHU

IURP /DQGDX� LV QR� DOWKRXJK D ODWWLFH WULDQJOH LQ =� FDQ DOZD\V EH URWDWHG DQG GLODWHG LQWR =�� VRPHWLPHV
D GLODWLRQ LV UHDOO\ UHTXLUHG�

3RVWVFULSW RQ WKH 'LVDSSHDULQJ &RPSXWHU

$OO WKH SURRIV DERYH XVH RQO\ HOHPHQWDU\ QXPEHU WKHRU\� 7KLV LV LQWHUHVWLQJ� FRQVLGHULQJ WKDW D FRPSXWHU
ZDV LQYROYHG WKURXJKRXW WKLV UHVHDUFK� )LUVW , XVHG LW WR GLVFRYHU WKDW WKH LVRVFHOHV WULDQJOH RI KHLJKW

S
�

DQG EDVH � LV QRW HPEHGGDEOH LQ =�� WKHQ WKDW WKH VDPH WULDQJOH LV QRW HPEHGGDEOH LQ =�� WKHQ WR VHWWOH
WKH TXHVWLRQ RI QRQ�VROYDELOLW\ RI (��� N� LI N LV QRW D VXP RI IRXU VTXDUHV� $W nUVW , H[SHFWHG WR XVH LW WR
nQG DQ H[DPSOH RI D WULDQJOH HPEHGGDEOH LQ =� EXW QRW LQ =�� 2QO\ DIWHU XVLQJ LW WR nQG DFWXDO VROXWLRQV
RI (��� N� IRU N D VXP RI WKUHH VTXDUHV XS WR ��� GLG , JLYH XS P\ SUHFRQFHSWLRQV DQG WU\ WR SURYH WKDW WKH
VDPH WULDQJOHV DUH HPEHGGDEOH LQ WKUHH�VSDFH DV LQ IRXU�VSDFH� :KHQ , OHDUQHG KRZ WR XVH TXDWHUQLRQV WR
GHVFULEH RUWKRJRQDO WUDQVIRUPDWLRQV RI IRXU�VSDFH� DOO P\ SURJUDPV ZHUH GLVSODFHG E\ WKH FRQFLVH HOHJDQFH
RI ?UHDO PDWKHPDWLFV��
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5HIHUHQFHV

%RUHYLFK� =� ,�� DQG 6KDIDUHYLFK� ,� 5�� 1XPEHU 7KHRU\� $FDGHPLF 3UHVV� 1HZ <RUN^/RQGRQ �������

(UG�RV� 3�� *UXEHU� 3� 0�� DQG +DPPHU� -�� /DWWLFH 3RLQWV� :LOH\� 1HZ <RUN �������

+DUG\� *� +� DQG :ULJKW� (� 0�� 7KH 7KHRU\ RI 1XPEHUV� &ODUHQGRQ 3UHVV� 2[IRUG �������

/DQGDX� 6�� DQG &UHPRQD� -�� 6KULQNLQJ /DWWLFH 3RO\KHGUD� 7HFKQLFDO 5HSRUW ������ :HVOH\DQ 8QLYHUVLW\
'HSDUWPHQW RI 0DWKHPDWLFV� 0LGGOHWRZQ� &7 ����� �������

/H9HTXH� :� -� 7KH (OHPHQWDU\ 7KHRU\ RI 1XPEHUV� $GGLVRQ�:HVOH\� 5HDGLQJ� 0DVVDFKXVHWWV �������

/XFDV� (� 7KuHRUtHPH VXU OD *uHRPuHWULH GHV 4XLQFRQFHV� %XOO 6RF� 0DWK� )UDQFH � ������ �����

3DWUXQR� *� 1�� 7KH ODWWLFH SRO\WRSH SUREOHP� (OHPHQWH GHU 0DWKHPDWLN �� ������ ������

3uRO\D� *�� DQG 6]HJ�R� *�� $XIJDEHQ XQG /HKUV�DW]H DXV GHU $QDO\VLV� %DQG ,,� 6SULQJHU�9HUODJ� %HUOLQ�
*�RWWLQJHQ�+HLGHOEHUJ �������

6FKHUUHU� :�� 'LH (LQODJHUXQJ HLQHV UHJXO�DUHQ 9LHOHFNV LQ HLQ *LWWHU� (OHPHQWH GHU 0DWKHPDWLN � ������
������

6FKRHQEHUJ� ,� -�� 5HJXODU VLPSOLFHV DQG TXDGUDWLF IRUPV� -� /RQGRQ 0DWK� 6RF� �� ������ ������


