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Abstra ct. For any positiv e integer k; a graph G = (V; E) is said to

be Zy-magic if there exists a labeling |1 :E(G) j! Zxj fOg such

that the induced vertex sgt labeling 1* :V(G)i! Z¢ dened by
1" (v) = fl(uv) : W2E(G)g

is a constant map. For a given graph G; the set of all h 2 Z, for
which G is Z}, -magic is called the integer-magic spectrum of G and is
denoted by | M (G): In this paper, we will determine the integer-magic
spectra of the graphs which are formed by the amalgamation of stars
and cycles. In particular, we will provide examples of graphs that for
a givenn > 2; they are not h-magic for all valuesof 2- h - n:

1. Intr oduction

For any abelian group A; written additiv ely, any mapping | : E(G) j !
Aj f0Og is called a lakeling. Given a labeling on the edgeset of G one can
introduce a vertex set labeling 1" : V(G) j! A asfollows:

X
*(v)= fl(uv) : w2 E(G) g

A graph G is saidto be A-magicif thereisalabeling 1 : E(G) j! Aj fOg

such that for eat vertex v; the sum of the labels of the edgesincident with

v are all equal to the same constart; that is, 1*(v) = ¢ for some xed

c2 A: Wewill call < G;I > an A-magic graph with sum c: In general,a

graph G may admit more than onelabeling to becomean A-magic graph;

for example,if jAj> 2and | : E(G) j! A fOg is a magical labeling of
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G with sumc;then | :E(G)i! Aj fOg; the inverselabeling of |; de ned
by ., (uv) = i I(uv) will provide another magical labeling of G with sumj c:

The original conceptof A-magic graph is due to J. Sedlacek[?, ?], who
de ned it to be a graph with a real-valued edgelabeling suc that

(1) distinct edgeshave distinct nonnegative labels; and
(2) the sum of the labels of the edgesincident to a particular vertex is
the samefor all vertices.

Given a graph G; the problem of deciding whether G admits a magic la-
beling is equivalent to the problem of deciding whether a set of linear ho-
mogeneousDiophantine equations has a solution [?]. At presen, given an
abelian group, no general excient algorithm is known for "nding magic
labelings for generalgraphs.

When A = Z; the Z-magic graphs were consideredin Stanley [?, 7],

he pointed out that the theory of magic labeling can be put into the more
general context of linear homogeneousdiophantine equations. When the
group is Zyg, we shall refer to the Zy-magic graph as k-magic. Graphs
which are k-magic had beenstudied in [?, ?, ?, ?, ?, ?, ?]. For corvenience,
we will usethe notation 1-magicinstead of Z-magic. Doob [?, ?, 7], also
considered A-magic graphs where A is an abelian group. He determined
which wheelsare Z-magic.
A graph G = (V;E) is called fully magic [?, ?, ?, ?, ?, ?] if it is A-magic
for every abelian group A; and it is called non-magic if for every abelian
group A it is not A-magic. Also, a graph G is said to be IN-magic if there
exists a labeling | : E(G) ! IN such that I* (v) is a constart, for every
v 2 V(G): It is well-known that a graph G is IN-magic if and only if eadh
edgeof G is cortained in a 1-factor (a perfect matching) or a f 1; 2g-factor
[?, ?, ?]. Berge[?] called a graph regularisableif a regular multigraph could
be obtained from G by adding edgesparallel to the edgesof G: In fact, a
graph is regularisable if and only if it is IN-magic. For IN-magic graphs,
readersare referred to [?, ?, ?, ?, ?, ?, ?, ?]. The notion of Z-magic is
weaker than IN-magic. Figure ?? shaws a graph which is Z-magic but not
IN-magic.

Observ ation 1.1. For any n, 3; the path of order n is non-magic.

Observ ation 1.2. In any magicl lakeling of a cycle the edgesshould al-
ternatively be labeled the same group elements.

Proof. Let | : E(C,) ! A be a magic labeling and e;; e;; e3; e, be four
consecutive edgesof C,: Then I(e)+1(ez2) = I(e2)+1(e3) and I(ey)+1(e3) =
[(e3) + 1(e4): Which implies that 1(e;) = I(e3) and I(e2) = I(es): o

Observ ation 1.3. Cjp; the cycle of order 2n; with a pendant edgeis non-
magic.
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Figure 1. The graph P3 £ P3 is Z-magic but is not IN-magic.

Proof. By the Obsenation ??, it is enoughto prove the statemert for Cj4:
As illustrated in the Figure ??, in any labeling, the sum of labelsof the edges
incident with vertex v needsto be equalto the sum of labels of the edges
incident with u; that is,x+ y+ z=x+ y=) z= 0; acorntradiction. ©

Figure 2. The cycle C4 with an edgependart is non-magic.

In this paper, we will denote the set of positive integersby IN; and for
any k> 0;

kKIN=fkn : n2INg; also k+ IN=fk+n : n2INg:

For a given graph G the set of all positive integers h for which G is Z;-
magic (or simply h-magic) is called the integer-magic spectrum of G and
is denoted by | M (G): Since any regular graph is fully magic, then it is
h-magic for all positive integersh , 2; therefore, | M (G) = IN: For more
generalresults on integer-magic spectrum of graphs, the reader is referred
to [?, 2, ?].

A graph G with a "xed vertex u will be denoted by the ordered pair
(G; u): Given two ordered pairs (G;u) and (H;v); one can form a new
graph by amalgamation: form the disjoint union of G and H and identify
u and v: The resulting graph will be denotedby (G;u) +(H;v):

For corveniencethe complete bipartite graph K (1; m); known as star with
m leaves, will be denoted by ST(m): Given a star ST(m) and a cycle Cy;
depending on whether we identify the certer of the star with a vertex of C,
or identify an end-vertex of the star with a vertex of C,; the amalgamation
of these two graphs will result in two non-isomorphic graphs. We will
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(G,u) (H,v) (G,u)o(H,v)
Figure 3. Amalgamation Construction.

denotethe rst oneby ST(m)# C,; andthe latter by ST(m)@C,,: Figure ??
illustrates the two di®erert amalgamationsof ST(3) and Cy:

%<

ST(3#C , ST(3)@C,
Figure 4. Two di®erent amalgamationsof ST (3) and Cy:

2. Integer-Ma gic Spectr um of ST(m)# Cy:

By the Obsenation ??, in any magic labeling of C,,; labels of the edges
alternates. One immediate consequenceof this fact is that, the graph
ST(m)# Cz (or ST (m)# C,) is h-magicif and only if the graph ST (m)# Cox+1
(or ST(m)# Cy) is h-magic. As aresult, we will only concerrate on cycles
Cs and C4: Also, we obsene that sincef 1;2g is a subsetof the degreeset
of thesetypesof graphs, ST (m)# C,, can not be 2-magic.

Theorem 2.1. IM(ST(Q)# Cy) = ;:

Proof. This is a direct result of the Obsenation ??. o

Theorem 2.2. IM(ST(2)# C4) = 2+ 2IN:

Proof. We obsene that ST (2)# C, is h-magic if and only if 2jh and h > 2:
Because,as illustrated in the Figure ??, we needto have |* (w) = I* (u)
or 2z~ 0 (mod h); and this meansz is an order two elemen of the group
Zy: Therefore, 2jh: On the other hand, if h = 2r; then the selection of
x=21y=rij 1 z=r wil work. o



Figure 5. Generallabeling of ST(m)# C4: Herez = x + y:

Theorem 2.3. For any positive integer m , 2; the graph ST(m)# C4 is
h-magic if and only if h > 2 and gcd(m; h) > 1: Therefore,

IM(ST(m# Cy)=(2+IN)j f h2IN : gcdm;h)=1g:
Proof. In ST(m)# C,4 there are m pendart edgesattached to the vertex w
and the equation I* (w) = I* (u) implies that
(2.1) mz = 0 (mod h):
If gcd(m; h) = 1; then the equation ?? will be equivalent to z~ 0 (mod h);
which does not provided a non-zero solution. Now suppose gcd(m; h) =
+> 1L If = h; then weusex = y = 1and z = 2 as our labels, with

[~ 2: Supposel < +< h; andlet h = #r (r , 2): Then the selection
x=1 y=rj 1 and naturally z = r will work with I* ~ r: o

Corollary 2.4. If pis a prime number biggerthan 2, then
IM (ST (p)# C4) = pIN:

Corollary 2.5. If m = p{*p5? ¢etpc* is an odd positive integer, then
IM(ST(m)#Cy) = k (piIN):
i=1
If m=2 pf*p3? ¢eepr™ is even,then |
IM( ST(M}#Cy )= (2+ 2IN) 3 (pIN):
i=1

Theorem 2.6. IM(ST(Q)# C3) = 2+ 2IN:

Proof. For graph ST (1)# C; to be h-magic, asillustrated in the Figure ??,
we needto have 2x + z = z or 2x © 0 (mod h): That is, x is a non-zero
elemen of Z;, with order 2. Therefore, 2jh: On the other hand, if h = 2r;
then the selectionsx = r; y = 1 will work; that is, the graph ST(1)# C3
has h-magic. o

Theorem 2.7. IM(ST(2)# C3)=INj f2;3g:



Figure 6. ST(1)# C3 and ST (2)# Cs:

Proof. For the graph ST (2)# C3 to be h-magic, as illustrated in the Fig-
ure ??, we needto have2x+ 2z= zor2x+z~ 0(mod h): Herez = x + y;
therefore we need3x + y~ 0 (mod h); and this equation doesnot provide
non-zerosolutions for h = 3: If h > 3; then the selectionsx = 1; y= hj 3
will work. This meansthe graph is h-magic for all h | 4: Furthermore,
ST (2)# C3 is Z-magic; because the labelsx = j 1; y = 3 will work with
" 2 a

Figure 7. A typical labeling of ST(m)# C3: Here,z= x + vy:

Note that when m > 1; the graph ST(m)# C3 is Z-magic; because,the
labelsx = 1j m; y= 1+ m; and z = 2 will work with |* ~ 2: In addition,
any magical labeling of ST(m)# Cg; asillustrated in the Figure ??, uses
three non-zerogroup elemerns x;y; and z = x + y: In particular, we need
to have I* (u) = I* (w); which implies

(2.2) (mij 1)z+ 2x~ 0 (mod h);

or equivalertly

(2.3) (m+ 1)x+ (mj 1)y~ 0(mod h):

Theorem 2.8. The graph ST(m)# Cs is 3-magic if and only if 3jm:

Proof. If m = 3k; the labeling x = y = 1 will work with I* ~ 2 (mod 3): If
m = 3k+ 1; the equation ?? will become(3k+ 2)x+ 3ky ~ 0 (mod 3); which
is equivalent to 2x © 0(mod 3); or x ~ 0; which is not an acceptableanswer.
If m = 3k+ 2; the equation ?? will become(3k+ 3)x+ (3k+ 1)y ~ 0 (mod 3);
which is equivalent to y © 0; not an acceptableanswer. o



Theorem 2.9. For everyh > m + 1; the graph ST(m)# C3 is h-magic.

Proof. If h > m + 1; then we choosex = hj (mj 1); y= m+ 1, and
naturally z = 2: We notice that x;y;z are non-zero elemerns of Z,, and
["(w)=mz+2x=2m+ 2(hj m+ 1)=2h+ 2" 2(mod h): a

Theorem 2.10. If m > 2; then the graph ST (m)# C3 is m-magic.
Proof. The labeling x = y = 1 works with I* = 2: o

Theorem 2.11. The graph ST(m)# C3 is h-magic for all even positive
integersh | 4:

Proof. To prove the theoremit is enoughto show that the equation ?? has
two distinct non-zerosolutions for z and x in Zy: Let h = 2°1; where! is
an odd number, and considerthe equations

(2.4) (mj 1)z+ 2x~ 0 (mod 2°);

(2.5) (mj z+2x" 0(mod?):

Givenany z; the equation ?? hasthe solution x © j 2(mi 1)z for x; where
2 is the multiplicativ e inverseof 2 in Z. : For the equation ?? we consider
two cases:

Casel. Whenm = 2k+ 1is odd, then the equation ?? becomes2kz + 2x *
0 (mod 2%) or kz+ x ~ 0 (mod 2% 1); and for any z we will
have x ~ i kz (mod 2® 1): Therefore, x © | kz (mod 2% ! ¢1);
and for any non-zeroz 2 Z;; one can chooseeither x ~ j kz or
x i kz+ 2% 1 ¢t (mod h) for the solution of the equation ??.

Case2. When m = 2k is ewen, then z has to be even. Let z = 2»:
Equation ?? becomes(m i 1)»+ x ~ 0 (mod 2% 1); and for
any » we will have x © j (mj 1)» (mod 2® 1): Therefore, x ~
i (mj 1)» (mod 2% 1 ¢1); and for any non-zeroz = 2» 2 Z;; one
canchooseeitherx = j (mj 1)»orx~ j (mj 1)»+ 2% 1¢ (mod 2%)
for the solution of the equation ??.

o]

As an application of the Theorem ??, we will shav that ST(m)# Cs is
always 4-magic. Using the notation and the processof the theorem, we will
considertwo cases:

Casel. If m = 2k+ 1; thenweneedkz+x "~ O0(mod2)orx”~ j kz (mod 2):
For non-zeroz = 3; we have two choicesof either x © | 3k (mod 4)
or x~ j 3k+ 2 (mod 4); which translates to either x = 1 or x = 2



8

Case2. If m = 2k; then we will deal with the equation (2k | 1)z + 2x ~
0 (mod 4); which implies that z = 2»: With this consideration the
equation becomeg2kj 1)»+x "~ 0(mod 2) orx ~ »(mod 2): Now
for the only choice of z = 2 (or » = 1) we will have two choicesof
either x © 1 or x = 3 and the corresponding values of y will be 1
or 3; respectively.

Theorem 2.12. Leth , 3 bean odd positive integer. Then ST(m)# C; is
h-magic if and only if h is not a divisor of m+ 1 andmj 1:

Proof. Supposeh is adivisor of m+ 1or mj 1: Sincegcd(m+ 1;mj 1)=1
or 2 and h is odd, then h can only be divisor of one of them. Without loss
of generality, we may assumethat h is an odd divisor of m + 1: As a result
gcd(h;m i 1) = 1; and equation ??, (m+ 1)x + (mj 1)y © 0 (mod h);
becomesy ~ 0 (mod h); that doesnot provide non-zerosolution for y:
Conversely assumethat h is not a divisor of mj 1 and m + 1; and let
m = hg+r: Thenr 6 §1; otherwise,oneof mij 1 or m+ 1 will bedivisible
by h: As aresult, the selectionsof x = d+ 1j r andy = 1+ r arevalid and
will work with 1* (w) = mz+ 2x = 2(hg+r)+2(d+ 1j r) " 2(mod h): =n

We conclude the section by the following theorem, which is the natural
consequencef the Theorems?? through ??. This theorem will completely
determine the integer-magic spectrum of ST (m)# Caj:

Theorem 2.13. If m , 2; then the integer-magic spectrum of the graph
ST(m)# Cs is

INj fd2IN : d=2ordisanodddivisorof m+ 1lormj 1g:

As an application of this theorem, considerthe graph ST (134)# C,3: To nd
its integer-magic spectrum it is enoughto consider ST (134)# C3; where
m = 134 Now the odd divisors of m+ 1 = 135and mij 1 = 133 are
3;5;7;9;15;19; 27, 45; 133 and 135 Therefore,

IM(ST(134)#Cx3) = INj f 2;3;5;7;9;15;19; 27, 45,133 135:
3. Integer-Ma gic Spectr um of ST(m)@C,:

By the Obsenation ??, in any magic labeling of C,; the labels of the
edgesalternates. One immediate consequenceof this fact is that, the
graph ST(m)@C3; (or ST(m)@C,)is h-magic if and only if the graph
ST(M)@Cyk+1 (or ST(m)@Cyk) is h-magic. As a result, we will only
concerrate on cyclesC3 and C,4: Also, we obsene that sincefl;2g is a
subsetof the degreeset of thesetypesof graphs, they can not be 2-magic.
In generalany magiclabeling of ST (m)@Cs; asillustrated in the Figure ?7?,
usesthree non-zerodistinct group elemers x;y; and z = x + y: Therefore,
for any abelian group A; a necessarycondition for ST(m)@Cs to be A-
magic is that jAj , 4: Hence,for any m 2 IN; the graph ST(m)@Cs3 is not
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3-magic. Moreover, whenm | 4; then ST(m)@C3; is Z-magic; becausethe
labelsx = mj 1; y = 3j mwork with I* ~ 2: Therefore, the integer-magic
spectrum of these graphs will be cortained in INj f2;3g:

Figure 8. A typical magicallabeling of ST (m)@C3;: Here
Z=X+Yy:

Theorem 3.1. IM(ST(m)@C,4) = ; for everym | 1:
Proof. This is a direct result of the Obsenation ??. o

We obsene that ST(1)@Cz = ST(1)# Cgs; therefore IM (ST(1)@C3) =
2+ 2IN: Also, by ??, ST(2)@C3 is non-magic,or | M (ST(2)@C3) = ;:

To determine the integer-magic spectrum of ST(m)@Cs; from now on we
will assumethat m , 3: Also, in any magic labeling of ST(m)@C3 one
needsto have I* (w) = I* (u) or (mj 1)z+ yj x = z; which implies

(3.1) (mj 3)x+ (mMj 1)y  0(mod h);
or equivalertly (z= x+vy)

(3.2) (mj 1z 2x~ 0(mod h);
Theorem 3.2. IM(ST(3)@C3) = 2+ 2IN:

Proof. When m = 3; the equation ?? will become2y =~ 0 (mod h): This
meansthat y is a member of Z; which has order 2, therefore 2jh and h
is even. On the other hand, whenewer h = 2r; the graph is h-magic, as
illustrated in the Figure ??. a

Theorem 3.3. If m, 4; then the graph ST(m)@C; is Z-magic.

Proof. We obsene that the choicesof x = mj 1, y=im+ 3andz= 2
will give usthree distinct non-zerointegerswith 1* (w) = (mj 1)z+yj x =
2mi 1)i m+3j m+ 1= 2 o

Theorem 3.4. For any akelian group A; if jAj - 4; then ST (4)@C3 is not
A-magic. Furthermore, | M (ST(4)@C3) = INj f2;3;4g:
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Figure 10. IM(ST(4)@C3) = INj f2;3;4g:

Proof. Any magic labeling of this graph, asillustrated by the Figure ??2,
will require three distinct non-zeroelemeris of the abelian group A; namely,
X;y; and x + y: Also, in this case,equation ?? becomesx+ 3y = 0 (mod h):
This implies that x + 2y is another non-zero elemen of this group other
than x; y; and x+ y: Therefore, the group A must have at least v e elemeris.
Furthermore, asillustrated in the Figure ??, the graph is h-magic for every
h, 5 o
Corollary 3.5. The graph ST(m)@C3 is not 3-magic.

Theorem 3.6. For any m , 5 the graph ST(m)@C3 is m-magic.

Proof. The choicesof x = mj 1, y = 3; and z = 2 will provide three
distinct non-zeroelemerns of Z,, with I* (w) = 2: o

Theorem 3.7. If m is an odd positive integer, then the graph ST (2k +
1)@Cs; is 4-magic.

Proof. We considertwo cases:
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Casel. If m = 4k + 1; then the choicesof x = 2; y = 3; and z = 1 will
work with 1" (w) = 4k+ 1" 1 (mod 4):
Case2. If m = 4k + 3; then the choicesof x = 3; y = 2; and z = 1 will

work with 1* (w) = (4k + 2)+ 3° 1 (mod 4):

o]

Theorem 3.8. If m = 2k + 1 , 5; then the integer-magic spectrum of
ST(2k + 1)@C3 is

INj f2g[ f d> 1 : dis an odd divisor of one of mj 1; mj 2; or mj 3g:

Proof. We will prove the theoremin "v e steps:

Step 1. In this part we will show that for any h , 2k the graph ST(2k +
1)@C; is h-magic. Because,the labelingof x = k; y= h+ 1 k;
and naturally, z = 1 will work. Herewe notethat yj x = h+ 1j
2k7 0 (mod h) and I" (w) = 2kz+ y i x7 1 (mod h):

Step 2. If h is any divisor of mj 2; then ST(m)@Cj3 is not h-magic. Be-
cause the equation ??, is equivalert to (mj 2)z+yj x ~ 0(mod h);
and sinceh is a divisor of mj 2; we will haveyj x~ 0 (mod h);
which is not an acceptablesolution.

Step 3. If his an odd divisor of either mj 1= 2k ormi 3= 2k 2; then
ST(2k + 1)@C3 is not h-magic. Because the equation ?? becomes
(2kj 2)x+ 2ky " 0(mod h) or (ki 1)x+ ky "~ 0 (mod h): Since
ged(k i 1;k) = 1; without lossof generality, we may assumethat
di(k i 1) and gcd(d;k) = 1: As a result will gety = 0 (mod h);
which is not an acceptableanswer.

Step 4. If h is any odd number that is not a divisor of any oneof mj 1=
2k; mj 2=2kj 1, mj 3= 2kj 2; then ST(m)@Cs is h-magic.
Becausethe labelsx © k;y~ 1 k; and naturally z = 1 are three
non-zerodistinct elemens of Z;; will work with I ~ 1: Note that
yi x° 1j 2k7 0 (mod h):

Step5. If 4< h- mj 1= 2k is an evennumber, then ST(2k + 1)@C3 is
h-magic. Because the equation ?? becomes2kzj 2x ~ 0 (mod h);
which is equivalent to kzj x = 0 (mod h=2): Now for any non-zero
Z 2 Zy; we have two choicesfor x; namely, x © kz (mod h); or
x~ kz+ % (mod h):

Examples 3.9.
(d IM(ST(5)@Cs3) = INj f2;3g: Here,m = 5: We needto exclude 2
and the odd divisorsof mj 1=4, mj 2= 3;andmj 3= 2
(b) IM(ST(7)@C3) = INj f2;3;5g: Here,m = 7: We needto exclude
2 and the odd divisorsof mj 1=6;, mj 2= 5 andmij 3= 4
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(c) IM(ST@5)@C3) = INj f2;3;7;11;21;43g: Here, m = 45 We
needto exclude2 and the odd divisorsof mj 1= 44, mj 2= 43
andmi 3= 42

(d) IM(ST(135)@Cys5) = INj f2;3;7;11;19;33,67;133:

Theorem 3.10. If m = 2k , 4; then the integer-magic spectrum of
ST(m)@Cs; is
INj f h>1: hj2mj 4); or hj(mj 1); or hjimi 3)g:

Proof. We will prove the theoremin three steps:

Step 1. If h> 2m 4; then ST(m)@C3 is h-magic. Because,the choices
ofx =mj 1, y=hj m+ 3 and naturally z = x+y = 2
will work with 1" (w) = 2(mj 1)+ 4 2m = 2. Also, note that
yi x=4i 2m7 0 (mod h):

Step 2. If h > 1 is any divisor of 2m j 4; then the graph ST(m)@C; is
not h-magic. It is enoughto prove this statemert for h > 2: Let
2mj 4= hg; which impliesthat mj 1=j (mj 3)+ hqormj 1°
i (mj 3) (mod h): In this casethe equation ?? becomes(m j
3)(xj y) 0 (mod h): Sincegcd(mi 3;2mj 4) = 1 or 2; we
have gcd(h;mj 3)= 1; asaresult x~ y (mod h); which doesnot
provide a valid labeling.

Step 3. If h is an odd divisor of either mj 1 or mj 3; then ST(M)@C;
is not h-magic. Here we obsene that sincegcd(mi 3mj 1)=1
or 2 and h is odd, then h cannot divide both mj 3and mj 1:
Without loss of generality, we may assumethat h is a divisor of
mi 3andgcd(h;m;j 1) = 1: In this case,the equation ?? becomes
y = 0 (mod h); which doesnot provide a valid solution.

Examples 3.11.

(@ IM(ST(4)@C3) = INj f2;3;4g: Here, m = 4; and we needto
exclude all the divisorsd > 1 of2mj 4= 4 mj 1= 3; and
mj 3=1

(b) IM(ST(6)@C3) = INj 2;3;4;5;89: Here, m = 6: We needto
excludeall the divisorsof 2mj 4=8 mij 1=5andmj 3= 3

(c) IM(ST(14)@C3)=INj f2;3;4;6;8;11; 12,13, 249: Here,m = 14
We needto excludeall the divisorsof 2mij 4= 24 mj 1= 13
andmi 3= 11

(d) The integer-magicspectrum of ST (38)@Cgs is

INj Th2IN : 2- h- 9g[ f12 18;24;35; 36;37,720:

Theorem 3.12. Given any n , 2; there is a graph G suchthat G is not
h-magic for every h = 2; 3; ¢¢¢; n:
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Proof. As we obsened in the ??, the graph ST (4)@C3 is not h-magic for

h = 2;3;4: Sowe may assumethat n, 4: Let ! be the least common mul-

tiple of the numbers 2; 3; ¢¢¢; n; and considerthe graph G = ST(m)@Cs;;
1

wherem = 4: Note that here! is divisible by 4; and sois ! + 4; which

implies that m is even. Also, any h = 2;3; ¢¢¢; n; is adivisor of = 2mj 4.

Therefore, the graph ST(m)@C3 is not h-magic. o

We note that the number m; presened in the proof of the theorem ??,
might not be the smallestpossibleanswer. For example,in ??, we realized
that ST(38)@Cs is not h-magic for all 2 - h - 9; while it is 10-magic.
In this case, number 38 works, while the least common multiple of the
numbers 2; 3; ¢¢¢; 9 is 1 = 2520 and the number provided by this theorem
ism= 1262
We concludethis paper by the following problems:

Problem 3.13. For any positive integern 2 Z, nd the smallestm 2 IN
suchthat the graph ST (m)@C3 is not h-magic for all 2- h < n:

Problem 3.14. As examindal in ??, the graph ST (6)@C3 hasthe property
that it is 6-magic but it is not h-magic for all 2- h - 5: Find all m 2 IN
suchthat ST(m)@C; is not h-magic, for all 2. h < m:
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