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Algorithm

A set of rules for solving a problem in a finite 
number of steps. 

Machine independent 

Language independent

The origin of the word algorithm is al-kawarizmi, 

the name of a ninth-century Persian mathematician.
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P or NP ?
• Dominating Set vs. Minimum Spanning Tree

• Euler Tour vs. Hamiltonian Cycle

• Shortest Path vs. Longest Path
• 0/1 Knapsack vs. Fractional Knapsack

• Shortest Superstring Problem vs. Sequencing by 
Hybridization 

• Sorting Unsigned Permutation by Reversals Sorting 
Signed Permutation by Reversals 

• Circuit Value vs. Satisfiability Problem
• 2-SAT vs. 3-SAT
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Dominating Set
Ice Cream Stands Problem

Street

Street
corner

Put ice cream 
stands in street
corners such 
that residents 
have to walk 
at most one 
street to get an
ice cream. 

What is the 
minimum
number of 
ice cream 
stands needed?
Where should
they be?
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Dominating Set
Ice Cream Stands Problem
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Seven Bridges of Königsberg

The river Pregel divides the town of Königsberg into four separate land masses, 
A, B, C, and D. Seven bridges connect the various parts of town, and some 
of the town's curious citizens wondered if it were possible to take a journey across 
all seven bridges without having to cross any bridge more than once.  

www.contracosta.edu/math/konig.htm
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Swiss mathematician Leonhard Euler (1707-1783) 
proved that it is impossible

Leonhard Euler and Königsberg

Castle Park Bridge
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Shortest Superstring Problem (SSP)

• Problem: Given a set of strings, find a 
shortest string that contains all of them

• Input :  Strings s1, s2,…., sn
• Output :  A string S that contains all 

strings s1, s2,…., sn as substrings, such 
that the length of S is minimized.

• Example: What is the SSP of :
{000, 001, 010, 100, 011, 101, 110, 111} ?
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Sequencing by Hybridization

• Spectrum ( S, l ): The set of all possible  
(n – l + 1) l-mers in a string Sof length n

• The order of individual elements in   
Spectrum ( S, l ) does not matter

• Example: S= ATGCGTGGCA 

Spectrum ( S, 2 )= 
{AT, TG, GC, CG, GT, TG, GG, GC, CA}
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The SBH Problem

• Goal: Reconstruct a string from its l-mer
composition

• Input :  A set S, representing all l-mers from an 
(unknown) string s

• Output : String s such that Spectrum(s,l )= S
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The Mighty Mouse
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Mouse versus Human
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Mighty Mouse vs Human Genome

• Humans and mice have 
similar genomes, but  
their genes are ordered 
differently

• ~245 rearrangements

– Reversals
– Fusions

– Fissions
– Translocation
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Reversal Distance Problem

• Goal: Given two permutations, find the shortest series 
of reversals that transforms one into another

• Input: Permutations p and s

• Output: A series of reversals r1,…rt transforming p into 
s, such that t is minimum

• t - reversal distance between p and s
• d(p, s) - smallest possible value of t, given p and s
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Reversals: Example

p ���������� ��� 	�
�����������������

r ����


���� ��� �� ��	�


r ����


s =  7 ����������	�
� d(pppp, ssss) ������������
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What is a Reversal?  

• We are given a permutationp  p  p  p  of length n:
p   = p 1 ------ p i-1 p i p i+1 ------ p j-1 p j p j+1 ----- p n

p 1 ------ p i-1 p j p j-1 ------ p i+1 p i p j+1 ----- pn

� Reversal r ( i, j ) reverses (flips) the elements 
from i to j in p

r(i ,j)
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Sorting By Reversals Problem

• Goal: Given a permutation, find a shortest 
series of reversals that transforms it into the 
identity permutation (1 2… n ) 

• Input: Permutation pppp

• Output: A series of reversals r 1, … r t
transforming pppp into the identity permutation 
such that t is minimum
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Reversals: Example

p ��
�����	� ��� ��������������������

r ����
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Sorting by Reversals: Example

• t =d(pppp ) is the reversal distance of p
• Example :

pppp =  3 4 2 1 5 6 7 10 9 8
4 3 2 1 5 6 7 10 9 8
4 3 2 1 5 6 7  8 9 10
1 2 3 4 5 6 7  8 9 10

So d(pppp ) = 3
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Sorting Signed Permutations 
by Reversals

Step 0: pppp 2 -4 -3 5 -8 -7 -6 1
Step 1: 2 3 4 5 -8 -7 -6 1
Step 2: -5 -4 -3 -2 -8 -7 -6 1
Step 3: -5 -4 -3 -2 -1 6 7 8
Step 4: gggg 1 2 3 4 5 6 7 8

���� �������	�
����
�� ���������
�����

����������������	���������
�������
��������
p �
��� g������ �������	�
����
�� ���
���
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Sorting Signed Permutations

Reversal r (i,j):  
p r (i,j) = p1…pi-1 -pj ... -pi pj+1…pn

Signed permutation: p = p1p2…pn

Given p, find a series of reversals r 1, …, r t

such that p r 1 r 2 …. r t = (1, 2, …, n) 
and t is minimal.
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Sorting by Prefix-Reversals
The Pancake Problem

• A sloppy chef prepares an 
unordered stack of pancakes 
of different sizes.

• The chef wants to rearrange 
them so that the smallest 
winds up on top, and so on, 
down to the largest at the 
bottom.

• He does it by flipping       
over several from the top, 
repeating this as many times 
as necessary.

��������������������������
����������� �������!�"��
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The Pancake Problem
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Pancake Problem: An Example

Adapted from: parts.mit.edu/wiki/images/5/57/
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The Burnt Pancake Problem
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Burnt Pancake: An Example
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Burnt side of pancake
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Burnt Pancake: Example (II)

We needed 5 spatula flips in the above example.

Can we do better? Can we use less than 5 flips?
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Burnt Pancake: Example (III)
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Boolean Combinatorial Circuits

AND Gate 

OR Gate 

NOT Gate 

Boolean combinatorial circuits
are made up of a maximum of 
3 types of gates: AND, OR, NOT.

X1
X2

X3
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SAT: Circuit Satisfiability Problem

A truth assignment is a set of Boolean input values. 
A Boolean combinatorial circuit is satisfiableif it has a 
satisfiable assignment, i.e. a truth assignment that causes the 
output of the circuit to be 1.

X1
X2

X3

We study only
one-output circuits
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3-CNF Satisfiability (3-CNF-SAT)

• A literal in a Boolean formula is an occurrence 
of a variable or its negation.

• A Boolean formula is in conjunctive normal 
form (CNF) if is expressed as a conjunction of 
clauses where each clause is the “OR” of 1 or 
more literals. 

• If each clause has exactly 3 different literals 
then the Boolean formula is in3-CNF.
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3-CNF Satisfiability

• In 3-CNF-SAT, we are asked whether a given 
Boolean formula f in 3-CNF is satisfiable.

• In 2-CNF-SAT, we are asked whether a given 
Boolean formula f in 2-CNF is satisfiable.

)   ()   ( )   ( 431423211 xxxxxxxxx ØÚØÚØÙÚÚÙØÚØÚ=f
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Topics for Project
• Sudoku
• Fragment Assembly Problem
• Problems from our Textbook
• NP-Hard Problems from our Textbook
• More Problems
• Genome Rearrangement
• Visualization/Animation Algorithms

– Image Compression
– Graph Algorithms
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Sudoku

Origin:
“suji wa dokushin ni kagiru”
means
“the digits must occur only once”

www.dailysudoku.com/sudoku/

Objective:
fill a 9x9 grid so that each column, 
each row, and each of the 
nine 3x3 boxes contains 
the digits 1 to 9. 
The puzzle setter provides a 
partially completed grid, so that 
there is only one solution 

@2008 Sami Khuri

Starting Grid – Starting Clue

• Starting Grid: incomplete grid whose 
solution is a complete version. Also 
known as Starting Clue.

• Minimal Starting Grid: starting grid that 
guarantees a unique solution. In other 
words, the removal of a single number 
from the starting grid will mean that the 
solution is no longer unique.
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Interesting Questions

• How many differentstarting grids are there? 
• How many differentminimal starting grids are there?
• What is the smallest number of digits a puzzle maker 

can place in a starting grid and still guarantee a 
unique solution?

• What is the largest number of digits a puzzle maker 
can place in a starting grid and guarantee more than 
one solution?

• Does Soduku belong to the class of NP-complete 
problems?
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Solutions

• Backtracking
• Constraint Propagation

– After placing a number, generate a table 
remaining possible numbers in each empty 
cell (for possible consideration in the 
future).

• Integer Programming
• Graph Coloring Problem

@2008 Sami Khuri

Nine-Color Graph Coloring Problems

Each cell is a vertex. There are 81 vertices.
An edgeconnects two vertices (cells) that cannot have the same color (number). 
Each vertex is linked to 20 vertices (8 same row + 8 same column + 4 same sub-grid).
There are (81 x 20) / 2 = 1620/2 = 810 edges.
Find a 9-coloring of a graph given a partial coloring.
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Challenging Variant: Sudoku X
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The two main diagonals must also contains each of the 
numbers from 1 to 9.
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• NP-Hard Problems from our Textbook
• More Problems
• Genome Rearrangement
• Visualization/Animation Algorithms

– Image Compression
– Graph Algorithms
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DNA Sequencing

• To sequencea DNA molecule is to determine 
the exact order of base pairs in the molecule.

• In large scale DNA sequencing we have to 
sequence large DNA molecules
– hundreds of thousands of base pairs.

• It is impossible to directly sequence contiguous 
stretches of more than a few hundred bases. 
– Can only sequence ~700 bases at a time.
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DNA Fragment Assembly

• We know how to cut random pieces of a long 
DNA molecule and sequence them.

• The problem is that these pieces (fragments)  
have to be assembled.

• The Fragment Assemblyconsists in 
reconstructing the original DNA sequence 
from the fragments.
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Major Sequencing Centers
• Joint Genome Institute (USA) 

– http://www.jgi.doe.gov
• Five National Laboratories: Lawrence Berkeley, Lawrence Livermore, Los 

Alamos, Oak Ridge, Pacific Northwest
• Stanford Human Genome Center

• The Institute for Genomic Research (USA) 
– http://www.tigr.org

• Sanger Institute (UK) 
– http://www.sanger.ac.uk

• J. Craig Venter Institute (USA)
– http://www.venterinstitute.org

• Washington University (USA)
– http://genome.wustl.edu

• Genoscope (France) 
– http://www.genoscope.cns.fr

• Broad Institute – A division of the Whitehead Institute (USA) 
– http://www.broad.mit.edu

@2008 Sami Khuri

Steps of Fragment Assembly



9

CS 255
Design and Analysis of Algorithms Spring 2008

Sami Khuri, 2008

@2008 Sami Khuri

Consensus Sequence Building 
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• Visualization/Animation Algorithms

– Image Compression
– Graph Algorithms
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Joint Photographic Expert Group
• JPEG standard: "Digital Compression and 

coding of continuous-tone still images”. 
• JPEG standard describes techniques for 

compressing still images or video frames. 
• It is possible to compress images by 

between 10 and 20 times without seriously 
reducing the quality of the decoded image. 

• JPEG is built on the right assumption that 
we perceive small changes in brightness 
more readily than changes in colors.
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JPEG: Lossless and Lossy 
Compression

• JPEG defines both lossless and lossy 
compression processes.

• The lossy JPEG processes are based on the 
Discrete Cosine Transform (DCT).

• The lossless JPEG processes are based on 
forms of the Differential Pulse Code 
Modulation (DPCM), in which the difference 
between 2 samples is encoded.  
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JPEG: Adjustable Compression 

• With JPEG, one can adjust the compression 
parameters and obtain an increase in 
compression in return for a decrease in image 
quality.

• JPEG is now considered as a standard in image 
compression, and used as a “measuring stick”, 
so that new compression algorithms are 
automatically compared to it.   
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Steps of DCT-Based Coding

• The main steps of a DCT-based coding are:
– Image is processed in 8x8 blocks. 

– Forward DCT is used to produce an 8x8 block of 
transform coefficients.

– Quantize and reorder.

– Efficiently encode the quantized and reordered 
coefficients.
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DCT-Based JPEG Encoder
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Discrete Cosine Transform 

• Goal: Take a sequence of samples and 
transform them to another domain in which 
most of the information is contained in 
relatively few elements.

• The Discrete Cosine Transform, a variant of 
the Discrete Fourier Transform, is applied to 
the data units to obtain 8x8 matrices of DCT 
transform coefficients (frequency 
components).
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Discrete Cosine Transform 

• The coefficients represent the spatial 
frequency components which make up the 
original block. 

• Each coefficient can be thought of as a weight 
which is applied to an appropriate basis 
function. 

• The DCT can be thought of as a “detail 
detector”.
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Quantization

· The goal of quantization is to achieve 
compression by discarding information that is 
not visually important.

· Quantization tends to suppress higher-frequency 
elements.    

· The JPEG standard suggests luminance and 
chrominance quantization matrices resulting 
from human perception studies.
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Zigzag Scanning Order
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JPEG: Compression/Decompression


